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I.  Some  Points  in  Electrolysis.     By  J.  SwiNBUKNE*. 

LET  a,  cell  be  considered,  with  its  external  circuit  closed 
through  a  resistance  so  high  that  in  comparison  the 
internal  resistance  is  negligible.  The  cell  discharoes,  and 
in  passing  from  one  pole  to  the  other  each  coulomb  does  a 
certain  quantity  of  work  pro})ortional  to  the  difference  of 
])otential  of  the  poles,  E.  This  is  really  a  mere  definition  :  if 
difference  of  electric  potential  between  two  points  is  defined 
as  what  is  measured  by  the  work  done  on  unit  quantity  of 
electricity  [)assing  from  one  to  the  other,  the  work  done  is 
numerically  equal  to  E.  The  work  done  on  the  coulomb 
passing  onward  through  the  cell  to  regain  its  original  position 
is  equal  to  the  work  done  when  it  passes  through  the. external 
resistance.  This  work  done  on  the  coulondj  may  be  supplied 
at  the  expense  of  chemical  energy,  or  there  may  be  local 
cooling  somewhere.  There  may  be  chemical  energy  su})piied 
at  some  points,  and  absorbed  at  others,  and  heat  may  disa})pear 
at  some  points,  and  may  be  evolved  at  others,  but  the 
algebraical  sum  comes  out  equal  to  E.  Call  the  poles  of 
the  cell  p  and  n,  the  positive  pole  being,  for  example,  pla- 
tinum and  the  negative  such  a  metal  as  zinc,  and  su})pose  the 
electrolyte  to  be  one  homogeneous  fluid.  Part  of  the  work 
done  on  the  coulomb  in  passing  from  n  to  the  electrolyte  may 
l)(!  supplied  chemically  and  may  be  called  E^^^,  another  part 
may  Ije  supplied  l)y  local  cooling  E^^^^,  c  standing  for  chemical 

*  Communicated  by  the  Physical  Society:  road  March  :^0,  18U1. 
PJul.  .Uag.  S.  5.  Vol.  32.  No.  \n'  Jnhj  1891.  B 
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and  h  for  heat.  If  there  is  really  local  heating  this  will  be 
negative.  There  is  no  work  done  by  the  homogeneous 
electrolyte,  and  the  work  done  on  it,  in  overcoming  its  re- 
sistance, is  assumed  to  be  inajjpreciable.  The  work  done  on 
the  coulomb  passing  from  the  electroh'te  to  the  plate  forming 
the  pole  jj  is  similarly  E    +E  ,.     We  have  thus 

E:=E    4"E    +E  i  +  E  ,. 

pc    '        nc    '        ph  nh 

First  assume  that  the  chemical  work  done  is  not  dependent  on 
the  temperature  of  the  cell.  Let  it  discharge  one  coulomb 
at  temperature  di  and  do  work  equal  to  E^  joules  ;  Eg  being 
the  electromotive  force  of  the  cell  at  that  temperature.  Of 
this  work  'EJt^c9^+^pc9^  is  supplied  by  chemical  changes,  and 
^„h9,  +  Ep/j^i  by  cooling  of  the  cell.  Let  the  cell  now  be 
heated  to  the  tem[)erature  9,  and  let  it  be  treated  as  a 
secondary  element,  and  charged  with  one  coulomb.  The 
work  done  upon  the  cell  is  then  E9  ;   so 

Eg  =  ^nc9  +  Epce  +  '^nhe  +  ^phO- 

The  chemical  work  E,ic8  and  Fipc9  is  common  to  both  pro- 
cesses. If  Ee  were  equal  to  E^ ,  the  same  work  would  be 
done  at  the  two  temperatures,  or  ^„k9^+^ph9^  would  be  equal 
to  E„Ae+Ep^9. 

But  on  letting  the  temperature  of  the  cell  fall  to  6^  again 
n a 

— ^~  (Einhe  +  ^ph9)  is  available  for  external  work  ;  so  that  we 

should  have  perpetual  motion.  E^  must  therefore  be  greater 
than  Egj,  so  that  a  margin  is  allowed  for  the  available  work. 
We  thus,  by  simple  reasoning,  arrive  at  Helmholtz's  equation, 

The  electromotive  force  needed  to  do  the  chemical  work 
may  also  vary  with  the  temperature.  For  instance,  if  the 
chemical  changes  involved  in  discharging  are  brought  about 
in  a  calorimeter  at  different  temperatures,  different  heats  may 
be  evolved.  Suppose  E^^  and  E^^  are  less  at  a  high  tempera- 
ture, and  suppose  at  the  lower  temperature  9^  there  are 
no  Peltier  effects  at  the  plates,  so  that,  for  that  temperature 
at  least,  the  cell  obeys  Sir  WiUiani  Thomson's  law.  If  the 
cell  could  be  charged  at  9  with  a  low  electromotive  force  of 
Ec9,  needed  to  bring  the  chemical  changes  about,  and  then 
discharged  at  9,  witTi  a  higher  electromotive  force,  perpetual 
motion  would  be  obtained.  There  must  therefore  be  an 
absorption  of  electric  energy  at  9  in  addition  to  that  needed 
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to  produce  the  chemical  work.  This  must  be  liberated  as 
heat,  and  some  of  this  must  be  available ;  the  cell  must  there- 
fore not  only  have  a  Peltier  effect  at  the  higher  temperature, 
but  though  the  chemical  work  done  at  that  temperature  is  less, 
the  electromotive  force  must  actually  be  greater.  By  taking 
a  cell  whose  Ec  varies  with  the  temperature  round  the  usual 
Carnot  cycle,  we  get 

d¥j E/j      (/Ec 

which  shows  that  the  temperature-coefficient  of  the  cell  is  not 
affected  by  the  variation  of  chemical  work  with  the  tempera- 
ture. The  term  —  fZEc/y  is  the  remains  of  the  extra  work 
that  had  to  be  allowed  in  compensating  for  the  reduction  of 
the  chemical  work  in  the  example  just  taken.  Cutting  it  out 
we  get 

or 

which  is  Helmholtz^s  equation  again.  Writing  the  equation 
in  full,  with  separate  terms  for  the  poles,  we  have 

The  cell  may  be  made  up  with  the  plates  in  separate  vessels 
with  a  tube  of  electrolyte  to  connect  them;  and  the  vessels 
can   be   heated   to   different  tem})eratures.     As  E„,  E,,,.,  and 

6       ''  depend  on  the  temperature  of   their    vessel,    the    last 

equation  can  be  split  u[)  into  two : — 


and 


E„  =  E,,  +  6^  ^^^    or  h,k  =  d^ 


and,  as  the  lemperature-coellicient  of  each  contact  can  be 
found,  the  Peltier  effect  at  each  contact  can  be  obtained 
separately. 

The  hypothetical  cell  discussed  has  only  one  Huid,  and  is 
reversible.  It  might  be  difficult  to  find  such  a  cell.  If  two 
fluids  are   used,  their  junction    can    be  arranged   in  a  third 

B  2 
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intermediate  vessel,  iiuJ  their  Peltier  eflPect,  or  difference  of 
potential  due  to  beat-formation,  may  be  found  as  in  the  case 
of  the  plates. 

Several  workers,  for  instance  M.  Bouty  and  H.  Gockel, 
liave  been  investigating  and  measuring  the  temperature- 
coefficient  or  the  Peltier  effect  directly. 

Prof.  J.  Willard  Gibbs  has,  of  course,  discussed  the  subject, 
lu  a  letter  to  Dr.  Lodge  *  he  took  a  theoretical  case  in  which 
this  cell  could  be  heated  to  the  temperature  of  dissociation. 
He  has  written  a  second  letter  going  more  fully  into  the 
subject  f. 

This  leads  at  once  among  the  various  conflicting  views  of 
electrolysis.  One  view,  which  seems  tenable,  is  that  electro- 
lysis is  always  a  case  of  double  decomposition  :  that  there  is 
really  a  change.  According  to  orthodox  chemistry,  if  2HC1 
is  electrolysed  Hg  and  CI2  are  obtained,  and  not  2H  and  2C1. 
The  hydrogen  and  chlorine  form  combinations  with  themselves. 
Dissociation  does  not  always  split  a  compound  in  the  same 
way  as  electrolysis,  and  the  results  of  it  are  often  "  free 
atoms."  It  might  be  urged  that  in  such  a  case  as  the  electro- 
lysis of  NH4CI  free  atoms  of  NH4  cannot  exist,  so  NH3  and 
HCl  are  produced  by  a  sort  of  secondary  action. 

The  cells  discussed  have  been  assumed  to  be  reversible  ; 
and  some  question  may  arise  as  to  what  the  chemical  work 
means.  For  instance,  in  a  Daniell  cell  are  we  to  take  such 
data  as  Zn,0  =  85,430  and  Cu,0  =  37,160  J  from  a  convenient 
treatise  on  Thermochemistry,  and  to  consider  that  the  conver- 
sion into  sulphate  and  other  actions  in  the  cell  are  secondary? 
It  is  to  be  regretted  that  writers  on  Thermochemistry  seldom 
give  their  data  so  that  their  meaning  is  clear.  Zn,0,  for 
instance,  often  means  that  metallic  zinc  is  burned  in  gaseous 
oxygen.  Allowance  must  then  be  made  for  the  physical  states 
of  the  components  before,  and  of  the  products  after  the 
combination. 

Returning  to  the  reversible  cell,  however,  before  discharging 
a  coulomb  there  are  certain  quantities  of  certain  substances  in 
certain  physical  and  chemical  conditions.  After  the  discharge 
certain  chemical  and  physical  changes  have  taken  place. 
Suppose  any  one  of  these  is  a  secondary,  or  non-adjuvant 
action.  For  instance,  suppose  in  discharging  a  Daniell  cell 
that  the  conversion  of  zinc  into  oxide  is  a  primary  action,  and 
the  conversion  of  zinc  oxide  into  zinc  sulphate  secondary  or 

*  B,  A.  Eeport,  1886,  p.  388. 
t  B.  A.  Keport,  1888,  p.  U3. 

X  J.  Thomseri,  Therynocliemischv  Untersuchungen,  iii.  pp.  276  and 
320. 
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non-ad]'iTvant.  Some  heat  will  be  evolved,  and  the  change 
from  oxide  to  sulphate  will  not  appear  as  external  electrical 
work.  On  charging  again  there  is  only  enough  electromotive 
force  at  that  contact  to  cope  with  the  attraction  of  zinc  for 
oxygen  and  not  with  the  greater  attraction  for  SO4.  The 
result  is  that  the  cell  is  not  reversible.  Any  secondary  or  non- 
adjuvant  action  in  the  cell  thus  means  non-reversibility.  We 
thus  have  to  deal  not  merely  with  Zn^SOj  or  ZnCSOguq,  and 
so  on,  but  in  a  reversible  cell,  like  a  Daniell^  we  have  to 
consider  the  attraction  of  Zn  for  SO4  ;  the  physical  change  of 
Zn  from  a  solid  to  a  liquid  state,  which  is  generally  included 
in  the  "  heat  of  combination,"  as  given  ;  the  solution  of  the 
ZnS04;  and  ])erhaps  such  small  matters  as  change  of  volume 
of  the  cell.  The  copper  salts  must  be  dealt  with  similarly. 
Even  if  the  heat  of  solution  were  non-adjuvant  the  cell  would 
not  be  reversible. 

Since  1883  I  believe  I  have  been  alone  in  holding  that  not 
only  is  lead  sulphate  formed  on  both  plates  of  a  secondary 
battery,  as  shown  by  Dr.  Gladstone  and  Mr.  Tribe  in  1882. 
but  that  its  formation  is  the  cause  of  the  action  of  the  cell, 
and  not  a  secondary  reaction  at  all.  That  is  to  say,  there  is 
no  intermediate  formation  of  PbO.  To  find  out  Ec  of  a  cell 
we  must  open  a  sort  of  book.  On  one  side  put  the  heat  of 
formation  of  every  compound  formed  on  discharge,  and  on  the 
other  of  every  compound  broken  up  on  discharge  ,  the  balance, 
including  the  physical  changes,  giving  Eg.  For  instance,  in 
a  storage  cell  we  credit  the  formation  of  PbS04  on  the  spongy 
plate,  including,  of  course,  the  change  of  the  SO4  into  the  solid 
state,  and  on  the  peroxide  plate  we  again  credit  PhSOj.  Two 
equivalents  of  H2O  are  al^o  credited.  Two  equivalents  of 
H2S04  +  Af|  are  debited,  also  two  equivalents  of  H2SO4, 
and  one  equivalent  of  PIjOo,  allowing  for  the  Oo  becoming 
liquid. 

It  has  been  repeatedly  urged  that  as  the  formation  of 
PbS04  takes  place  on  both  ]>lates  it  must  cancel  out.  As  in 
the  case  of  a  Daniell  cell  we  have  to  deal  with  the  difference 
hetween  the  heat  of  formation  of  two  sulphates,  it  is  assumed  we 
must  also  deal  with  differences  in  a  secondary  battery.  A 
little  consideration  will  show,  however,  that  the  cases  are 
different.  In  a  discharging  Daniell  sulphate  of  zinc  is  formed 
and  sulphate  of  copper  is  decomposed,  so  one  goes  on  the 
credit  side,  the  other  on  the  debit.  In  a  secondary  battery 
sulphate  is  formed  on  both  plates  on  discharge,  and  is  there- 
fore credited  tAvice. 

Tlie  doctrine  of  the  (Conservation  of  Energy  also  teaches  us 
that  electrolytic  or  nascent  oxygen  and  hydrogen,  which  many 
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chemists  regard  as  such  valuable  reagents,  do  not  exist.  What 
is  tbe  evidence  in  favour  of  the  existence  of  nascent  hydrogen  ? 
If  some  such  metal  as  magnesium,  or  sodium. amalgam,  is  put 
in  dilute  acid,  bubbles  come  off.  Many  other  metals  act  simi- 
larly. If  such  a  compound  as  persulphate  of  iron  is  put  in,  too, 
it  is  reduced  to  proto-sul])liate.  From  frequently  observing 
effervescence  when  reduction  is  effected,  it  is  easy  to  assume 
the  effervescence  is  the  cause  of  the  reduction.  The  theory  is 
that  the  energy  supplied  first  ])roduces  hydrogen.  A  power- 
ful attraction  has  just  been  overcome,  and  has  been  satisfied 
neither  by  combination  with  more  hydrogen  nor  otherwise. 
The  hydrogen  then  seizes  on  the  persalt  of  iron,  and  takes 
away  some  of  the  acid  radical,  forming  free  acid,  which  in  its 
turn  acts  on  the  oxide  of  the  metal.  This  action  is  secondary, 
and  may  be  supposed  to  evolve  heat.  There  is  thus  waste  of 
heat,  aiid  the  cell  is  irreversible.  A  better  explanation  would 
be,  that  the  metal  can  dissolve  if  it  either  reduces  the  persalt  or 
evolves  hydrogen.  The  reduction  of  the  persalt  needs  less 
energv,  so  that  takes  place.  When  there  is  no  reduciljle  salt , 
available,  hydrogen  is  evolved  ;  and  as  it  has  to  l)e  expanded 
into  the  gaseous  form,  a  good  deal  of  work  has  to  be  done  on 
it.  Evolution  of  hydrogen  and  reduction  of  the  salt  are  thus 
alternate,  not  consecutive  results.  Similarly  in  an  engine — 
the  steam  either  works  the  engine  or  comes  out  at  the  safety- 
valve  ;  it  does  not  begin  to  lift  the  safety-valve,  and  then 
change  its  mind  and  work  the  engine  in  a  nascent  state.  It 
must  be  remembered  that  the  term  oxidize  has  come  to  denote 
many  other  things  than  adding  oxygen.  For  instance,  adding 
any  electronegative  radical  is  called  oxidizing.  If  sulphur 
had  been  as  common  as  oxygen,  no  doubt  we  should  always 
talk  of  sulphurizing.  The  use  of  the  term"  oxidize''^  has 
also  led  to  the  tacit  assum])tion  that  in  electrolysis  the  water 
is  electrolysed  and  the  other  results  are  secondary  actions  of 
electrolytic  oxygen  and  hydrogen.  If  there  were  such  a 
thing  as  nascent  hydrogen,  putting  a  depolarizer,  such  as 
nitric  acid,  round  the  carbon  plate  of  a  Buiisen  cell  would  not 
increase  its  electromotive  force  ;  it  would  merely  make  it  heat 
more  on  discharge. 

So  far  the  cells  considered  have  been  reversible.  It  does 
not  follow  that  a  cell  is  always  reversible,  but,  if  not,  there  is 
at  least  one  non-adjuvant  action.  As  a  good  example  of  non- 
reversibility,  aluminium  and  its  solutions  may  be  taken. 
Aluminium  does  not  dissolve  in  dilute  nitric  or  sulphuric 
acid,  yet  it  cannot  be  deposited  electrically  from  uny 
known  solution.  Aluminium  and  carbon  in  nitric  acid  give 
only  a  small  fraction  of  a  volt. 
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From  the  definition  of  electromotive  force  adopted  in  tliis 
paper,  the  "  seat  of  the  electromotive  force  "  is  in  the  cell 
and  not  between  the  positive  and  negative  metals  outside. 
Yet  the  electrometer  behaves  as  if  there  were  a  contact  elec- 
tromotive force.  Dr.  Lodge  has  attempted  to  oxjdain  this  in 
accordance  with  the  "  chemical  theory."  He  argues  that 
when,  for  instnnce,  zinc  is  exposed  to  the  air^  the  oxygen 
either  begins  to  combine  with  it,  or  actually  combines  with  it, 
the  })articles  of  oxygen  giving  up  their  charge  to  the  zinc  on 
combining.  This  produces  a  difference  of  potential  which 
increases  till  the  oxygen's  attraction  for  the  zinc  is  counter- 
balanced by  it.  There  is  thus  an  electromotive  force  set  up. 
Air  being  an  insulator,  the  circuit  is  not  completed.  If  the 
tendency  to  combine  with  oxygen  can  ])roduce  an  electric 
stress  which  prevents  cond)ination,  actual  combination  must 
either  charge  the  metal,  if  insulated,  or  produce  a  current,  if  a 
])ath  is  allowed.  If  a  clean  piece  of  sodium  is  put  on  an 
insulating  stand  it  goes  on  oxidizing,  the  amount  of  oxide 
formed  corresponding  to  an  enormous  number  of  coulombs. 
Where  do  they  go  to  ?  If  the  metal  charges  electrostatically, 
it  must  soon  be  millions  and  millions  of  volts  below  the 
potential  of  the  air,  and  must  discharge  disruptively.  More- 
over, the  millions  of  volts  are  f:ir  more  than  equivalent  to 
Na2,0.  Dr.  Lodge  assumes  that  a  single  element  is  an 
electrolyte,  whereas  a  cell  can  only  discharge  by  double  de- 
composition. That  is  to  say,  to  produce  such  an  effect  the  metal 
must  tear  the  oxygen  from  a  combination,  the  other  radical 
combining  with  another  less  electropositive  met^d,  or  remov- 
ing an  electronegative  radical  from  it.  It  might  })e  argued 
that  zinc  and  copper  plates  in  chlorine  water  will  give  a 
current,  and  chlorine  is  a  single  radical  like  oxygen.  But 
immediately  the  plates  are  inserted  the  chlorine  combines 
directly  with  both  metals,  without  giving  any  current.  A 
three-fluid  ])attery  is  thus  produced.  The  zinc  is  in  a  solution 
of  zinc  chloride,  and  the  copper  in  copper  chloride,  and  the 
intcu'mediate  liquid  is  chlorine  water.  The  cell  then  dis- 
charges like  a  Daniell. 

Though  the  oxygen  form  of  tlu!  corrosion  theory  of  contact 
electroniotiAe  force  may  not  hold,  it  is  quite  possible  that  the 
Volta  effect  may  Ije  ])roduce(l  by  thin  films  of  water.  Water 
is  ev(in  more  difficult  to  get  riil  of  than  oxygen,  and  might 
easily  caus(^  the  electrometer  readings.  It  must  be  remem- 
bered in  connexion  with  this,  that  water  mttst  be  present  to 
enable  even  a  combination  of  a  metal  with  chlorine  to  fake 
])lace.  It  is  well  known  that  tlry  chlorine  will  not  attack  a 
dry  metal.    Even  sodium  may  be  left  in  contact  with  chlorino. 
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Even  if  the  Volta  effect  is  due  to  the  presence  of  traces  of 
an  electrolyte,  such  as  water,  and  not  to  a  non-electrolytic 
combination  with  free  oxygen,  the  "  seat  of  the  electromotive 
force  ^'  still  depends  on  a  mere  definition.     The  term  "  electro- 
motive force  '^  is  continually  used  in  two  senses.     It  is  some- 
times used  to  denote  the  diflference  between  the  potentials  of  two 
points,  and  sometimes  to  denote  the  rate  of  fall  of  potential. 
Maxwell  gives  it  the  latter  definition  formally,  but  frequently 
writes  of   the  electromotive  force   when  he  means  the  line- 
integral  of  the  electromotive  force,  that  is  to  say  the  difference 
of  potential.     In  connexion  with  cells,  ''electromotive  force " 
is  always  used  to  mean  difference  of  potential,  so  the  stricter 
meaning,  rate  of  fall  of  potential,  may  he  disregarded  just  now. 
If  we  define  the  difference  of  jiotential  between  two  points  as 
propoitional  to  the  work  done  on  a  miit  quantity  of  electricity 
moving  from  one  point  to  the  other,  we  have  a  clear  statement 
of  what  we  mean.     But  if  we  attempt  to  make  the  measure- 
ment, we  find  the  unit  quantity  of  electricity  must  have  some 
carrier  ;  and  when  we  use  an  electrometer,  we  do  not  measure 
the  work  done  on  a  unit  quantity  of  electricity  moving  from 
one  point  to  the  other  ;   we  really  measure  the  work  done 
when  a  particular  conductor  is  used  as  carrier.     It  is  not 
necessary  to  consider  any  part  of  the  circuit  as  the  seat  of  the 
electromotive  force.     There  is  a  circuit,  and  the  potential  is 
'Cyclic.     Similar  cases  occur  in  other  branches  of  electricity. 
For  instance,  a   "unipolar"  dynamo  may  be  made  up  of  a 
rotating  magnet  with  a  stationary  circuit.     If  the  resistance  of 
the  internal  circuit  is  negligible  in  comparison  with  that  of  the 
external,  the  whole  expenditure  of  power  is  in  the  external 
circuit,  and  the  fall  of  potential  over  the  external  resistance  is 
sensibly  the  whole    potential    or  electromotive    force  of  the 
machine.     There  is,  however,  no  way  of  finding  the  seat  of 
this    electromotive    force.      If  the    rotating    magnet  is  sup- 
posed to  carry  "'lines  of  induction"  round  with  it,  they  cut 
the  external  circuit  and  produce  electromotive  force  there, 
so  that  becomes  the  seat  of  the  electromotive  force.     If  the 
lines  of  induction  are  taken  as  stationary,  the  rotating  part  of 
the  circuit  cuts  them  and  becomes  the  seat  of  the  electromotive 
force.     The  effects  on  the  external  resisiance  are  the  same  in 
both  cases.     If  it  is  a  voltmeter  the  readings  are  the  same, 
and  they  remain  so  if  the  lines  of  iuduction  rotate  faster  or 
slower  than  the  magnet,  or  in  the  opposite  direction.     If  the 
voltmeter  is  replaced  by  an  electrometer,  it  is  still  impossible 
to  say   where    the  seat  of  the   electromotive  force  is.     The 
readino-s  would  be   the  same  whether  the  lines  of  induction 
were  stationary,  or  revolved  and  cut  the  leads  to  the  elec- 
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trometer,  or  revolved  and  passed  through  the  electro- 
meter as  if  it  were  a  zigzag  gateway^  without  cutting  the 
metallic  part  of  the  circuit  anywhere.  ]f  the  electrometer  is 
removed  and  a  proof-plate  is  used,  by  touching  one  terminal 
with  it  and  measuring  the  work  done  when  it  moves  to  the 
other,  the  result  is  the  same.  If  the  lines  are  stationary,  the 
proof-plate  is  charged  by  one  terminal  and  repelled  by  it  and 
ji^tracted  by  the  other.  If  the  lines  rotate,  the  proof-plate  is 
urged  forward  by  the  lines  of  induction  cutting  it  at  right 
angles  to  its  path.  The  reading  is  the  same  in  both  cases. 
The  lines  of  induction  are  a  mere  convention,  and  there  is  no 
way  of  finding  the  seat  of  the  electromotive  force.  All  that 
can  b(^  said  is  that  it  is  cyclic,  and  that  the  difference  of 
potential  of  any  two  parts  of  thci  circuit  of  the  same  metal  can 
be  measured.  In  some  cases  the  seat  where  })ower  is  spent 
can  be  determined,  and  in  others  it  cannot. 

Similarly  in  the  cell,  the  seat  of  expenditure  of  power  can 
sometimes  be  told,  as  when  there  is  a  resistance  in  circuit ; 
sometimes  it  cannot,  as  when  the  cell  works  a  unipohxr,  or,  by 
extension,  any  other  motor.  The  difference  of  potential  be- 
tween any  two  jioints  of  the  same  material  can  be  measured, 
but  all  that  can  be  said  is  that  the  electromotive  forces  of  the 
whole  circuit  is  cyclic. 


II.  Electrical  Notes. 
By  Akthur  Schuster,  F.R.S.* 

1.    The  Vector  Potential. 

THERE  is  a  general  tendency  at  present  among  elec- 
tricians to  dispense  as  much  as  possible  Avith  the  "  Vector 
Totential,"  but  I  believe  that  many  of  the  difficulties  which 
have  led  to  the  restriction  of  its  use  may  be  removed.  At 
any  rate  there  seems  room  for  the  following  renewed  dis- 
cussion of  some  well-known  equations. 

I  was  led  to  the  investigation  through  an  attem[)t  to  find 
the  magnetic  effects  of  currents  distributed  through  space  in 
such  a  way  that  the  lines  of  flow  should  be  identical  in  form 
to  the  lines  of  induction  in  certain  simple  magnetic  svstems. 
We  might,  for  instance,  wish  to  find  the  components  of  mag- 
netic force  which  are  prodnced  by  currents  in  an  unlimited 
homogeneous  conductor,  the  electrical  potential  at  ((verv 
point  being  the  same  as  the  magnetic  polentialdue  to  a  simpfe 
magnetic  shell.  The  case  could  be  realized  bv  a  conductor  in 
*   Coiinuuiui.att'd  by  the  Author. 
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which  a  constant  electromotive  force  is  distributed  over  a 
finite  surface. 

Any  one  attemptino-  the  sohition  of  such  a  problem  would 
probably  be  led  into  the  same  difficulties  which  I  encountered, 
and  although  he  would  doubtless  soon  get  over  them,  the 
foUowing  discussion  may  save  him  some  trouble. 

I  begin  by  writing  down  the  well-known  equations  refer- 
ring to  the  Vector  Potential  in  Maxwell's  form,  taking  in  the 
first  place  the  magnetic  permeability  as  constant. 

F,  G,  H  being  the  components  of  tiie  vector  ])otential, 
?<,  V,  IV  those  of  the  current,  we  have 


477''  = 

d  /dG      d¥\       d  /dF 

df/  \  d.r        dv  )       J:\  Th 

or,  writing 

,      dF      dG  ,  dE 

•1—1     +  —, r  -,-  > 

(Lv        dy        dz 

JF       dH  \ 

d~:  ~^'  ) 


Attv  = 


dJ 


■v'% 


with  similar  equations  for  v  and  ?r 
Puttiuo- 


F' 


G'  = 


H'  = 


X 

Maxwell  concludes  that 
F 


''dxdydz,   )■ 
-  d.v  dy  dz ;   i 


F'- 


G  =  G'- 


H  =  H'- 


d.r 
dz 


;i) 


(2) 


(-) 


(4) 


(•V) 


This  conclusion  is  not,  however,  justified.  The  second 
terms  on  the  right-hand  side  of  equations  (5)  disappear 
altogether  from  equations  (1).  If  therefore  F,'  G',  W  are 
solutions  of  (1),  the  value  of  ;)j^  is  not  restricted  to  that  given 
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in  (4),  but  is  arbitrary.  If,  on  the  other  hand,  F',G',  H'  are 
not  solutions  of  (1),  they  cannot  be  converted  into  solutions 
by  the  terms  involving  ^, 

That  F,  G,  H,  as  given  in  (5),  do  not  necessarily  satisfy  (1) 
may  be  shown  as  follows.  Writing  F,,  G^,  Hj  instead  ot 
F,  G,  H  on  the  left-hand  side  of  (5),  we  obtain  from  these 
equations, 

V'F  =V'F'-  '^^'^^ 
and  with  the  help  of  (o)  and  (4), 

47ni=  -—  —  V'Fi (0) 

Comparing  this  with 

4^,,^^^J_V^F, (2) 

aw 

it  is  not  correct  to  draw  the  conclusion  that  Fi  is  a  solution 
of  (2),  for  equation  ((3)  still  involves  on  the  right-hand  side 
the  quantities  F,  G,  H.     The  correct  conclusion  is  that 

V-Fi  =  V'F (7) 

We  may  treat  equation  (5)  in  a  different  way,  and  deduce 
from  them 

</F,      f/G,       r/H,       d¥'      (/&  ,  dW  ,  . 

— .—  -^ -. 1 , —  =  -7      +      , \ -, h  o  . 

cue         ay  az         clx        ay         az 

If,  then,  F,,  Gi,  Hj  were  equal  to  F,  G,  H,  as  Maxwell  jiuts 
them,  it  would  follow  that 

dx        dy         d.: 

and  this  would  show  that  F',  G',  H'  are  solutions  of  (1) 
without  the  addition  of  the  terms  involving  %. 

It  may  be  shown  that  in  all  legitimate  cases  eijuation  (8)  is 
satisfied  ;  but  bc^fore  ])roceeding  to  tliscuss  the  conditions  on 
which  this  depends,  I  shall  treat  of  a  special  case  which  will 
bring  out  clearly  the  points  to  which  I  wish  to  draw  attention. 

Let  II,  V,  10  be  electric  currents  deducilile  from  a  cui-rent 
function  ^  such  that  ♦ 

<1(^  d(p  </^ 

d.r'  dji'  d: 

and  let  (b=    ... 

The  lines  of  flow  in  this  ca.-e  are  identical  in  shape  with  the 
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lines  of  force  due  to  an  indefinitely  small  maonet  of  finite 
magnetic  moment. 

Substituting  the  above  values  of  v,  v,  lo  into  (3j,  it  will  be 
shown  further  on  (13)  that 


F'  = 


27r      2 


TTX' 


3r  ?•' 


r 
'Ittxz 


(i») 


But  those  values  of  F',  G',  H'  neither  satisfy  equations  (1), 
nor  do  thev  satisfy  the  condition  J  =  0  for 


dx 


+ 


f/G'    d:Ei 


dy 


+ 


dz 


8  TT.?' 

3  r^ ' 


It  seems  well  at  this  stage  to  investigate  the  conditions 
which  have  to  be  satisfied  in  order  that  J  =  0. 

By  a  well-known  transformation  we  obtain  fi"om  equa- 
tion (3), 

d,v   ^   dy   ^    dz        JjJrU.v      dy^dzJ        ^ 


-ff 


lu  +  ^iiv  +  nw 


r/S. 


The  triple  integral  vanishes,  and  the  surface  integral  has  to 
be  taken  over  the  boundary  of  the  region  which  is  considered. 
If  thig  region  includes  all  space  which  contains  electric  cur- 
rents, the  second  integral  will  also  vanish  provided  the  space 
includes  no  singular  points.     In  the  example  which  has  been 

oiven,  however,  ^—  -3,  which  makes  the  components  infinitely 

large  at  the  origin.  If  this  point  is  excluded  by  an  infinitely 
small  sphere  surrounding  it,  the  surface  integral  in  the  above 
equation  has  to  be  taken  over  this  infinitely  !-mall  sphere  and 
will  be  finite.     It  is  owing  to  this  fact  that  the  condition 

.    da- 


dG'     dW 

dy         dz 


=  () 


is  not  satisfied  in  the  special  case  treated  above. 

This  may  perhaps  be  more  clearly  seen  in  another  way. 
Maxwell's  equations  fall  to  the  ground  unless  the  currents 
flow  every  wdiere  in  closed  lines.     The  example  we  have  chosen 
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violates  that  condition  at  the  origin.     For  the  current  func- 

tion  <i>=  —,  represents  the  limiting  case  of  a  source  and  sink 

which  are  indefinitely  approached  to  each  other.  If  the 
source  and  sink  are  joined  together  by  the  linear  current 
necessary  to  complete  the  circuit,  the  proper  solution  of  the 
question  may  be  obtained. 

Take  a  system  of  currents  due  to  a  sink  of  electricity  at  A 

of  strength  47r  havint;;  a    current  function       ,   a    source   of 

'l 

Strength  47r  at  B  having  a  current  function ,  and  a  linear 

current  equal  in  intensity  to  -Att  joining  A  and  B.  The  value 
of  V  in  that  case  would  he 

when  the  last  integral  is  to  be  taken  over  the  line  joining  A 
and  B.     The  inteoration  «ives 

Vi      /'2/        J  r 

If  A  and  B  approach  each  other  indefinitely, 

J- ^— ,,:-,  =  ds  ; 
and 

F'=  -27r  T~       )  'f^^  + =  '27rd.s  (  -  +  -  )  ; 

the  current  function  at  the  same  time  becomes 

.V  da 


4^  =  - 


Corresponding  to  a  current  function  ^=  -^,  we  obtain  therefore 
the  Nalues 

G=--27r%  y    .     .     .     .   (10) 


H=-27r 
r 


r 

xz 


These  equations  differ  from  those  obtained   before    (U)    bv  a 
quantity    representing    the    effect    of    an    indefinitely    short 
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cnrrent  at  the  origin,  which  current  is  necessary  to  complete 
the  circuit  as  shown. 

The  vahies  of  F,  G,  H  in  (10)  satisfy  the  condition 

d¥    cm    <m    ,, 

ax       (bj        a; 

and  are  therefore  sohitions  of  the  problem.     A  comparison  of 

(10)  and  (9)  also  shows  that  V-F'  =  V^F,  agreeing  with  the 

conclusion  previously  arrived  at  (7). 

In  the  expressions  (9)  the  flow  at  the  origin  is  taken  to  be 

parallel  to  the  axis  of  X.     The  equations  show  that  the  Vector 

27rA- 
Potential  may  be  expressed  as  the  resultant  of  a  vector  — ^' 

'I'TT  ^  . 

directed  towards  the  origin,  and  another along  the  axis 

of  X.  If,  in  the  general  case,  X,  /a,  v  are  the  direction- 
cosines  of  the  axis  of  flow,  the  components  of  the  Vector 
Potential  are 


F^-i^-; 


-  +  -^  (XA'  +  /i?/  +  v:j 


G  =  -27rr^  +  ^,  (X.i-  +  /^y  +  vc)]'     \-     •     (U) 

H  =  —  27r    -  +  — ,  (X..V  +  MV  + 1'-  yi    • 
|_7'       r   ^  '  '^  J 

We  are  now  prepared  to  deal  with  the  problem  indicated  at 
the  beginning  of  this  paper.  Imagine  a  magnet  having  an 
intensity  of  magnetization  at  a  point  ^,  77,  ^,  measured  by  its 
com[)onents  A,  B,  C.  We  wish  to  find  the  vector  potential 
for  a  system  of  conductors  flowing  along  the  lines  of  induction 
of  such  a  magnet ;  and  having  therefore  a  current  potential 
identical  with  the  magnetic  })otential  due  to  A,  B,  C.  The 
result  is  obtained  directly  from  (11),  by  multiplying  the  right- 
hand  side  with  If/|  cIt]  d^,  taking  account  of  the  change  of 
origin  and  integrating  throughout  the  space  of  the  magnet. 
We  find  in  this  wav 


ZTT 


le 


(12) 


with  corresponding  expressions  for  G,  and  H. 

For  some  purposes  it  may  be  more  useful  to  expand  the 
current  potential    in  terms    of  solid    harmonics,  and  we  are 
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therefore  led    to    find   the   vector  potential  for  a  svsteni    of 
currents, 

dd)  d(b  dd> 

dx^  dy^  dz^ 

when  (f)  is  a  homogeneous  function  of  degree  u. 
The  following  transformation  will  be  useful  : — 

dx      dx  ~  \dx  dx^      dy  dx  dy 


+ 


dz  dx  dz)  ax 


Writino- 


.d<h        .  I     d-(h  d^(b  d:-(b  \ 


we  may  satisfy  the  condition   V'^F'=— 47r    ,-_  by 

W=-p''^ (13) 

2/<  +  1  dx  ^ 

with  similar  expressions  for  G'  and  H'. 

Butthese  expressions  do  not  satisfy  the  characteristic  et^uation 
for  the  vector  potential,  and  it  is  easily  seen  that  the  problem 
is  indeterminate  as  long  as  Ave  do  not  fix  the  manner  in  which 
the  system  of  currents  is  completed  at  the  origin.  This  will 
liav(^  to  be  determined  in  each  case  from  the  nature  of  the 
[)rob]em.     From  (lo)  we  easily  obtain 

dY'       dX}'       dW  -Itt        ^ 

dx         dr]  dz  2n  +  i    ^ 

If  Fi,  Gi,  Hi  are  quantities  satisfying  the  condition 
\72Fi  =  V^Gi  =  V'Hi  =  (), 


and 


(/Fi       dG,       fZHi         47r 

dx  ay  dz  Zii-Y  \ 


The    components   F'  +  Fj,    G'  +  G^    H'  +  H,,    will    satisfy    all 
necessary  conditions  for  the  vector  potential.     The  solution 
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may  be  effected  in  a  nuinber  of  different  ways.    For  instance, 
we  may  make 

dY 
wlien  V  i:«  defined  by  ^=  y-  . 

In  this  case  the  currents  are  completed  at  the  origin  by  a 
flow  parallel  to  the  axis  of  X. 

As  regards  the  surface  conditions  to  ])e  satisfied  by  tlic 
vector  potential,  there  seems  no  difficulty  when  the  magnetic 
permeability  is  uniform  throughout  space,  but  for  the  surfaces 
of  two  media  having  a  different  permeability  special  conside- 
rations seem  necessary.  I  am  not  aware  that  this  point  has 
been  investigated. 

If  the  medium  through  which  the  currents  flow  is  subject 
to  magnetic  polarization,  we  may  write  for  the  vector  potential 
at  the  point  x,  y,  z, 

F  =  f J  J;;  </./  dy'  <U'  +  f j  j'(B  •^,  -  V  '^,)dJ  d,J  d,',  (14) 

where  the  components  of  the  currents  are  functions  of  x'  y'  £ 
and  p  is  the  reciprocal   of  the  distance  between  x,  y,  z  and 

A,  B,  C  are  the  components  ot  magnetization  of  the  medium. 
If  these  are  due  to  the  distribution  of  currents  alone,  we  have 
the  additional  equations 

A  =  /ca.     B  =  /c/3,     ('  =  /c7. 

«,  /3,  7  being  the  components  of  magnetic  force.  Integrating 
the  second  term  of  (14;  by  parts  and  substituting 

dl       d^ 
^-^''^Jy-dTz^ 

the  equation  for  the  vector  potential  is  obtained  in  the  form 

F=  j'n*^  dx'  dy'  dz'  +  ({  i  {B7i-Gm)dii,    .     (15) 

when  fjb=l  +  4:7rK  and  /,  m,  n  are  the  direction-cosines  of  the 
normal  drawn  towards  the  outside  of  the  element  dS,  the 
surface  integral  being  taken  over  all  surfaces  at  which  two 
media  of  different  magnetic  properties  join. 

These  equations  differ  from  those  given  by  Maxwell  by  the 
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second  terms.  These  terms  are  of  some  importance,  for 
MaxwelFs  expression  cannot  be  made  to  satisfy  the  surface 
conditions,  while  the  surface  integrals  in  the  equations  (15) 
allow  us  to  do  so. 

The  expression  (Bn  — Cm)  may  be  considered  as  the  com- 
ponent of  a  current  which  must  be  imagined  to  be  distributed 
over  the  surfaces  of  separation  of  the  two  media. 

In  order  to  determine  the  discontinuities  of  the  diflFerential 
coefficients,  let  ki  and  /C2  be  the  magnetic  susceptibility  in  the 
two  media,  and  let  I,  m,  n  be  the  direction-cosines  of  the 
normal  to  the  surface  drawn  towards  the  inside  of  the  medium 
to  which  the  index  1  refers.  The  surface  currents  are  then 
given  by 


u 


;_ 


=  in(Kij^  —  K2y2)  —  »{'<:i^i  —K2^2) 


r'  =  n  (/Cjai  —  /Csas)  —  f  («i7i  "  ^^iTa) ,}    -      •      (1-6) 

iv'^=/   {Ki(3i  —  K.2/3)  —  llt(K^Ci^  — /tgao). 

If  the  axis  of  z  is  taken  in  the  direction  of  the  normal, 
io'=0,  and  we  conclude:  The  first  differential  coefficients  of 
the  normal  component  of  the  Vector  Potential  are  continuous. 
The  differential  coefficients  of  F  and  G  in  the  directions  x  and 
y  must  also  be  continuous,  and  the  only  ones  which  may  be 

discontinuous  are  -j^  and    j^  .     The  discontinuities  may  be 

written  down  from  (15)  and  (16), 

liF    ,    dY       A     I     a  n  \ 

In  this  equation  ^is  written  for  the  differential  coefficients 

along  the  negative  axis  of  s.     But 

_  J^/rfF_  rfH\ 

dY       d\\ 


Hence 


1  /      t^_  d\V\ 
\dz^       dx  )         fi.2     \dz2       dx ) 


d¥_      rTF  _ /xi-l/./F      d\l\  ,   /x,,-l/flfF  ,   d\b 

dzi        dZ2  /ii 

1  dY       1    <i^^(^   _  1  Y^H  (17) 
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Equation  (17)  is  one  of  the  required  boundary  conditions. 
The  second  is  obtained  by  symmetry. 

fj,idz2      fi2dz2~\H'i      H'i)  (If/' 

The  two  last  equations  complete  the  solution  of  the  pro- 
blem, as  all  other  differential  coefficients  are  continuous. 

It  is  easy  to  show  that  the  conditions  we  have  found  lead 
to  the  well-known  continuity  of  the  normal  components  of 
the  induction  and  of  the  tangential  components  of  the  mag- 
netic forces. 

We  have  arrived  at  the  conclusion  that 

F  =  JJJ^^^.r.ZyrL-+f["^^S,    .     .     .(ID) 

with  the  corresponding  equations  for  G  and  H  will  always 
give  us  correct  expressions  for  the  Vector  Potential,  n,  v,  to 
being  the  components  of  the  given  currents,  and  ?<',  r',  ?«' 
currents  distributed  over  the  boundaries  between  bodies  of 
different  magnetic  permeabilities.  F,  G,  H  are  not,  however, 
the  only  solutions,  but  others  may  be  obtained  by  addition  of 

/7  ■>  1  7/  '  I'^spectively,  x  being  arbitrary.  It  appears,  how- 
ever, that  if  m',  r',  w'  in  (19)  are  determined  so  as  to  satisfy 
the  necessary  boundary  conditions,  both  ;;^  and  its  first 
differential  coefficients  must  be  continuous  throughout  space. 
The  function  ^  may  therefore  be  expressed  as  a  potential 
function  of  attracting  matter  distributed  throughout  space 
with  an  arbitrary  volume-density,  there  being  no  surface 
distribution  anywhere.  If  %  does  not  vanish  it  follows  from 
(5)  that 

dv  ^  dy   ^   dz  ~     ^"^' 

for  it  has  been  shown  that  whenever  currents  fiow  in  closed 
circuits  only, 

d^       d^       d^^^ 
dx        dy         dz 

If,  then,  the  additional  condition  is  imjjosed  on  the  Vector 
Potential  that 

dY_      dS^      d^ 
dx       dy        dz 
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should  vanish,  its  components  become  determinate  in  every 
respect. 

Returning  for  a  moment  to  the  investigation  which  has  led 
to  equations  (10),  we  may  write  the  vector  potential  due  to  a 
conduction  current  47r  through  a  linear  element  ds  at  the 
origin,  the  currents  being  completed  by  displacement  cur- 
rents : — 

„     ^     ,  /I      .^•2\      /47r        d  27r<r\  , 

F  =  27r^4  -  +  ^  ]=  ( ]ds; 

\r       r  /      \  r        dx    r  / 

r^       ^     ,  ^y  d  2'irx    , 

r^  dy     r 

-fT-      .     ,  xz  d    'i'Trx  , 

]±  =  zirds-^  =  j ds. 

7'^  dz     r 

As  far  as  the  magnetic  forces  are  concerned,  the  terms  in- 
volving the  differential  coefficients  disappear,  and  we  might 
put  equally  well 

^^Ms_        ^^  jj^^^ 

r 

If  the  conduction  current  is  i  instead  of  Itt,  we  obtain 

F=— ,         G=0,     H  =  0; 

and  this  is  exactly  what  we  should  have  obtained  if  we  had 
neglected  the  displacement  currents  altogether  :  a  well- 
known  result. 

The  following  transformation  seems  of  some  interest.  Con- 
sider electric  currents  in  a  system  of  bodies  whether  con- 
ductors or  non-conductors,  the  magnetic  permeability  being 
uniform  for  the  sake  of  simplicity.  The  Vector  Potential  at 
a  })oint  x^  y,  z  will  be 


'-10 


-  da  db  dc 
r 


where  the  currents  are  given  as  functions  of  a,  b,  c. 

Assume  further  the  existence  of  a  current  function,  from 
which  the  currents  may  everywhere  be  derived.  Over  certain 
surfaces  the  current  function  may  be  discontinuous.  We  put 
therefore 

dd)  dd)  d(b 

"=^'  '=M'  ''==i' 

and    form   the    equations  for   the  components   of   magnetic 
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induction.    It  will  be  sufficient  to  carry  out  the  transformation 
for  one  of  the  components  : — 

dti         dz 


'  1     1 

,1\ 

/  d 

d-\ 

r 

r     da  db  dc, 

-  '\iil 

A 

A 

d^ 

d~ 

r 

r 

'd-c- 

'^  db  ^^''  '^^'  ^^'^ ' 

and,  finally,  remembering  that 

do       die 


Similarly, 


--\^ 


dc       db  ' 
inw  —  no 


la. 


=  j*r"";^'%/s, 


-JJ 


db. 


/,  III,  n  are  the  normals  drawn  to  the  inside  of  each  medium. 
The  surface  integration  must  be  carried  out  on  both  sides  of  a 
surface  at  which  u,  r,  lo  are  discontinuous. 

I  do  not  know  whether  these  equations  will  ever  really 
simplify  the  investigation  of  an  actual  problem,  but  it  seems 
of  interest  to  know  that  we  can  always  express  the  magnetic 
forces  due  to  steady  currents  in  a  conductor,  in  terms  of  the 
values  of  the  currents  at  the  surface  of  the  conductor  ;  the 
components  of  the  currents  inside  may  be  unknown,  though 
of  course  they  are  determined  by  the  surface  values. 


III.   The  Theory  of  Dissociation  into  Ions,  and  its  Consequences. 
By  Spencer  IJmfreville  Pickering,  M.A.,  F.E.S.^ 

ri^HE  supporters  of  the  present  physical  theory  of  solution 
J-  hold  that  the  majority  of  salts,  acids,  and  bases,  when 
dissolved  in  a  large  excess  of  water,  are  entirely  resolved  into 
their  component  ions.  That  the  facts  of  the  case  warrant  such 
( 'ommunicated  by  the  Physical  Society  :  read  March  20,  1891, 
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a  conclusion  I  have  already  disputed  (Phil.  Mag.  vol.  xxix. 
p.  490,  and  'Nature,'  xlii.  p.  626) ;  but  theoretical  objections  of 
a  fundamental  character  can,  I  believe,  be  raised  against  this 
dissociation  theory,  and,  though  I  have  already  alluded  to 
these,  they  have  not  yet  been  fully  discussed.  Many  of  the 
questions  which  are  asked  in  the  following  pages  can  no  doubt 
be  answered  satisfactorily,  but  as  far  as  I  am  aware  this  has  not 
yet  been  done,  and  it  is  certainly  incumbent  on  the  supporters 
of  the  theory  to  give  physicists  and  chemists  a  clear  concep- 
tion of  what  their  theory  involves. 

When  hydrochloric-acid  gas,  for  instance,  is  dissolved  in 
water,  the  molecules,  which  were  intact  to  start  with,  become 
resolved  into  their  ions,  so  that  each  of  these  acts  as  if  it  were 
a  separate  unit.  This  I  believe  is,  according  to  the  theory,  the 
total  and  only  change  which  occurs  :  the  water  remains  in  the 
same  state  in  which  it  was  to  start  with.  The  resolution  of 
HCl  into  H  and  CI  atoms  has  been  held  of  necessity  to  involve 
an  absorption  of  heat,  an  absorption  considerably  in  excess  of 
that  which  we  know  occurs  when  it  is  resolved  into  hydrogen 
and  chlorine  molecules  ;  and,  whether  the  ions  are  identical 
with  free  atoms  or  not,  we  have  the  positive  statement  of 
Arrhenius,  the  originator  of  the  present  dissociation  theory, 
that  the  resolution  of  a  body  such  as  hydrochloric  acid  into  its 
ions  absorbs  heat*.  If  then  this,  which  is  the  only  change, 
ahsorhs  heat,  whence  comes  the  17,300  cal.  which  are,  as  a 
matter  of  fact,  evolved  during  dissolution  ? 

In  the  communication  to  which  reference  has  been  made 
Arrhenius  does  not  consider  the  thermal  results  of  dissolution, 
and  a  subsequent  consideration  of  these  seems  to  have  led 
some  of  the  supporters  of  the  theory  to  hold  a  view  diametri- 
cally opposed  to  that  just  quoted.  They  now  hold,  I  believe 
that  the  decomposition  of  molecules  into  their  ions  evolves 
heat ;  that  that  heat,  which  they  still  admit  must  be  absorbed 
by  the  decomposition  of  the  molecules  into  ordinary  atoms,  is 
more  than  counterbalanced  by  the  combination  of  the  atoms 
with  electric  charges.     This  change  of  front  must  rather  be 

*  Arrhenius,  Bitruf/  till  Ronyl.  Svenska  Tetenskaps-Ahademieus  Haiid- 
linf/ar,  Stockholm,  ]88;>-4.  Out  of  several  sentences  I  may  quote  the 
following  italicised  passage  :— "  La  transformation  de  I'etatinactif  en  IVHat 
actif  d'un  hydrate  (faible)  est  accompapnee  par  nne  absorption  de 
chalfur;"  and  the  heat  absorbed  in  the  transformation  is  named 
"  chaleur  d'activite."  The  terras  used  in  the  above  must  be  translated 
into  the  more  modern  language  of  the  dissociationists,  thus  :  inactive  := 
undissociated ;  active  =  dissociated  into  ions;  hydrate=ranv  hydrogen 
compound,  such  as  an  acid  or  base  ;  feeble = not  much  dissociated.  See 
also  Lodge's  epitome  of  Arrhenius's  paper,  B.  A.  Report,  1886,  pp.  361- 
384. 
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inferred  indirectly  from  the  writings  of  dissociationists  than 
from  any  definite  retraction  which  they  have  published  ;  nor 
does  it  appear  to  have  been  followed  by  all  the  supporters  of 
the  theory,  for  the  explanation  given  by  Arrhenius  of  the 
constancy  of  the  heat  evolved  on  neutralizing  acids  Avith  bases 
is  that  it  is  in  all  cases  due  to  the  combination  of  the  ions  H 
and  OH  to  form  HgO,  and  this  explanation  was  quoted  as 
recently  as  September  last  (B.  A.  meeting)  by  Shaw  as  being 
one  of  the  strongest  arguments  in  favour  of  the  theory.  It 
may  also  be  remarked  that  up  to  July  1889  Ostwald  seems 
to  have  held  both  views,  and  to  have  adopted  either  just  as  the 
exigencies  of  the  case  suggested  :  he  explains  the  normal 
heat  of  neutralization  as  being  due  to  the  heat  evolved  in  the 
formation  of  a  molecide  from  its  ions  ('  Outlines  of  General 
Chemistry,'  1890,  p.  o'6'6),  and  the  abnormal  heat  of  neutraliza- 
tion as  being  due  to  heat  evolved  in  the  formation  of  ions 
from  a  molecule,  though  not,  of  course,  the  same  molecule  as 
in  the  previous  case  (p.  369) . 

The  first  point,  therefore,  on  which  the  dissociationists 
should  give  us  definite  information  is,  whether  the  dissociation 
of  a  molecule  into  ions  is  supposed  to  evolve  or  absorb  heat. 

Presupposing  that  the  answer  will  be  that  heat  is  evolved 
(at  any  rate  in  cases  similar  to  that  of  hydrochloric  acid), 
their  theory  cannot  be  said  to  be  j^rimd  facie  inconsistent  with 
the  conservation  of  energy  ;  but  other  very  serious  difficulties 
arise  which  call  for  explanation. 

The  idea  of  heat  being  evolved  by  the  combination  of  a 
charge  with  an  atom  involves  the  conception  that  the  charge 
is  originally  independent  of  the  atom :  indeed  the  main  idea 
of  the  theory  seems  to  lie  in  the  distinction  between  an  ion,  or 
charged  atom,  and  an  ordinary  or  uncharged  atom"^.  We 
may  ask,  therefore,  whence  come  these  charges  ?  All  the 
ordinary  means  by  which  bodies  become  charged  seem  to 
be  absent  in  the  present  case.  No  external  energy  has  been 
expended,  no  friction  can  be  supposed  to  exist  except  such  as 
might  result  indirectly  from  an  attraction  between  the  water 
and  the  acid  ;  but  even  if  the  existence  of  such  an  attraction 
were  admitted,  it  could  never  cause  sufficient  friction  to  over- 

*  Cf.  Ostwald,  loc.  cit.,  p.  275  : — "  What  actually  exists  in  the  solution 
is  single  potassium  atoms  with  enormous  electrical  charges.  AVe  do  not 
know  what  those  charges  are  in  reality,  but  this  we  do  know,  that  the 
chemical  properties  of  substances  are  greatly  altered  b}'  electrical  charges. 
.  .  .  As  soon  as  the  potassium  atoms  in  solution  lose  their  charge,  as  they 
do,  for  example,  when  led  by  an  electric  current  to  a  platinum  wire,  where 
they  can  give  up  their  electricity,  potassium  with  its  ordinary  properties 
is  at  once  produced,  as  is  seen  in  its  ability  to  decompose  water  with 
evolution  of  hydrogen," 
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come  the  very  attraction  which  is  the  original  cause  of  it,  to 
say  nothing  of  the  still  stronger  attraction  which  holds  the 
atoms  together  :  induction  cannot  apply,  as  both  water  and 
acid  are  supposed  to  be  uncharged  to  start  with,  and  even  if 
there  were  a  contact  difference  of  potential  between  these  two 
substances,  it  would  not  result  in  communicating  both  the  + 
and— charges  to  one  only  of  the  bodies  brought  into  contact, — 
the  acid. 

In  the  second  place,  how  can  we  imagine  that  an  electric 
charge,  which  we  must  at  present  regard  as  an  affection  of 
matter,  can  combine  with  matter  to  produce  heat  and  itself 
remain  in  statu  qno?  Such  a  view  is  little  less  than  endowing 
the  charges  with  some  of  the  exclusive  properties  of  matter, 
and  calling  this  new  matter  into  existence  just  when  and 
where  may  be  most  convenient  to  the  theory. 

In  the  third  place,  how  can  it  bo  maintained  that  the 
positive  electrification  of  the  hydrogen,  and  the  negative 
electrification  of  the  chlorine,  would  dissolve  the  union  between 
them  ?  According  to  all  our  experience  of  electricity,  such 
electrification  would  make  them  cling  together  all  the  more 
firmly.  Further,  if  these  so-called  +  and  —  charges  repel 
each  other,  why  are  they  attracted  by  the  —  and  +  charges 
respectively  on  electrodes  during  electrolysis?  or  why,  again, 
do  the  similarly  charged  atoms  not  attract  each  other  (as 
dissimilarly  charged  ones  are  supposed  to  repel  each  other) 
and  form  hydrogen  and  chlorine  molecules  ? 

That  a  molecule,  when  decomposed  by  some  force  superior 
to  the  attraction  of  its  constituent  atoms,  gives  rise  to  free 
atoms  which  are  possessed  of  a  certain  amount  of  free  energy, 
and  that  this  free  energy,  which  we  call  chemical  affinity, 
may  really  be  of  the  nature  of  an  electric  charge,  has  received  the 
su{)port  of  the  greatest  chemists  and  physicists  whom  Science 
has  known  ;  but  the  present  theory  seems  to  have  nothing  in 
common  with  such  a  view — indeed,  it  seems  to  be  directly  opposed 
to  it.  On  the  old  theory  the  atoms  when  separated  have  more 
free  energy  than  when  combined,  on  the  new  theory  they  have 
less  :  on  the  old,  the  electric  charges  are  the  conset/uence  of 
decomposition  by  some  superior  force,  and  form  an  integral 
part  of  the  stuff  resulting  from  the  decomposition;  on  the  new, 
they  are  the  cause  of  this  decomposition  and  are  something 
outside  and  independent  of  the  matter  itself.  The  old  theory 
attributes  chemical  affinity  and  combination  to  the  existence 
of  these  charges  ;  the  ncnv  theory  considers  the  charges  to  be 
antagonistic  to  chemical  affinity,  and  to  be  the  cause  of 
chemical  decomposition. 

The  view  has  been  suggested,  I  believe,  that  the  supposed 
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dissociated  atoms,  though  no  longer  held  together  by  chemical 
attraction,  may  be  still  held  together  by  the  electrical  attraction 
of  their  charges.  This  seems  to  bo  but  an  attempt  to  over- 
come a  difficulty  by  changing  a  name,  and  so  far  from  really 
diminishing  the  difficulty,  it  would  appear  only  to  increase  it : 
for  heat  has  been  evolved,  and,  therefore,  the  state  of  com- 
bination is  more  intimate  than  it  was  before  dissolution,  so 
that  the  matter  must  be  held  more  firmly  together  by  these 
electrical  charges  than  it  was  by  its  chemical  affinity:  how 
does  this  help  the  statement  that  they  are  less  firmly  united 
now — so  much  less  firmly  according  to  the  theory,  that  they 
act  as  independent  units  ?  The  difficulties  as  to  the  origin  of 
the  charges  and  the  antagonism  of  chemical  and  electrical 
attraction  are,  moreover,  not  removed  by  this  method  of  ex- 
pressing the  theory. 

Another  view,  again,  was  suggested  at  the  recent  meeting 
of  the  British  Association :  that,  instead  of  regarding  the 
ions  as  atoms  with  electric  charges,  they  might  be  regarded 
as  allotropic  modifications  of  the  atoms  themiselves.  This 
appears  to  me  to  be  but  hypothecating  a  new  form  of  matter 
to  satisfy  a  theory  which  is  inconsistent  with  known  matter, 
and,  inasmuch  as  atoms  of  the  same  substance  cannot  differ 
from  each  other  except  by  possessing  different  quantities  of 
energy,  it  practically  amounts  to  the  conjuring  away  a  stock 
of  energy  that  the  theory  may  not  be  said  to  be  contradicted 
by  the  principle  of  the  conservation  of  energy.  But  surely 
such  a  process  is  in  reality  as  much  a  violation  of  this  principle 
as  writing  2  =  4  would  be.  The  energy  equation  will  not 
equate,  so  the  excess  of  energy  on  the  one  side  is  boldly  struck 
off  by  imagining  a  new  form  of  energyless  atom,  just  as  on 
the  electric-charge  theory  the  same  is  done  by  saying  that 
the  superabundant  energy  has  been  expended  in  combining 
with  charges  which  have  come  from  nowhere. 

Whereas  the  potential  energy  of  the  ions  of  a  substance 
such  as  hydrochloric  acid  must  be  regarded  as  less  than  that 
of  the  molecules  when  gaseous,  it  would  appear  that  it  must 
be  greater  than  that  of  the  molecules  when  solid — at  any  rate 
in  such  cases  where  the  solid  dissolves  with  an  absorption  of 
heat.  Thus,  in  the  case  of  potassium  chloride,  74"  5  grams  of 
the  salt  dissolve  in  water  at  0°  with  an  absorption  of  5184  cal. 
Let  P  and  K  represent  the  potential  and  kinetic  energy  of  the 
solid  (KCl)  and  of  the  ions  (K  +  Cl)  respectively,  then 

P(KCl)  +  K(KC1)  =P(K  +  CI)  +  K(K  +  CI)  -5284  cal. 

The  kinetic  energy  of  the  solid,  K(KCl),  is  possibly  an  un- 
known quantity,  but  it  is  certainly  a  positive  quantity  ;  the 
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kinetic  energy  of  the  dissolved  substance,  K(K  +  C1),  can, 
according  to  the  osmotic-pressure  theory,  be  calculated.  With 
a  monatomic  gas  no  intramolecular  work  is  possible,  and 
therefore  the  pressure  caused  by  that  gas  is  a  measure  of  its 
total  kinetic  energy  [cf.  Ostwald,  loc.  cit.  p.  76) ;  the  pressure 
of  each  ion  is  in  this  case,  ex.  hyp.,  the  same  as  that  which  an 
ordinary  molecule  produces,  and  the  pressure-producing  energy 
of  a  gram-molecular  proportion  of  such  a  gas  is  34,008,000,000 
ergs,  or  819  cal.,  so  that 

K(K  +  Cl)=2x819cal., 

and  P(KCl)  =P(K  4-  UJ)  -364(5  cal.-K(KCl); 

thus  the  potential  energy  of  the  ions  must  be  considerably 
greater  than  that  of  the  solid  molecule. 

The  same  substance  might  have  been  taken  as  an  instance 
of  a  gas  dissolving  with  evolution  of  heat  and  a  solid  with 
absorption  of  heat ;  and  in  such  a  case  the  potential  energy 
of  the  substance  in  solution  must  be  intermediate  between 
that  of  the  gaseous  and  solid  molecules.  It  is  certainly 
difficult  to  imagine  that  this  substance  can  consist  of  uncom- 
bined  atoms. 

But  a  still  greater  difficulty  arises  in  some  cases  :  a  solution 
of  calcium  nitrate,  for  instance,  absorbs  heat  on  dilution,  and, 
as  the  only  change  produced  by  diluting  an  already  dilute 
solution  is,  according  to  the  theory,  to  dissociate  into  ions 
some  of  the  molecules  still  remaining  intact,  and  as  these  mole- 
cules are  present  in  the  uncombined  and  gaseous  condition,  it 
follows  that  the  dissociation  of  gaseous  calcium  nitrate  mole- 
cules must  absorb  heat ;  therefore  the  gaseous  salt  on  beino- 
dissolved  in  excess  of  water  must  absorb  heat,  the  liquid  salt 
would  absorb  more  than  the  gas  (by  an  amount  equivalent  to 
the  heat  of  vaporization  of  this  salt),  and  still  more  would  be 
absorbed  l)y  the  solid  ;  yet  direct  experiment  shows  that  this 
last,  instead  of  giving  a  large  absorption,  actually  ecolves  4000 
cal.  when  it  is  dissolved. 

The  conception  that  salts  &c.  in  solution  are  entirely  de- 
composed into  ions  has  been  regarded  as  a  development  of  the 
theory  of  Clausius  that  a  few  free  ions  exist  at  any  given  moment 
in  a  mass  of  solution.  But  these  two  views  appear  to  me  to 
be  radically  different.  Clausius's  conception  (Phil,  Mag.  1858, 
vol.  XV.  p.  100)  was  of  a  two-fold  nature.  (1)  That  the  molecules 
in  any  fluid,  being  at  diffi'rent  temperatures  at  different  times, 
owing  to  the  im])acts  to  which  they  have  been  subjected,  some 
of  them  may  occasionally  be  so  hot  as  to  be  above  their  dis- 
sociation temperature,  and  that  some  temporarily  free  atoms 
would  therefore  be  present,     (2)  That  two  similar  molecules 
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MR  and  M'R'  might  collide  under  such  circumstances  that  M' 
might  come  nearer  to  R  than  M  was,  and,  consequently,  M'R 
would  he  the  result ;  whether,  however,  M  and  R'  would  find 
themselves  in  such  close  proximity  that  they  would  instantly 
combine  together,  or  whether  they  might  remain  for  a  time 
actually  free,  is  a  question  which  our  ignorance  of  the  distances 
and  forces  concerned  do  not  allow  us  to  settle.  Williamson's 
theory  (Phil.  Mag.)  was  practically  identical  with  Clausius's 
second  proposition — continual  interchange  of  radicals,  but 
not  necessarily  the  presence  of  free  atoms.  Clausius's  theory 
was  proposed  to  account  for  the  facts  of  Electrolysis,  William- 
son's to  account  for  Chemical  facts.  Nothing  which  has  come 
to  light  since  that  time  seems  to  have  shaken  the  idea  of  a 
continual  interchange  of  atoms  in  the  molecules  of  a  liquid ; 
there  seem,  however,  to  be  decided  objections  to  the  concep- 
tion of  free  atoms  being  present.  Whether  it  is  probable  that 
in  a  liquid  at  ordinary  temperatures  there  can  be  any  mole- 
cules as  hot  as  the  dissociation  temperature  (which  is  probably 
1000°  to  2000°)  or  not,  is  a  matter  of  opinion  ;  but  if  any 
free  atoms  are  present  the  chances  of  their  meeting  atoms 
of  the  same  nature  would  be  equal  to  those  of  their  meeting- 
atoms  of  the  opposite  nature:  with  the  former  they  would 
combine  just  as  they  do  with  the  latter,  and  the  result  would 
be  that  hydrogen  and  chlorine  gas  would  be  formed,  and  the 
acid  would  gradually  become  entirely  decomposed  :  nor  can 
it  be  argued  that  the  similar  charges  on  the  free  atoms  of  the 
same  substance  would  ])revent  these  combining,  for  in  the 
analogous  case  of  hydriodic  acid  we  know  as  a  fact  that  free 
iodine  is  produced  when  the  acid  is  heated  to  its  dissociation 
temperature. 

It  does  not  seem  necessary,  however,  to  imagine  the  presence 
of  free  atoms  to  explain  the  phenomena  of  electrolysis  [cf. 
Lodge,  B.  A.  Report,  1887,  p.  338).  The  facts  of  the  case,  I 
believe,  are  that  although  an  E.M.F.  of  finite  magnitude  is 
required  to  produce  sensible  electrolysis,  /.  e.  the  liberation  of 
gas,  &c.  in  recognizable  quantities,  any  electromotive  force 
will  produce  results  indicative  of  electrolysis,  these  results 
being  a  gradual  leakage  of  electricity,  and  a  reverse  or 
polarization  current  on  removing  the  battery.  The  leakage 
may  be  explained  by  the  electrolysis  of  those  molecules  which 
happen  to  be  at  a  temperature  above  that  of  the  average 
molecule,  and  decomposable  by  a  lower  E.M.F.  than  is  the 
average  molecule,  or  else  by  the  action  of  the  E.M.F.  on  those 
dissimilar  atoms  which  at  the  moment  when  they  lose  their 
original  partners  find  themselves  comparatively  very  far  apart 
from  each  other  (M  and  R'  in  the  case  above  cited).     As  to 
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the  polarization  current  I  venture,  though  with  considerable 
diffidence,  to  ask  whether  it  really  is  evidence  of  actual  elec- 
trolysis. It  is  explained  by  the  statement  that  a  coating  of 
liberated  ions  is  formed  on  the  electrode,  and  that  these  can- 
not be  discharged  so  as  to  become  ordinary  atoms  till  the 
potential  of  the  electrode  attains  a  certain  value,  they  conse- 
quently remain  there  and  cause  a  reverse  current.  But 
might  not  such  a  current  be  caused  by  a  similar  coating  of 
simple  but  undecomposed  molecules  ;  such  molecules  are,  I 
believe,  not  fully  saturated  compounds,  but  still  possess  a 
certain  amount  of  residual  affinity,  or,  on  the  older  electro- 
chemical theory,  a  certain  amount  of  unneutralized  charge; 
these  would  be  attracted  to  the  electrodes  and  would  present 
their  +  and  —  ends  to  the  —  and  +  electrodes  respectivelv : 
a  charge  would  thus  be  retained  on  the  electrodes  after  the 
battery  was  disconnected,  and  this  charge  would  cause  a 
reverse  current  when  the  two  electrodes  were  connected 
together.  The  action  in  fact  would  be  similar  to  that  in  a 
condenser.  Such  an  explanation  may  obviate  objections 
which  can,  perhaps,  be  urged  against  the  idea  of  a  coating  of 
ions,  for  it  seems  difficult  to  see  why  a  certain  E.M.F.  should 
be  reached  before  the  atoms  can  discharge  themselves,  unless 
we  imagine  a  definite  attraction  between  an  atom  and  its 
charge,  or  why  the  E.M.F.  required  to  eifect  this  discharge 
should  not  always  be  the  same  whenever  the  same  element  is 
liberated  ;  it  also  obviates  the  necessity  of  regarding  an  ion 
as  possessing  any  form  of  charge  which  a  free  atom  does  not. 
Whatever  be  the  value  of  these  suggestions,  and  of  the 
objections  raised  against  that  part  of  Olausius^s  conception 
which  supposes  the  presence  of  a /ko  free  atoms  in  a  liquid  owing 
to  the  accidental  superheating  of  some  of  the  molecules,  it 
must  be  borne  in  mind  that  this  view  is  totally  distinct  from 
the  modern  dissociation  theory,  that  all  the  jnolecules  are  dis- 
sociated, and  that  too  not  by  heat  but  by  their  affinity  for 
electrical  charges  of  incredible  origin,  and  possessing  hitherto 
unknown  characteristics. 


IV.    On  Changes  of  Voltaic  Energy  of  Alloys  during  Fusion. 
By  Dr.  G.  Gore,  F.R.S.^ 

MJ.  REGNAULD  has  observed  that  licpiid  gallium  is 
•  electropositive  to  solid  gallium  in  a  neutral  solution 
of  gallons  sulphate  (^Comj)tes  Rendus  Acad.  Sci.  June  10, 
1878  ;  '  Chemical  News,'  vol.  xxxviii.  p.  33).    He  states  that 

*  Communicated  by  the  Author. 
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this  "  categorical  experiment  renders  manifest,  in  a  very  simple 
case,  the  influence  exercised  by  the  heat  of  constitution  upon 
the  energy  of  its  chemical  properties  ; "  and  that "  the  available 
chemical  work  which  a  body  possesses  depends  not  only 
upon  the  specific  nature  of  the  atoms,  but  also  upon  the 
total  of  calories  which  its  maintenance  in  the  physical  state 
determines/^ 

The  object  in  making  the  following  experiments  was  to 
ascertain  whether,  consistently  with  the  above  observation,  the 
change  of  physical  state  of  an  alloy  from  solid  to  liquid  by 
fusion,  and  the  large  absorption  of  heat  which  then  occurs,  is 
usually  attended  by  a  correspondingly  large  increase  of  voltaic 
electromotive  force,  and  whether  the  converse  effect  occurs 
during  solidification.  The  apparatus  employed  in  the  experi- 
ments is  shown  by  the  annexed  sketch. 


A  is  a  glass  cup,  B  a  tobacco-pipe  with  a  wide  bowl,  and  C  a 
bent  glass  syphon-tube  provided  with  a  tap.  A  bar  of  the 
alloy  was  placed  vertically  in  A,  and  a  second  portion  of  the 
alloy  was  melted  in  the  bowl  and  some  distance  up  the  stem 
of  the  pipe  B,  so  as  to  exclude  the  production  of  thermo- 
electric currents  at  the  junction  with  the  connecting  wire, 
and  then  allowed  to  solidify  and  cool. 

The  electrolyte,  at  atmospheric  temperature,  was  poured 
into  A  and  B,  and  a  portion  raised  by  suction  into  C  so  as  to 
connect  the  portions  in  A  and  B.  The  terminals  of  the 
portions  of  alloy  were  connected  by  iron  wires  with  a  suitable 
astatic  galvanometer  of  100  ohms  resistance,  and  the  needles 
allowed  to  settle  at  zero.  Heat  w.is  then  gradually  applied 
by  means  of  a  small  flame  to  the  bowl  of  B  until  the  alloy  in 
it  melted,  and  the  temperature  of  the  electrolyte  was  raised 
nearly  to  the  boiling-point ;  the  flame  was  then  removed. 
The  amounts  of  deflexion  of  the  needles  of  the  galvanometer 
at  definite  intervals  of  time,  during  the  heating  and  cooling, 
and  especially  at  the  fusing  and  solidifying  points,  were  care- 
fully observed  and  recorded. 
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Three  electrolytes  were  used,  viz.  one  composed  of  1  part 
by  weight  of  absolute  hydrochloric  acid  in  100  of  water  ;  a 
second,  of  1  part  of  chloride  of  sodium  and  100  of  water; 
and  a  nearly  saturated  solution  of  that  salt. 

In  the  following  experiments  :  1st,  on  appl}ang  heat,  the 
heated  portion  of  the  alloy  became  gradually  electropositive 
to  the  cold  portion  up  to  its  fusion-point ;  and,  2nd,  a  more  or 
less  sudden  increase  of  electromotive  force  occurred  during 
the  further  heating  of  the  alloy  and  the  electrolyte  up  to  the 
boiling-point  of  the  latter,  and  this  sudden  increase  appeared 
to  coincide  in  point  of  time  with  the  melting  of  the  alloy,  but 
this  could  not  be  accurately  determined,  especially  with  the 
amalgams  in  experiments  No.  4,  5,  and  6,  because  the  fusion- 
point  was  not  sufficiently  sudden  or  distinct.  Substantially 
the  reverse  of  these  phenomena  happened  after  removing  the 
flame,  during  the  processes  of  evolving  latent  heat  and  subse- 
quent cooHng.  A  partial  exception  to  the  phenomenon  of 
sudden  increase  of  electromotive  force  during  the  act  of 
fusion  took  place  with  cadmium  amalgam  in  experiment  No.  7. 

Experiment  1.  Fusible  alloy  of  bismuth  70  parts,  lead  -lO, 
tin  20,  and  cadmium  15.  Melting  at  about  Q&^  C.  In  the  dilute 
acid  at  16°  C.  The  amount  of  sudden  effect  by  gradual 
heating  in  this  case  was  quite  large,  and  the  galvanometer 
deflexion  increased  from  20°  to  60°.  Experiment  2.  The 
same  alloy  in  the  weak  solution  of  sodium  chloride  at  about 
16°  C.  The  amount  of  sudden  increase  of  current  by  gradual 
heating  was  again  large.  Experiment  3.  An  alloy  of  bismuth 
8  parts,  lead  8  parts,  and  tin  3.  Melting  at  about  107°  C. 
In  the  concentrated  solution  of  sodium  chloride.  The  sudden 
increase  of  current  by  gradual  heating  was  considerable. 

As  in  each  of  these  instances  there  was  a  more  or  less  sudden 
change  of  physical  state  of  the  alloy,  but  no  such  change  of  the 
electrolyte,  the  coincident  rapid  increase  of  electromotive  force 
must  have  been  due  to  the  alloy  and  not  to  the  electrolyte  ; 
it  could  not  have  been  due  to  a  sudden  rise  of  temperature, 
because  that  of  both  substances  must  have  remained  nearly 
stationary  during  the  act  of  fusion  in  consequence  of  the  heat 
becoming  latent. 

The  next  three  experiments  were  made  with  mercurial 
amalgams.  Experiment  4.  An  amalgam  of  bismuth  10  parts, 
tin  3'5,  lead  3"2,  and  mercury  2*0,  in  the  weak  solution  of 
common  salt.  Experiment  5.  Amalgam  of  zinc  1  part,  ami 
mercury  7,  in  the  same  liquid.  Experiment  6.  Amalgam  of 
tin  corresponding  in  composition  to  the  formula  ►Sn.iHgv,,  in 
the  same  solution.  This  amalgam  was  soft  at  16°  C,  and 
mercury  drained    out  of   it  after  standing  a  bar  of  it  some 
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time  in  a  vertical  position.  Each  of  these  amalgams  gave 
only  a  small  amount  of  sudden  increase  of  current  at  the 
period  of  liquefaction,  probably  because  the  liquefaction  was 
more  gradual,  and  the  effects  of  solution  in  mercury  of  the 
other  metals  present  masked  those  of  fusion. 

Experiment  7.  An  amalgam  of  1  part  cadmium  and  4  parts 
of  mercury,  in  the  weak  solution  of  common  salt.  The 
amalgam  was  more  solid  at  16°  C.  than  the  other  three,  but  it 
easily  liquefied  in  boiling  water.  When  it  was  heated  and 
had  become  pasty,  the  current  began  to  increase;  but  just 
previous  to  complete  liquefaction  the  current  suddenly  and 
considerably  decreased,  and  the  liquid  amalgam  became  electro- 
negative to  the  solid  one  ;  the  period  of  reversal  was  very 
brief,  and  on  further  heating  the  current  suddenly  increased 
to  a  slightly  higher  point  than  it  was  at  previously.  The 
annexed  curve  approximately  represents  the  results  obtained 
with  a  freshly  prepared  portion  of  the  amalgam,  and  shows 
that  the  phenomenon  is  much  more  complex  than  a  simple 
measurement  of  the  total  amount  of  heat  evolved  or  absorbed 
would  indicate.  The  sudden  depression  of  electric  energy 
was  probably  due  to  a  sudden  act  of  chemical  union  of  the 
ingredients  and  a  corresponding  loss  of  potential  {i.  e.  latent 
or  specific)  heat. 

Curve  of  Variation  of  Electromotive  Force  of  Cadmium  Amalgam  pro- 

duced  by  heating  and  fusion  in  a  1-per-cent.  Solution   of  Sodium 

Chloride. 

Deflexiong. 


70    80    W    101  110  IJO  i:;o  11(1  i:,n  lijo  ITii  l-;o  Fahrenheit. 

Above  0  the  hot  electrode  was  +,  below  Oit  was  negative  to  the  cold  one. 

By  repeated  experiments  of  the  above  kind  with  this 
amalgam  it  was  found  that  the  sudden  decrease  of  electric 
current  was  greater  with  the  freshly  prepared  substance  than 
with  that  which  had  been    remelted   several    times,  and    1 
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have  examined  this  interesting  circumstance  (see  "  Changes 
of  Property  of  Amalgams  by  Repeated  Fusion/''  Phil.  Mag. 
September  1890,  p.  228). 

The  mixtures  of  metals  which  produced  the  most  sudden 
increases  of  current  in  these  experiments  were  those  which 
exhibited  the  most  sudden  liquefaction.  An  explanation  I 
venture  to  suggest  of  the  increase  of  voltaic  energy  during 
liquefaction  is,  that  the  molecules  of  the  liquefied  alloy  are 
usually  in  a  state  of  more  active  motion  than  those  of  the  solid 
substance,  partly  because  the  liquid  has  absorbed  more  potential 
heat ;  and  that  the  suddenness  of  the  increase  of  the  current 
at  the  period  of  liquefaction  is  due  to  absorption  of  heat  being 
promoted,  and  chemical  and  voltaic  action  facilitated  by  the 
sudden  occurrence  of  convection  currents  in  the  liquid  alloy. 

As  energy  is  indestructible,  the  effect  of  each  unit  of  heat 
absorbed  by  the  alloy  upon  its  total  amount  of  energy  of 
molecular  motion  must  be  the  same  whether  the  heat  is 
absorbed  as  specific  heat  and  raises  its  temperature,  or  as 
latent  heat  which,  without  altering  its  temperature,  changes 
its  physical  state  by  fusion,  or  its  other  properties,  as  in  the 
case  of  iron  at  its  "  critical  point." 

The  results  of  the  experiments  show  that  changes  of  voltaic 
energy  may  be  used  in  the  above  manner  to  detect  physical 
and  chemical  changes  in  metallic  alloys. 


V.    A  Kinetic  Theory  of  Solids,   with   an   Experimental 
Introduction.    ^_y  William  Sutherland*. 

THE  present  work  started  in  an  experimental  inquiry 
having  a  twofold  object, — to  try  to  ascertain  whether 
there  is  a  general  law  connecting  the  elastic  properties  of  metals 
with  temperature,  as  is  the  case  with  gases,  and  to  discover  it 
if  possible,  and,  failing  that,  to  obtain  empirical  means  of  find- 
ing the  values  of  the  elastic  constants  of  the  metals  at  absolute 
zero,  at  which  temperature  they  would  be  specially  interesting, 
as  the  molecules  would  be  at  rest. 

The  first  result  was  that  a  general  law  unfolded  itself  with 
singular  ease,  namely  that  the  law  of  variation  of  the  rigidity 
of  the  metals  with  temperature  is  the  same  for  all :  if  n  is  the 
rigidity  at  absolute  temperature  6,  and  N  that  at  absolute 
zero,  while  T  is  the  melting-point,  then 

N  V-I-V' 

a  law  almost  as  simple  as  that  of  perfect  gases. 
*  Commuaicated  bv  the  Author. 
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It  next  appeared  in  a  similar  manner  that  the  law  of 
variation  of  Young's  modulus  of  elasticity  with  temperature 
is  nearly  the  same  for  all  metals,  and  nearly,  though  not 
quite,  as  simple  as  that  for  rigidity. 

As  these  results  amounted  to  an  experimental  proof  that 
rigidity  (and  elasticity  generally)  is  essentially  a  kinetic 
phenomenon  I  was  encouraged  to  proceed  with  a  kinetic 
theory  of  solids,  which  had  been  in  view  when  the  experi- 
mental inquiry  was  undertaken. 

The  present  pajjer  will  be  divided  into  two  parts  : — 
Experimental  Introduction  and  Theory. 

Experimental  Introduction. 

This  will  be  divided  into  two  parts,  Rigidity  and  Young's 
Modulus,  in  which  the  matter  will  be  taken  in  the  following- 
order  : — first,  an  account  of  my  own  experiments  on  the  effect 
of  temperature  on  elasticity  ;  second,  a  compilation  of  all 
available  data  on  the  same  subject  ;  third,  a  compilation  of 
all  the  available  data  as  to  the  absolute  values  of  Rigidity  and 
Young's  Modulus  at  about  15°  C.  ;  and  fourth,  establishment 
of  the  general  law  connecting  these  elastic  constants  with 
temperature,  and  determination  of  their  values  at  absolute 
zero. 

Rigidity. 

1.  Experiments, — The  variation  of  rigidity  with  tempera- 
ture has  been  worked  at  by  Napiersky,  Kohlrausch,  Pisati, 
and  Tomlinson  5  but  these  experimenters  have  almost  confined 
their  attention  to  the  nobler  metals  with  high  melting-points. 
As  I  expected  that  in  the  case  of  the  metals  with  low  melting- 
points  the  law  of  variation  would  be  easier  to  discover,  it  was 
necessary  to  make  a  study  of  these  metals. 

I  used  the  torsional  method  of  measuring  rigidity  both  in 
its  static  and  kinetic  form,  and  found  the  two  forms  to  give 
agreeing  results  ;  but  as  the  static  proved  less  accurate,  I  will 
iiot  waste  space  by  giving  its  results  here.  The  kinetic 
method  was  worked  in  the  usual  manner.  The  metal  to  be 
experimented  on  was  taken  in  the  form  of  a  wire,  with  a 
cylindrical  vibrator  of  tliin  sheet  iron  soldered  to  one  end,  and 
a  strip  of  thin  iron  to  the  other  by  means  of  which  it  could 
be  clamped.  As  chamber  in  which  to  produce  variations  of 
temperature,  a  wooden  box  about  65  centim.  by  20  by  27  was 
taken  and  fixed  with  its  long  edge  vertical.  The  top  and 
bottom  had  a  hole  bored  at  each  middle  point  to  let  the  wire 
pass  through  freely.  The  iron  strip  was  clamped  to  the  top 
of  the  box,  and  the  vibrator  either  swung  just  outside  or  inside 
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tbo  box  uccordini;-  to  the  length   of  the  wire.     It  wa^;  eou- 
^'enient  to  have  the  vibrator  .swinging   outside   when  it  was 
necessary  to  largely  increase  the   moment  of  inertia  of  the 
vibrator.     To  heat  the  chamber  I  used  as  a  preliminary  ex- 
pedient a  gas-flame  bm-ning  inside  it  at  one  of  the  bottom 
corners  with  vent-holes  so  distributed  as  to  prevent  the  con- 
centration  of  a  stream  of  hot  air  on  any  one  point  of  the 
wire.     The  mean  temperature  of  the  chamber  could  be  regu- 
lated   by  the    size   of   the    flame,   and    w^as  measured    by^  a 
thermometer  the  bulb  of  which  was  almost  in  contact  with 
the  middle  point  of  the  wire.     Although  this  was  intended 
to  give  only  rough  preliminary  measurements,  it  worked  so 
well  and  was  so  simple  and  handy  that  I  retained  it  through- 
out.    It  was  tested  repeatedly  in  the  following  manner  : — a 
gas-flame    was  turned   on  sufficient   to  maintain  a  constant 
temperature  of  say  70°  C,  as  recorded  by  the  thermometer, 
and  the  period  of  vibration  of  the  wire  under  experiment  was 
observed.     The  flame  was  then  increased  till  a  temperature  of 
105°  C.  was  reached,  when   the  fl;ime  was  turned  off,  and  the 
^•ent-holes  closed  ;  the  temperature  of  the  chamber  then  fell 
slowly  and   the   period   of  vibration   of  the   wire    was  again 
observed   while  the  temperature   fell   from   71°  to  69°  ;    the 
difference  in  the  two  values  of  the  period  never  amounted  to 
more   than  what    would  correspond  to  an  uncertainty  of  2 
in  the  reading  of  the  temperature,   and  in  most  cases  was 
actually  inappreciable.     This  was  a  degree  of  acctiracy  quite 
suflicient  for  the  purpose  in  view. 

In  determining  the  period  of  vibration  of  wires  with  such 
molecular  viscosity  as  those  of  lead,  tin,  and  zinc,  there  is  this 
difficulty,  that  when  vibration  is  started  it  tends  to  die  away 
after  a  very  few  swings,  so  that  accuracy  in  the  measurement 
of  the  time  of  a  single  swing  is  not  possible  Avithotit  somi^ 
method  of  periodically  reinforcing  the  swing.  I  found  the 
simplest  and  l)est  ])lan  of  doing  this  to  be  the  application  of  a 
slight  impulsive  couple  with  the  hands  to  the  vibrator  at  the 
middle  of  every  nth  swing.  AV^ith  a  little  practice  it  was  soon 
possible  to  make  a  large  number  of  measurements  of  the 
period  of  a  lead  wire  not  differing  amongst  themselves  by 
more  than  1  in  3(>0.  Each  determination  of  a  ])eriod  of 
vibration  was  made  by  observing  with  the  seconds  hand  of  a 
watch  the  time  of  between  100  and  oOO  swings. 

The  rigidity  is  calculated  from  the  experimental  tlata  liv 
the  formula 

__  27r^  W 
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n  being  the  ■  rigidity,  I  the  length  of  the  wire  vibrated,  m  its 
mass,  p  its  density,  I  the  moment  of  inertia  of  the  vibrator, 
and  t  the  time  of  a  complete  vibration.  Using  O.G.S.  units  in 
the  measurements,  the  rigidity  is  given  in  dynes  per  square 
centim.,  but  as  the  gramme  weight  is  the  unit  of  force  most 
employed  by  elasticians  it  will  be  used  here. 

When  the  vibrator  swung  outside  the  chamber,  a  small 
length  of  the  wire  was  not  heated  directly  but  only  by  conduc- 
tion ;  to  allow  for  this  the  small  length  was  assumed  to  be  at 
the  temperature  of  the  external  air.  Let  n^  be  the  rigidity  at 
the  initial  temperature  6i  of  the  surrounding  air,  ng  that  at 
any  higher  temperature  O^,  and  A,  the  length  of  the  small  part 
of  wire  outside  of  the  chamber,  a  the  coefficient  of  linear  ex- 
pansion of  the  wire,  ti  and  tc,  the  periods  observed  at  the  two 
temperatures,  then  the  ratio  n^/ni  is  given  by  the  formula 


l-\ 


u{d,-e,) '  Lu;i     i{i+u{d,-0-)\i' 


Ui         ^    1  +  3 

Lead. — Commercial  wire. 

/.                    \.             //(.                p.  I. 

77-05  cm.     4  cm.       28*4  gm.       11-4  586500  gm.  cm.' 

Temperature  C.  ^    21°           60°  102^ 

Half.period  t/2     5-51  sec.  5-71  6*00 

Rigidity  ratio  Vi  I'OO           '924  '829 

Rigidity  at  21°  C.^  90  x  lO*' grammes  weight  per  sq.  cm. 

To  control  the  absolute  value  found,  a  large  number  of 
measurements  were  made  on  a  longer  wire  with  a  lighter 
vibrator  ;  length  238'7  centim.,  mass  88  gm.,  density  11*4, 
moment  of  inertia  of  vibrator  3350  gm.  centim.',  temperature 
17°  C,  and  half-period  '7365  sec.  These  values  give  a 
rigidity  90  x  10^  at  17°  C,  in  close  agreement  with  the  value 
found  from  the  shorter  wire. 

To  make  still  surerof  getting  this  absolute  value  of  the  rigidity 
of  lead  thoroughly  tested,  I  carried  out  some  experiments  on 
a  much  larger  scale,  using  a  piece  of  stout  lead  pipe  instead 
of  wire.  For  vibrator  a  rectangular  plank  179"7  centim.  long 
and  14*6  centim.  wide  was  taken  ;  a  hole  was  bored  at  its 
centre  through  which  the  pipe  was  pushed  till  a  short  length 
projected  which  was  slit  and  hammered  back  in  four  flaps, 
then  strongly  nailed  to  the  plank  ;  a  conical  plug  being  driven 
into  the  pipe,  there  was  no  doubt  about  the  rigidity  of  the 
connexion  between  pipe  and  vibrator.     The  plank  weighed 
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2649  gm.  The  other  end  of  the  pipe  was  similarly  secured 
to  a  plank  which  was  clamped  as  rigidly  as  possible  to  the 
beams  of  a  roof.  In  the  case  of  a  hollow  cylinder  of  external 
radius  r2  and  internal  radius  Vi  rigidity  is  given  by  the  formula 

thn{r^  +  r-()' 

The  moment  of  inertia  of  the  plank  coidd  be  increased  by 
adding  weights. 

/.  III.  p.        d.  'i\j.  >'i. 

120-9  cm.     1699  gm.     11-4     23"     -9014  cm.     •6482  cm. 

With  the  plank  alone,  whose  moment  of  inertia  was 
7176000  gm.  cm.^,  the  period  was  '717  sec.  ;  the  moment  being 
increased  to  10577000  the  period  became  '881  sec,  and  with 
the  moment  again  increased  to  20684000  the  period  rose  to 
1'222  sec.  These  values  give  for  the  rigidity  the  values 
89-3  X  10«,  87-2  x  10",  and  88-6  x  10'  respectively,  the  differ- 
ences being  due  doubtless  to  imperfect  rigidity  in  the  sup- 
porting of  so  heavy  a  vibrating  system.  The  mean  value 
88-4  X  10"  at  23"  is  close  enough  to  the  former  value  90  x  10** 
at  17°  to  make  it  pretty  certain  that  the  absolute  value  of  the 
rigidity  of  lead  at  20°  can  differ  but  little  from  89x10" 
grannnes  weight  per  sq.  centim. 

Zi7ic. — To  get  a  wire  of  zinc  I  had  a  strip  about  "3  centim. 
wide  cut  from  a  sheet  of  rolled  zinc  '3  centim.  thick.  The  rod 
of  square  section  was  then  roughly  trimmed  to  circular  section 
with  a  file,  and,  finally,  l)y  longitudinal  scraping  while  kept 
revolving  it  was  converted  into  a  fairly  uniform  circular  wire. 


73-7 

X.                 »i. 

5-1          36-3 

7-04 

I. 
586500 

dC... 

.18°      48°       63° 

82° 

97°       67°        52° 

21° 

1/2  . . 

.1-338    1-367    1-398 

1-446 

1-495    1-405    1-382 

1-340 

'h/'i-ii 

,  1-0          -952      -906 

•842 

•784     -897      -930 

-997 

Rigidity  at  18°,  311  x  10"  grammes  weight  per  sq.  centim. 

2'in. — Again  1  had  to  make  a  wire,  this  time  by  casting  a 
rod  and  hammering  out  to  three  times  its  original  length. 
1  did  not  succeed  in  getting  uniformity  or  true  circularity  of 
section,  so  that  a  reliable  absolute  value  of  the  rigidity  of  tin  is 
not  obtainable  from  those  ox{)criments,  but  the  rigidity  ratio 
being  independent  of  the  form  can  be  accurately  got. 

D  2 
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I.  X.  m.  p.  1. 

71-7  2-:)  ^7-45  7-20  586500 

^C 1H°  51°  m°  86°  103" 

t/2   2-15  2-35  2-42  2*54  2'65 

«2/"i 1-0            -854       -804       -727  -666 

The  rigidity  at  16°  is  109  x  lO'"',  an  unc(>rtaiu  value. 

To  get  a  more  accurate  al).solute  value  of  the  rigidity  of  tin, 
I  carried  out  some  experiments  on  a  large  scale  on  a  piece  of 
tin  pipe  in  the  same  manner  as  on  the  lead  })ipe. 

/.  m.  p.  9.  ?2.  ^v 

116-8         795-5         7-29         18°         "689         -429 

With  the  three  moments  of  inertia  7176000,  10577000, 
and  20684000  the  periods  were  -851,  1-029,  and  1-418  sec, 
and  tlie  corresponding  values  of  the  rigidity  are  154-3  x  10", 
156-1  X  10',  and  160-9  x  10"  ;  the  mean  rigidity  of  tin  at  18 
being  therefore  157  x  10*'.  This  is  a  more  reliable  determina- 
tion than  the  last. 

Magnesium. — The  specimen  used  was  a  piece  of  commercial 
fine  wire. 

I.  \.  III.  p.  I. 

54*6  0  -25  gm.         1-74         525gm.  cm.- 

e 21°         100° 

//2    1-42       1-45 

Vni     1-0  -955 

Rigidity  at  21°,    130x10*=. 

To  check  this  value  of  the  absolute  rigidity  another  deter- 
mination was  made  on  a  longer  wire  with  a  heavier  vibrator  ; 
/  200-6,  m  -891,  p  1-74,  I  3395,  6  21°,  t/i  7-10.  Rigidity 
131  X  10^,  a  result  in  good  agreement  with  the  last. 

2.  Compilation  of  Data  as  to  Variation  of  Rigidity  toith 
Temperature. — The  most  extensive  work  yet  done  on  this 
subject  is  that  of  Pisati  (Wied.  Beihl.  i.),  who  studied  silver, 
copper,  gold,  aluminium,  iron,  steel,  and  platinum  from  zero 
to  200°,  and  in  some  unannealed  specimens  up  to  300°  ;  but 
the  results  at  high  tem})eratures  on  unannealed  specimens  are 
of  no  use  for  our  present  purpose,  because  mixed  up  with  the 
pure  temperature  effect  there  is  an  annealing  effect.  How- 
ever, from  zero  up  to  100°  the  proportional  change  of  rigidity 
of  the  metals  with  high  melting-point  is  nearly  the  same  in 
the  unannealed  as  in  the  annealed  state.     The  other  sources 
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of  knowledge  on  this  subject  are  Kohlrauseh  and  Loomis 
(Poo-cr.  Ann.  cxli.),  Napiersky  (Pogg.  Ann.,  Erganzhd.  iii.), 
and  Tomlinson  (Proc.  Roy.  8oc.  xL),  who  do  not  go  beyond 
100°.  The  simplest  way  of  comparing  the  results  of  different 
experimenters  will  be  to  tabulate  the  ratio  of  the  rigidity  at 
100°  to  that  at  zero  as  found  by  each.  I  will  also  give  from 
Pisati  the  ratio  for  rigidity  at  200°,  Where  a  specimen  is 
known  to  have  been  unannealed  it  will  be  marked  (m,) 

Table  I. 


Metal. 

100°. 

200°. 

Authority. 

Copper  (/^)    

■969 
■971 
•945 
•971 
•96U 
•956 
•962 
•961 
•971 
•943 
•843 
•749 
•932 
•943 
•638 
•773 
•979 
•960 
■950 
•973 
■974 
•984 
•982 
•993 

•911 
■917 

•858 
■898 

■912 

•803 
•'.142 

•964 
■934 

Pisati. 

Pisati. 

Kohlrauseh. 

Tomliuson. 

Pisati. 

Pisati. 

Napiersky. 

Tomlinson. 

Pisati. 

Sutherland. 

Tomlinson. 

Sutherland. 

Pisati. 

Tomlinson. 

Sutherland. 

Sutherland. 

Pisati. 

Napiersky.                         j 

Kohlrauseh  and  Loomis. 

Tomlinson. 

Tomlinson. 

Pisati. 

Pisati. 

Tomlinson. 

Copper  

Silver  («)  

Silver 

" 

Gold  («)    

Zinc   

Aluminium  (//) 

Tin  " ...'...'. 

Lead  

" 

" 

Nickel    

Platinmu  {u)     

Platinum   

"■ 

The  discrepancies  in  the  above  table  are  such  as  ha\'e 
hitherto  proved  inevitable  in  elastic  experiments  on  account 
of  differences  in  jnu'ity  of  specimen  and  elastic  state.  But  in 
Pisati's  (experiments  up  to  200  for  the  metals  with  high 
m('ltiiig-])()int,  and  in  my  own  up  to  100°  for  those  with  low 
iu('lting-])()intj  there  is  a  large  enough  variation  of  rigidity  to 
be  only  slightly  perturbed  by  accidental  circum.stances,  as  will 
be  seen  when  the  law  of  variation  is  under  discussion.  In  the 
case  of  zinc,  where  there  is  pronounced  disagreement  between 
Tomlinson^s  result  and  my  own,  Toudiiison's  is  to  be  preferred 
as  he  experimented  on  a  true  wire. 


38 


Mr.  W.  Sutherland  on  a 


3.  Compilation  of  Data  as  to  Ahsolute  Values  of  Rigidity  at 
Ordinary  Temperatures  (between  0°  and  20°) . 

The  sources  of  these  data  are,  in  addition  to  those  men- 
tioned in  the  last  compilation,  Ku])ffer  [Mem.  de  I' Acad,  des 
Sc.  de  St.  P(!t.  6  ser.  t.  v.),  Tomlinson  (Phil.  Trans.  1883, 
and  Proc.  Roy.  Soc.  xlii.),  Sir  W.  Thomson  (Encyc.  Brit. 
art.  Elasticity),  and  Kiewiet  (Wied.  Ann.  xxix.). 

The  rioridity  is  given  in  <^rammes  weight  per  square  centi- 
metre. 

Table  II. 


Metal. 

1 

njW. 

Authority.                Motal.         \  «/10''.  | 

i 

Authority. 

Copper   

390       Kohlrauschandl  Aluminium  (m) 

234     i 

Pisati. 

Loomi.<.          1 

250 

Tomlinson. 

397 

Pisati. 

267 

Tomlinson. 

441 

Tomlinson. 

241 

Thomson. 

420 
457 

Tomlinson.         ' 

Tin 

121 
150 

Tomlinson. 
Kiewiet. 

Tomlinson. 

(mean  of  many) 

449 

Thomson. 

(hammered)  , 

109 

Sutherland. 

440 

Kiewiet. 

(pipe) 

157 

Sutherland. 

Copper  (?<) 

436 

Pisati. 

Lead  

74 

Tomlinson. 

Silver 

283 
257 

Kupffer. 
Pisati. 

89 

88 

Sutherland. 
Sutherland. 

272 

Tomlinson. 

Iron    

742 

Kupffer. 

270 

Thomson. 

i 

713 

Kupffer. 

Silver  (ti)  

331 

Pisati. 

694 

Kohlrauseh. 

Silver  («/)   

276 

Tomlinson. 

811 

Pisati. 

Gold  

271 

Kupffer. 

773 

Tomlinson. 

281 

Thomson. 

751 

Tomlinson. 

Gold  («<) 

265 

Pisati.                 ' 

766 

Tomlinson . 

Maenesimn     ... 

172 

Tomlinson.         ' 

790 

Thomson. 

1 

130 

Sutherland.           Nickel 

758 

Tomlinson. 

Zinc  (?<) 

340 

Tomlinson.           Platiinuii    .....      (537 

Kupffer. 
Pisati. 

360 

Thomson.                                             628 

i 

380 

Kiewiet. 

693 

Tomlinson. 

j  Zinc   (rolled 

311 

Sutherland.        '> 

662 

Tomlinson. 

anneal.) 

622 

Thomson. 

The   discrepancies   in  this  table  must  be   due  mainly   to 

differences  in  purity  and  elastic  state.     But  on  taking  the 

mean  of  the  above  values  for  each  element  we  must  obtain 

values  near  to  the  true  ones  at  15° ;  these  are  now  given. 

Table  III. 

Mean  values  of  10-*^  times  the  Rigidity  at  15°  C. 

Cu.      Ag.      Au.       Mg.         Zu.        Al.        Sn.      Pb.        Fe.        Ni.        Pt. 

430    280 

270 

150     350     2 

50    135     84 

750 

760     650 

1 
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4.  General  Law  of  the  Variation  of  Rigidity  loith  Temperature. 
The  method  of  procedure  in  discovering  this  law  was  as 
follows  : — For  no  single  metal  was  the  temperature  range 
large  enough  to  show  clearly  any  simple  law,  but  if  the 
molecules  of  the  ditFerent  metals  behave  like  similar  dynamical 
systems,  then,  in  passing  from  the  rigidity  of  rest  at  absolute 
zero  to  the  vanishing  point  of  rigidity  at  the  melting-point, 
the  different  systems  must  show  close  similarity  in  behaviour. 
The  first  thing  to  do,  then,  was  to  find  some  empirical  formula 
with  which  to  extrapolate  for  a  first  approximation  to  the 
rigidity  at  absolute  zero.  In  addition  to  the  experimental 
data,  there' was  the  valuable  ftict  that  in  each  case  the  rigidity 
is  known  to  vanish  at  the  known  melting-point,  so  that, 
although  only  a  small  arc  of  the  whole  curve  of  rigitlity  and 
temperature  was  known  in  each  case,  the  curve  could  be  pretty 
safely  completed  by  sentiment  down  to  the  point  of  zero 
rigidity  at  the  melting-point.  The  curves  thus  drawn  looked 
as  though  they  could  be  fairly  represented  by  the  empirical 
formula 

1  T-9 

-=a  +  h\()       ' 
n 

T  being  the  melting-point.  This  makes  the  rigidity  vanish 
at  the  melting-point,  and  allows  the  three  constants  a,  b,  c  to 
be  determined  from  three  values  of  the  rigidity  at  different  tem- 
peratures :  the  formula  therefore  represented  a  large  stretch 
of  curve,  and  could  \y\i\\  some  confidence  be  used  for  extrapo- 
lating over  about  300°  down  to  absolute  zero.  In  this  manner 
a  prehminary  series  of  values  of  N,  the  rigidity  at  absolute 
zero  of  the  various  metals,  was  found.  Then  it  was  possible 
to  express  the  value  of  the  rigidity  of  each  metal  at  all 
temperatures  in  terms  of  the  value  at  absolute  zero  as  unit, 
and,  further,  it  was  promising  to  express  temperature  for  each 
metal  in  terms  of  its  melting-point  as  unit.  When  the 
rigidity  ratios  so  found  for  the  different  metals  were  plotted 
as  ordinates  to  the  temperature  ratios  as  abscisare,  the  points 
for  all  the  metals  were  found  to  lie  on  one  curve,  a  parabola 
with  the  equation 

5='-(ir w 

The  temporary  exponential  furm  can  now  lie  discarded  ; 
and  we  will  proceed  at  once  to  the  proof  that  the  simple  rela- 
tion just  given  is  the  actual  law  of  the  variation  of  rigidity 
with  temperature.     The  l)est  way  to  proceed  with  the  data 
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already  given  in  this  paper  will  he  as  before  to  measure 
rigidity  for  each  metal  in  terms  of  that  at  common  tempera- 
tures (about  15°)  us  unity,  and  then  according  to  the  data 
given  in  the  earlier  part  of  this  paper  for  lead,  zinc,  tin,  and 
magnesium,  and  in  Table  I.,  after  Pisati,  to  calculate  a  value 
of  N/wj  from  equation  (1)  for  each  value  of  n  given  for  the 
different  values  of  6. 

For   example,  in  the  case  of  tin  we  have  the  following 
values,  T  =  503°  (absolute):— 


0.. 

.  289° 

324° 

339° 

359° 

376 

n<ilny.. 

1-0 

•854 

•804 

•727 

•G66 

which  give  respectively  the  following  values  of  N/wj : — 

1-492      l*4(il       1-472       1-480       1-510, 

with  a  mean  value  1-483,  the  departures  from  which  are 
within  the  limits  of  experimental  error. 

In  the  case  of  zinc,  as  already  mentioned,  there  is  dis- 
crepancy between  Tomlinson^s  results  and  my  own  ;  Tom- 
linson  gives  for  the  rigidity  of  zinc  at  any  temperature  the 
formula 

nt=no  (1  -  -00108^  -  -0000049^2)  ^ 

by  means  of  which  I  have  calculated  the  rigidities  at  the 
same  temperatures  as  my  own  determinations  were  made  at 
in  terms  of  that  at  18°  as  unit  in  the  following,  T=G90°  :— 

e  291°        321°         336°  355°  370° 

wsK  (Toml.)  1-0  -955  -932  -896  -865 

These  give  the  following  values  of  N/>ii : — 

1-217'       1-218       1-221       1-218        1-215  ; 

while  at  the  same  temperatures  my  own  ex]»eriments  give 

7V«i    f'O  -952         -906         -842         ^784 

N/w,    1-217       1-215       1-1 8,s       M45       MOl 

Thus,  while  Tomlinson's  values  confirm  the  formula  with 
wonderful  accuracy,  ni}-  own  fail  to  do  so,  the  reason  being  I 
believe  that  my  specimen  of  zinc  was  not  a  genuine  wire, 
whereas  Tomlinson  worked  with  a  properly  drawn  wire  ;  the 
mean  value  of  N  from  his  experiments  is  1-218,  with  a 
maximum  departure  in  the  individual  experiments  of  -25  per 
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cent.,  which  I  take  to  he  a  very  satisfactory  confirmation  of 
the  law. 

The  following  table  needs  no  explanation  now. 

Table  IV. 


Temperature  Q 
Copper  

Sliver    

Gold 

Aluminium 

Temperature  B 
Lead    

Temperature  0 
Magnesium 

Temperature  ti 
Platinum.... 


lN7«i 

1  N  /«! 


273° 

373° 

473° 

1-0 

■971 

-917 

1-044 

1054 

1-050 

1-0 

-956 

-898 

1-052 

1-053 

1054 

10 

•971 

-912 

1-045 

1-056 

1-049 

1-0 

•932 

1-063 

1-047 

294° 

333° 

375° 

1-0 

•924 

•829 

1-318 

1-338 

1^364 

294° 

373° 

1-0 

•955 

1090 

1-102 

273° 
1-0 

373° 

-982 

473° 
•934 

1-018 

1-016 

(■987?) 

T  =  1330°. 
Mean  l^Oo. 
T  =  1230°. 
Mean  r053. 
T=1310°. 
Mean  1^05. 
T  =  1120°. 
Mean  1-055. 


T=599°. 
Mean  134. 


T=1023°. 
Mean  1^096. 


T=2050°. 
Mean  1-017. 


In  the  case  of  iron,  if  the  absolute  melting-point  2080,  as 
given  by  Carnelley,  is  taken,  and  Pisati's  measurements  of 
rigidity  used  to  calculate  N/wj,  the  agreement  is  not  satis- 
factory ;  thus 

Temperature 273^  373°  473  573° 

J7ii>2   1-0  -979  -942  -904 

lN/«i   1-017       1-011  -993  -978 

hut  if  the  melting-point  is  taken  at  1G50°,  which  is  within  the 
limit  of  some  determinations,  then  the  values  of  N  come  out 

1-02S       1-031         ]-02(i  1-028 

with  a  mean  value  1-()2(S  and  a  maximum  departure  of -3  per 
cent. 

Using  th(!  mean  values  of  N/;;,  just  found,  and  the  values 
of  ??i  giveii  in  Table  III.,  we  get  the  following  values  of  N  : — 

Table  V. 

10-6  N  ^Y  10-6  t^iii^es  the  Rigidity  at  absolute  Zero. 
Vn.       Ag.      Au.       Mg.      Zn.        Al.         Sn.         Ph.         Fc       ^i.        PI. 

452    295    284    1(;4     12(?    204     200     lis     771     7.S1     M] 
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The  readiest  way  of  clinching  the  whole  demonstration  now 
will  be  to  draw  the  parabola  7/=l  —  ,v^  from  «  =  0  to.r=l, 
and  with  the  mean  values  of  N/ni  or  N,  calculating  w/N  as  y 
and  6/T  as  x,  to  mark  the  separate  points  so  determined. 
This  is  done  in  the  figure. 


Ci 

'^ 

g 

1 

^ 

1 
\.Pb 

Sn\ 

Sn\ 
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1 
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abola    y 
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=  1  -X^ 

1 
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n  -'4 
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For  zinc  Tomlinson^s  values  of  the  rigidity  are  used,  and 
for  iron  the  melting-point  is  taken  as  1650.  To  avoid  ex- 
cessive crowding  of  points  on  the  figure  all  the  points  except 
one  for  iron,  and  all  for  platinum  and  magnesium  are  omitted. 
The  course  of  the  curve  among  the  points  proves  that  as 
regards  the  connexion  between  rigidity  and  melting-point  the 
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molecules  of  the  metals  are  similar  dynamical  systems,  and 
also  that 

N  ViV" 

This  concludes  the  experimental  inquiry  as  to  rigidity.  The 
result  shows  that  rigidity  in  its  essence  is  a  kinetic  phenomenon 
almost  as  simjile  in  character  as  the  elasticity  of  perfect 
gases. 

[To  be  continued.] 


VI.  Note  on  Kohlrausch's  Theory  of  Ionic  Velocity.  By 
W.  C.  Dampier  Whetham,  B.A.,  Cortfts  Trotter  Student 
of  Trinity  College.,  Cambridge  *. 

KOHLRAUSCH  calculates  his  numbers  for  the  specific 
velocities  of  different  ions  from  measurements  of  the 
conductivities  of  salt-solutions,  and  of  their  migration  con- 
stants, on  the  supposition  that  all  the  molecules  of  the  salt 
present  in  solution  are  actively  concerned  in  conveying  the 
current.  The  values  thus  obtained  were  found  to  agree  with 
experiment  in  certain  cases  by  Prof.  Oliver  Lodge,  and  an 
investigation  I  am  now  engaged  in  carrying  out  seems  also 
to  confirm  them.  It  seems  to  be  generally  supposed  that  this 
is  inconsistent  with  any  theory  (such  as  that  of  dissociation) 
which  supposes  only  a  certain  part  of  the  salt  to  be  active  (see 
Lodge,  B.  A.  Report,  1886,  p.  391),  though  some  such  form  of 
theory  seems  to  be  required  by  the  relations  shown  to  exist  bv 
Arrhenius,  Van't  Hoff,  Ostwald,  and  others.  If  we  examine 
the  matter  a  little  more  closely,  however,  I  think  the  two  sup- 
positions can  be  reconciled.  Suppose  that  the  ratio  of  the 
numbers  of  the  active  and  the  inactive  molecules  (which  is 
generally  supposed  to  measure  the  "dissociation'')  represents  in 
reality  the  average  ratio  of  the  time  during  which  each  molecule 
is  active  to  the  time  during  which  it  is  inactive.  Every  mole- 
cule is  in  turn  active,  but  at  any  instant  only  a  certain  fraction 
of  the  molecules  are  active.  [In  terms  of  the  dissociation 
hypothesis,  the  dissociation  ratio  measures  the  ratio  of  the 
mean  free  time  to  the  mean  paired  time  of  the  ions.]  This  is, 
of  course,  equivalent  to  supposing  a  certain  fixed  fraction  of 
the  whole  number  of  molecules  to  be  active,  as  far  as  statical 
effects,  such  as  osmotic  pressure,  are  concerned,  but  when  we 
consider  the  velocities  of  the  ions  the  case  is  different. 

■*•  Coniiuiinicated  by  the  Physical  Society:  read  May  9,  1801. 
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Kohlraiisch  calculates  the  relative  velocity  of  the  two  ions 
U  =  ?f  +  'y  from  the  molecular  conductivity /.//^(j  where  A' =  spe- 
cific  conductivity  of  the  solution,  and  m  its  contents  in  grannne 
equivalents  of  salt,  Ui  =  M-f?!  =  A/wi.  If  now  we  suppose  that 
at  any  instant  only  1/nth  of  the  number  of  molecules  are  active, 

we  should  apparently  have  to  put  U2  =  —  in  order  that  the 

same  current  may  he  carried,  which  would  give  U2  =  nUi. 

But  this  Us  represents  the  actual  velocity  of  the  ions  while 
they  are  "  free,"  and  if  we  take  a  "  dynamical  "  view  of  the 
dissociation  equilibrium,  they  are  only  free  for  1/nth  of  their 
time ;  while  combined  they  have  no  relative  velocity,  and  so 

their  average  velocity  for  any  long  time  is  -U2  =  Ui,the  same 
as  on  Kohlrausch's  hypothesis. 

The  investigation  alluded  to  above,  at  which  I  am  now 
working,  seems  to  yield  excellent 
results  for  certain  cases,  though  it  is 
of  somewhat  limited  application.  It 
consists  in  observing  the  phenomena 
at  the  junction  of  two  salt-solutions, 
one  of  which  is  differently  coloured 
to  the  other,  when  a  current  of  elec- 
tricity is  passed  across  it.  Salts  are 
chosen  which  have  one  ion  in  com- 
mon and  the  other  different.  Let 
us  represent  them  by  AB  and  CB, 
and  consider  the  junction  pheno- 
mena. The  effect  of  the  molecular 
interchanges  will  be  a  motion  of  B 
ions  in  one  direction,  and  a  motion 
of  C  ions  and  of  A  ions  in  the  other. 
When  a  C  ion  crosses  the  boundary, 

it  again  forms  CB,  but  the  colour  of  CB  is  different  to  that 
of  AB,  hence  the  boundary  between  the  colours  will  move. 

The  method  will  be  discussed  when  more  experimental 
results  are  obtained  ;  it  appears  that  by  measuring  the  I'ate  of 
this  motion  the  velocity  of  the  ions  can  be  arrived  at.  The 
present  is  merely  a  preliminary  communication  in  explanation 
of  the  experiments  shown  to  the  Physical  Society  of  Iiondon 
on  the  occasion  of  their  recent  visit  to  Cambridge. 


—  CB 
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YiL  On  the  SoUtanj  Wave.  By  J.  M^CowAN,  ilf.J.,  B.Sc, 
Assistant  Lecturer  on  Natural  Philosophy^  University 
College^  Dundee* . 

JN  liis  Report  on  Waves  to  the  Britisli  x\ssocuition  in  1<S14, 
Scott  Russell  gave  an  account  of  experiments  he  had 
made  on  the  propagation,  along  the  surface  of  still  water  in 
a  straight  channel  with  rectangular  cross-section,  of  a  wave 
consisting  of  a  single  elevation  or  depression^  and  which  he 
called  a  Avave  of  translation  or  solitary  wave  to  distinguish  it 
from  waves  forming  part  of  a  train.  From  these  experiments 
he  concluded  that  the  solitary  wave  was  unique,  having 
characteristics  entirely  its  own  : — it  had  a  definite  form  de- 
pending only  on  the  depth  and  the  volume  of  the  water 
composing  it,  and  this  form,  in  the  case  of  a  wave  of  elevation, 
appeared  to  be  propagated  with  constant  velocity  and  without 
any  change  except  such  degradation  in  height  as  might 
reasonably  be  attributed  to  frictional  and  other  disturbances. 

In  1845  Earnshawf  sought  to  give  a  theory  of  these  waves, 
but  it  was  unsatisfactorv  as  involvino-  a  discontinuitv  in  the 
pressure  within  the  liquid. 

In  his  Report  on  Recent  Researches  on  Hydrodynamics  to 
the  British  Association  in  1846,  Stokes,  commenting  on 
Russell's  experiments  and  Earnshaw^s  theory,  concludes 
that  the  observed  degradation  of  the  wave  is  not  to  be  attri- 
Ijuted  wholly,  nor  even  chiefly,  to  friction,  but  is  an  essential 
characteristic  of  the  motion  ;  and,  again,  in  1847,  in  a  paper 
'-  On  the  Theory  of  Oscillatory  Waves  "$,  he  reiterates  this 
oi)inion  and  offers  a  })roof  involving,  however,  an  ovei'sight 
which  I  shall  be  able  to  point  out. 

It  has  been  thought  Ijy  some  that  the  solitary  wave  is  in- 
cluded in  the  general  theory  of  long  waves,  but  this  is 
certainly  only  so  to  a  very  rough  a[)proximation,  for  its 
velocity  does  not  agree  closely  with  that  of  the  long  wa^■e, 
nor  does  it  gradually  increase  in  steepness  in  front  as  the  lung 
wave  does,  the  change  which  does  take  place  in  it  being- 
si  mply  a  diminution  in  height  and  consequent  increase  in 
length  such  as  might  be  caused  by  a  dissipation  of  its  energy 
l)y  friction,  &c. 

The  first  sound  approximate  theor\-  of  the  wave  was  given 
by  Boussines(i  in   1871  §,  who  obtained  an  equation  for   its 

*  Commuuicated  by  the  Author,  having  bee.'i  read  beibre  the  Edinburgh 
Mathematical  Society,  May  8,  l8'Jl. 
t  Traus.  Camb.  Phil.  Soc.  vol.  viii. 
X  Tran«.  Camb.  Phil.  Soc.  vol.  yiii. 
§    Coinptes  lioaUts,  tom.  l.\xii. 
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form  and  tlie  aume  velocity  of  propagation  as  Riiss^U  deduced 
from  his  experiments.  In  187(5  Lord  Riiyleigli*  gave  another 
method  of  approximation  leading  to  an  equation  for  the  sur- 
face similar  to  that  of  Boussinesq  and  the  same  velocity  of 
propagation.  These  theories,  however,  give  little  further 
information  regarding  the  wave,  and  I  am  not  aware  that 
anything  further  has  been  done. 

In  the  following  paper  I  propose,  after  briefly  discussing 
the  general  theory,  to  proceed  to  a  somewhat  detailed  ex- 
amination of  the  wave  based  on  a  simple  but  close  approxima- 
tion. It  will  be  found  that  the  results  are  in  substantial 
agreement  with  Scott  Russell's  experiments,  and  confirm  his 
opinion  as  to  the  unique  character  of  the  solitary  wave  of 
elevation. 

It  will  be  seen  further  that  an  approximate  account  of  the 
])henomena  of  the  breaking  of  waves  on  passing  into  shallower 
water  follows  naturally  from  the  results  obtained. 

1.    General  llieory  of  the  Wmye. 

Though  the  possibility  of  the  propagation  of  a  solitary  wave 
without  alteration  in  form  and  with  constant  velocity  along 
a  straight  channel  of  rectangular  cross-section  has  not  been 
established  on  theoretical  grounds,  yet  the  result  of  experi- 
ment is  such  as  to  show  that  a  method  based  on  this  assuni})- 
tion  must  lead  at  least  to  a  highly  approximate  account  of  the 
motion.  We  shall  assume,  then,  the  invariability  of  the  wave 
motion,  understanding  it  of  course  to  l)e  two-dimensional, 
and  shall  in  the  first  place  suppose  it  reduced  to  steady  motion 
by  having  impressed  upon  it  a  velocity  equal  and  opposite  to 
that  of  the  wave  propagation. 

Take  the  axis  of  x  in  the  horizontal  bottom  of  the  channel 
along  the  direction  in  which  the  wave  is  propagated,  and  that 
of  z  vertically  upwards.  Then  noting  that  the  motion  is 
essentially  irrotatioual  as  being  propagated  into  (incompres- 
sible) liquid  at  rest,  and  putting  therefore  <^  for  the  velocity 
])otential  and  "^^  for  the  current  function,  we  must  have 
■^-\-  L<j)  a  function  of  z  +  uv.      (i^  \/  —  1). 

At  a  great  distance  from  the  wave  the  liquid  will  practically 
be  at  rest,  and  therefore  in  the  corresponding  steady  motion 
it  will  be  flowing  uniformly  :  hence  for  the  steady  motion  it 
is  convenient  to  take 

yir  +  icf>=-V{z  +  t.c)+f{:  +  ix),      .     .     .      (1) 

where  U  is  the  velocity  of  jtropagation  of  the  wave. 

*  Phil.  Mag.  Apiil  1876. 
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To  determine  the  form  oif{z-\-ix)  we  note  that  (i.)  us  the 
wave  is  to  be  solitary  it  must  be  non-periodic  as  regards  a-, 
(ii.)  it  must  be  finite  and  continuous  throughout  the  liquid 
including  the  bounding  surfaces,  (iii.)  when  x  is  infinite 
(  +  or  — )  it  must  vanish  or  have  a  finite  value  independent 
of  z  or  .r,  and  (iv.)  if  we  take  T|r  =  0  at  the  bottom,  it  must  be 
an  odd  function  of  {z-\-lx). 

Thus  we  obtain 

/(c  +  t.»)=2«2i+itan2^+^^m(^  +  4A'),      ...     (2) 

with  the  restriction  mzKir. 

The  condition  for  a  free  surface  only  remains  to  be  satisfied, 
and  for  this  the  coefficients  aj,  a^  .  .  .  may  be  determined  by 
the  method  of  successive  approximation,  but  for  the  present 
at  least  we  shall  content  ourselves  with  examining  to  what 
degree  of  accuracy  this  condition  can  be  satisfied  by  taking 
the  first  term  only. 

2.  The  First  Approximation. 
Take,  then, 

•^  +  t<^=  — U(c  +  ict')  +  Uatanim(c  +  t.v),    .     .      (3) 
which  gives 

f=-U.  +  U,. ™j-  ...     (4) 

and 

J  TT        TT  ^xnhinx  ._, 

(^=-UA'+Ua ~    . .     .     .     .    (o) 

cos  mz  +  eosn  inx  ^ 

lict  q  be  the  whole  velocity  and  a,  to  its  components  parallel 
to  the  axes  of  x  and  z  respectively,  then 

-^ ?  =?t  +  tt<j=  —  U{1  — i?Masec-imb-|-tA-)}  ;  .  ((J) 

d.z  +  ix 

which  gives 

,,  r  ,  1  -l-cos  mz  cosh  rnx  1  _. 

I  {cosmz  +  coshmx)'^  j 

TT  I  ,  sin  mz.  sinh  nix     1  ,  ,. 

c=  —  \j\l  —  )na. .         x-4-      •      •     (^) 

I  (cos  mz  +  cosh  mx)-  J 


and 


0     TTo  I  1      ni^a^  — 2ma( I  +  COS 7nz cosh inx)  I       ,,,. 
^  '  '^cos  hiz  +  cosli  nixy  '      ^  ^ 
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By  means  ol'  (4),  (9)  is  immediately  reducible  to 

,/^=W-2m\] {yjr  +  U;)  cot  mz  +  ni^yjr  +  U,:)-(co.scc-mc - 2/ ma) . (10 

Tj(;i  A  he  llie  mean  depth,  oi-,  wliicli  is  tlie  sunie  thing,  tlic 
depth  at  an  infinite  distance  iVom  tlu;  wave,  then  by  (4)  the 
value  of  yjr  at  the  surface  will  he  —JJ/i.  Let  rj  ho  the  eleva- 
tion of  the  surface  above  the  mean  level,  then  at  the  surface 
yfr  +  lJz=Urj,  and  therefore  by  (4)  the  surface  will  be  given 
by  the  equation 

COS  in  {/i  +  r})  +  cosh  m.v 

and  J'or  the  surface,  (10)  will  reduce  to 

y-  =  U"-{  1  —  '2)n7]  cot  vt  (A  +  'r])  -^  m^rj^cosec-  rn [li  -\- ri)  —  '2/ ma)  .(12) 

So  far  the  equations  are  exact.  Now  expanding  (12)  in 
powers  of  tj  and  neglecting  all  beyond  tj^  it  becomes 

,j'~  =  U'"{  1  —  2ini]  cot  mh  +  }}t^rf(o  cosec^wA  —  '2;  ma) 

—  hnrj^  cot  nih  cosec'^  mli  +  &c. }  ;    .    ( I o) 

l)ut  for  the  free  surface  the  condition  to  be  satisfied  is 

^r  =  J]-'-2gv (14) 

So  conq)aring  (lo)  with  this  vvc  see  that  if  we  take 

»tU^  cot?nA  =  </  and  '6ma=2  sin^  mh 

the  motion  under  consideration  will  satisfy  the  condition  for 
a  free  surface  to  that  degree  of  approximation  in  which  the 
term  containing  t)^  in  (V6)  is  considered  negligible. 

It  is  possil)le,  however,  to  get  at  once  a  much  closer  a})proxi- 
mation  :  for  if  we  take  ?;ia  =  |  sin"  m(A  +  rj77Q),  where  t/q  is  ''- 
quantity  of  the  same  order  of  magnitude  as  77,  (lo)  becomes 

(f  =  J]^{l  —'2ui7]Qoim]i  +  Am^rf(r]Q—r})  cot  mh  cosec^mh},  (15) 

and  thus  the  condition  (14)  will  be  accurately  satisfied 
(>7^  &c.  neglected)  where  v  =  Vo  ''^  '^^''^H  ^s  of  course  where 
97  =  0.  Hence,  for  reasons  which  will  be  more  fully  examined 
immediately,  we  shall  take  for  77^  the  maximum  elevation  of 
the  wave  or  elevation  of  the  crest  above  the  mean  level. 
Thus,  finally,  taking 

J]'^=gm~^  tan  mh (16) 

and 

7na  =  |sin2wj(A  +  §77o), (17) 

where,  by  (11), 

Vo  =  a  tun  ^m.{h+r]^J), (18) 
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the  equations  (4)  and  (5)  give  the  current  function  and 
velocity  potential,  and  (7)  and  (8)  the  velocity  components 
of  a  steady  motion  which,  to  the  degree  of  accuracy  indicated 
by  (15),  satisfies  the  condition  that  its  surface,  w^hich  is  given 
by  (11),  may  be  a  free  surface. 

Thus  to  this  degree  of  approximation  the  form  of  the 
sohtary  wave  is  determined  by  (11),  and  we  see  that,  since 
by  (17)  ma  is  essentially  positive,  the  wave  consists  solely  of 
an  elevation,  aud  that  there  cannot  be  a  wave  of  depression 
capable  of  propagating  itself  unchanged  with  constant  velocity: 
a  result  in  accordance  with  the  observations  of  Scott  Russell. 

We  proceed  to  consider  in  greater  detail  the  character  of 
the  approximation  we  have  adopted  for  the  free  surface. 

3.   Tlie  Surface.  Pressure  in  the  Approximate  Theory. 
The  pressure  at  auy  point  of  a  liquid  in  steady  irrotational 
motion  is  given  by  the  equation 

p  =  constant  —  4/3'y'^ —  <7',     •     •     •     •     (19) 

where  p  and  p  are  the  pressure  and  density  respectively. 
Over  the  free  surface  p  ought  to  be  constant :  hence  if  ^p 
denote  the  excess  of  pressure  at  any  point  of  the  surface  given 
])y  (11)  over  the  pressure  at  the  mean  level  h  in  the  motion 
just  investigated,  we  have  by  (15)  and  (19) 

hp=  —4:m^7f{7]Q—7))pJ]'^  cot  mh  cosec"^  mh, 
or 

Bp=—4:gpm"r)\r]Q — r])cosec^mh (20) 

Thus  there  is  a  defect  of  pressure  everywhere  but  at  the  crest 
and  the  mean  level.  Note,  however,  how  this  negative 
pressure  is  distributed : — At  the  crest  Sp  vanishes,  and  as  it 
contains  the  factor  % — V  ^^'^  ^he  crest  is  the  point  of  inaxi- 
mum  elevation,  it  remains  very  small  over  a  long  range  on 
either  side  of  the  crest.  Again,  8/>  vanishes  at  mean  level 
and  remains  very  small  over  an  infinite  range.  Finally,  hp 
is  a  maxinnnn  at  the  point  where  ''7=s?7o5  having  then  the 
value  —]/.^gpm'^r]^^^  QosiiQ^  mlt  {o\-\\j  .^^  of  what  the  maximum 
would  have  been  had  we  taken  3;?ia  =  2  sin^?»/i)  :  but  this  is  at 
the  point  of  inflexion  (accurately  when  t^Jh  is  very  small) 
where  77  is  increasing  most  rapidly,  and  therefore  this  maxi- 
mum pressure  occurs  where  it  can  have  least  range.  Thus  we 
see  that  the  pressure-error,  small  at  its  greatest,  is  so  dis- 
tributed as  to  be  least  effective. 

4t.  Tlie  Approximations  of  Boussinesq  and  Lord  Rayleigh. 
We  have  found  that  to  a  high  degree   of  approximation 
Phil.  Mag.  S.  5.  Vol.  32.  No.  194.  July  1891.  E 
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the  form  of  the  solitary  wave  is  oiven  by  the  equations  (11), 
(17),  and  (18),  and  its  velocity  of  propagation  by  (16). 
We  may  from  these  eliminate^  when  required,  any  two  of  the 
three  constants  a,  tjq,  and  in,  but  it  is  in  general  convenient  to 
retain  them,  as  each  has  a  direct  physical  significance. 

For  purposes  of  approximation  it  should  be  noticed  that 
when  mh  is  regarded  as  a  small  quantity  of  the  first  order, 
then,  by  (17)  and  (18),  ma  will  be  of  the  second,  and  mrj^j  of 
the  third  order.  We  i)roceed  to  consider  certain  rough 
approximations. 

If  in  (11)  we  neglect  ur/r  in  expanding  the  cosine,  &c.,  it 
reduces  by  means  of  (18)  to 

7j  =?;QSech^^?«.t', (^1) 

which  is  the  approximation  to  the  surface  obtained  by  Boussi- 
nesq,  and  again  by  Lord  Riiyleigh. 

Similarly  (17)  and  (18)  give  for  a  first  approximation 

m'r]()=^m^h'^  or  ;n=  s/(397o//t^),     .     .     .     (22) 

as  found  by  Boussinesq  :  Rayleigh  obtained 

m  =  V  { ovo/h'{h  +  Vo)}, 

which  is  a  little  nearer,  for,  proceeding  to  the  next  approxima- 
tion, (17)  and  (18)  give 

Treating  (IG)  similarly  we  obtain 

U2  =  r/A(H-,l,m-7r) 
or 

V'=9(/^  +  Vo), (^4) 

the  approximation  obtained  by  Boussinesq  and  Rayleigh,  and 
the  result  originally  deduced  experimentally  by  Scott  Russell 
and  confirmed  by  Bazin*.  It  is,  however,  to  be  noticed  that 
the  experiments  of  Russell  and  Bazin  cannot  be  regarded  as 
capable  of  discriminating  between  the  approximation  of  (24) 
and  the  more  exact  result  given  by  (16).  This  will  be 
sufiiciently  obvious  to  those  who  haA'e  had  experience  of  such 
measurements,  and  it  need  only  be  pointed  out  that  the 
experiments  on  wdiicli  Russell  relied  to  establish  (24)  were 
made  in  a  long  trough  20  or  30  feet  long,  and  that,  so  far  as  I 
am  aware,  no  allowance  was  made,  nor  I  think  could  well 
have  l)een  made,  for  the  influence  of  the  successive  reflexions 
from  the  ends. 

*  Mem.  (let)  ^'avauts  ctrungcrs,  torn,  xix. 
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5.   The  Wave-length. 

The  solitary  wave  cannot  directly  be  regarded  as  having 
any  finite  length  as  the  elevation  approaches  the  mean  level 
asymptotically  towards  .«=  +co  and  -co  .  Practically,  how- 
ever, Scott  Russell  found  its  length  to  be  sufficiently  definite 
to  admit  of  his  giving  measurements  of  it.  To  obtain  a 
measure  Rayleigh  suggested  that  the  wave  might  be  con- 
sidered to  end  where  its  elevation  became  some  definite  and 
fairly  small  fraction,  say  1/10,  of  its  maximum  elevation. 
C'omparing,  however,  the  formula  (16)  for  the  velocity  with 
that  in  the  ordinary  theory  of  a  train  of  waves,  or  the  corre- 
sponding formulae  for  (f),  t/t,  &c.,  it  is  natural  to  take  for  the 
wave-length  X  =  '2'irjm.  If  for  an  approximation  we  take  the 
value  of  »i  given  by  (23),  this  gives 

\:=27rv'{7i2(^  +  il%)/3%};      .     .     .     (25) 

or,  for  waves  just  on  the  point  of  breaking, 

\  =  27r/m=27r/«,  ......     (26) 

for  in  this  case,  as  we  shall  see  later,  mh^l. 

Curiously  enough  the  formula  (2 G)  is  that  taken  by  Russell 
to  represent  approximately  his  experimental  results,  and  it 
agrees  well  with  (25),  for  all  fairly  high  waves,  such  in  fact  as 
would  be  best  suited  for  measurement.  He  noticed  further 
that  low  waves  were  longer  than  high  ones,  which  is  also  in 
accordance  with  (25)  ;  and  thus  altogether  his  results  may  be 
taken  as  giving  a  practical  basis  for  the  definition  we  have 
chosen,  in  addition  to  the  theoretical  one  on  which  it  is 
founded. 

It  should  be  noted,  further,  that  this  definition  is  })ractically 
of  the  kind  suggested  by  Rayleigh,  for,  taking  for  the  moment 
(21)  as  an  a})proximation  to  the  free  surface,  we  see  that 
taking  X  =  27r/in  is  equivalent  to  regarding  the  wave  as  end- 
ing where  ■J7/77o  =  sech%/2  =  0'16,  or  wher*}  the  elevation  is  a 
little  less  than  one  sixth  of  the  maximum. 

6.   T/tc   V^oliune  and  Disjjlacenu'ui  oj  the  Wave. 

The  wave  surface  is  given  by  (11),  or,  expanding  by 
Lagrange's  theorem,  by 

_  asiuj/i/i  a'  <l  >iu" /«/<  i  i- .    (•n\ 

cos  wi/t  +  cosh  ^/i.f       ,2  (//i  (cos //i/t  +  coshmo;)'"^  ')   -  f 

~   E  2 
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and  the  volume  of  the  wave  elevation  per  unit  IjrcaJth  of 
channel  is 

J  00                                       /^  00 
'ndx='2\  'qdx (28) 
-co                     Jo 

To  perform  the  integration  it  is  convenient  to  use  tlu;  trans- 
formation 

r°°  'sin^mhdx  TVcos  w^— cos  m/t)"~W^      .  ,,,., 

1    1—'    i\       \^  \n  =  \  •  n  i    / =A„sav.   (29 

Jo    (cos  m/t  + cosh  mA-)"     Jy  ??ism"~'m/t 

This  gives,  neglecting  m^A^, 

K^  =  h,  A,=  hnJi'-^\-mVi-*,  K^=:^,yK',  .     .     (30) 
hence 

v=2ah{l+lma  +  ^sm\t^)     ....     (31) 

or,  for  a  rough  approximation,  v  =  2a/4. 

Again,  we  see  from  (7)  that  the  horizontal  velocity  in  the 
wave-motion  •  of  all  particles  in  the  same  vertical  line  is 
approximately  the  same,  and  that  therefore  each  will  be  dis- 
placed through  nearly  the  same  distance  as  the  wave  passes 
over  it.  The  average  displacement  S  of  the  particles  is  easily 
obtained,  for  as  the  wave  passes  completely  across  any  section 
of  the  channel  it  must  convey  over  it  a  quantity  of  liquid 
equal  to  its  own  volume,  and  this  being  done  by  the  dis- 
placement of  the  particles  we  must  have  v  =  hS,  or 

5  =  r/A  =  2«(l+;^ma  +  -iJgmV).    .     .     .     (32) 

The  displacement  of  the  particles  comes,  however,  most 
naturally  from  the  general  discussion  of  the  motion  of  the 
particles,  to  which  we  proceed. 

7.   IVie  Motion  of  the  Particles. 

So  far  it  has  been  sufficient  to  consider  the  steady  motion 
resulting  from  the  wave-motion  by  impressing  on  it  a  velocity 
equal  and  opposite  to  that  of  the  wave  propagation,  but  it 
now  becomes  necessary  to  consider  the  wave-motion  itself. 

Let  ^  and  ^  be  the  displacements  parallel  to  the  axes  of  a* 
and  c  respectively  at  time  t,  of  the  particle  which  was  initially, 
i.  e.  when  t=  —  '-c> ,  at  x,  z.  Let  yjr'  and  (f)'  be  the  current 
function  and  velocity  potential  respectively,  at  the  point  a;  +  ^, 
^+^  at  time  t,  and  for  brevity  put  z'^^z  +  ^,  x'=^x  +  ^—JJt, 
then  by  (4)  and  (5) 

j^'^j]^^  sin?nc/  .gg 

^  cos  7nz'  +  cosh  ma/ ' 

,     ^^  sinh??i.t''  .o.x 

<b  =  \Ja 7- , ^,       .     .     .     (34) 

cos  mz'  +  cosn  ma; 
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and  from  (7)  and  (8) ,  or  directly  from  (33)  or  (34) ,  the  com- 
ponents ^  and  f  of  the  velocity  o-  will  be  given  by 

•  1  +  cos  ;u;3;' cosh  »iA''  ..^v 

^=Uma — r ,^2  J      •     '     •     {p^> 

(cos  mz  +  cosh  mx') 

C    TT  sin  W2:' sinh  ??2a/  ,o^. 

q=\j'ma- ,-        r TTo,      .     .     .     (ob) 

(cos  mz  +  cosn  mx  y  ^ 

and 

.*.  o-  =  Uma/(cos  ??ic'  + cosh /».«').      .      ,     .     (37) 

From  (37)  and  (35)  we  see  that  the  whole  velocity  and 
its  horizontal  component  at  any  instant  are  nearly  constant 
for  all  particles  in  the  same  vertical  line,  while  the  vertical 
component  is,  by  (3G),  roughly  proportional  to  the  distance 
from  the  bottom.  Further,  from  (37)  we  see  that  at  the  end 
of  the  wave,  as  we  have  defined  it  in  Section  5,  the  velocity  is 
only  about  0'16  of  the  velocity  in  the  centre  of  the  wave,  and 
that  it  decreases  with  extreme  rapidity  as  we  go  further  from 
the  centre. 

If  d  be  the  inclination  to  the  axis  of  x  of  the  path  of  a 
particle  initially  at  the  distance  z  from  the  bottom,  then  by 
(35)  and  (36) 

,      a     \'  f  sm  mz' sinh  mx'  ,„„, 

ta,r\6=Q  t=-: -. i r;     •     •     (38) 

1  +  cos  mz  cosh  mx 

therefore,  since  initially  ,f'=:co,  each  particle  begins  to  move 
forward  from  rest  at  an  inclination,  d-=mz,  proportional  to 
its  distance  from  the  bottom  and  inversely  proportional  to 
the  length  of  the  wave  ;  its  velocity  goes  on  increasing  till 
x-{-^=\]t,  when  it  moves  horizontally  with  its  maximum 
velocity,  and  it  finally  returns  to  rest  at  an  inclination 
6=.  — tnz  equal  and  opposite  to  that  with  which  it  started. 
We  proceed,  however,  to  seek  the  actual  paths  described  by 
the  particles. 

8.   The  Paths  of  the  Particles. 

If  we  integrate  (3())  we  get 

^sinW        

COS  mz  -\-  cosh  mar  ^     ' 

This  immediate  integration  depends  on  a  peculiaritv  of  fluid 
motions  derived  from  steady  motion  by  the  addition  of  a 
motion  of  translation,  which  I  have  not  seen  noticed.  In 
such  motions  the  displacement,  say  ^,  perpendicular  to  the 
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impressed  velocity,  say  —  U,  may  be  directly  obtained  from 
the  current  function,  say  -v/r'.     For 

^  d^  ~  J]  dt  "  V    -dt'     ' 

didt  being  used  to  denote  partial,  and  "bfbt  complete  differentia- 
tion with  respect  to  t. 

From  (39)  we  see  that  a  particle  starting  from  the  level  c 
returns  to  the  same  level  after  attaining  a  maximum  elevation 
?o  given  hy 

^o  =  «tani;«(:  +  ^o) (-!<>) 

which  includes  the  special  case  of  a  surface  particle  given  bv 
(18). 

To  obtain  f  it  is  necessar}-  to  ]:)roceed  by  successive  approxi- 
mations.    We  find  at  once 

^  sinh  mx'  .... 

fe=«— « j- r i-\-T,     .     .     .     (41) 

cos  mJ  -h  cosii  mx 

where  the  a  is  added  to  make  the  first  part  vanish  when 
/t''=  X) ,  or  /=  —  CO  ,  and  r,  which  is  of  the  order  md\  is  given 

Bt  _  o-^  _  JJm^ct^  . ,  _^. 

"dt  ~  \]  ~  {gq^ viz'  +co)ih.mx'y'     '     '     '   ^  "^ 

If  we  integrate  this,  using  the  transformation  of  which  (29) 
is  a  case  with  special  limits,  and  for  brevity  take  advantage  of 
the  expressions  (36)  and  (37),  we  get 

.,  f  sin  mz  —  inz  cos  mz       ^ja — sin~^f/cr.  cos  mz' ")  . ,  .^ 

t  sm  mz  sm  mz  j 

where  again  the  first  term  is  added  to  make  the  first  part 
vanish  when  .^'=00  ,  and  Tj,  which  is  of  the  order  m'^a'',  may 
be  similarly  approximated  to  when  wanted. 

If  we  neglect  t,  we  find  from  (41)  and  (43)  for  the  total 
displacement  8  of  any  particle 

^      ^     r.  sin  mz — mz  cos  mz') 

o  =  za  <  1  +  ma ^^. >  , 

I  sin    771Z  J 

or,  neglecting  terms  of  the  order  m^a'z', 

B=2a{l  +  hna}, (44) 

which  shows  that  to  this  order  all  particles  are  equally  dis- 
placed by  the  wave.  The  agreement  of  (44)  with  (32),  which 
is  obtained  very  diflerently,  may  be  noted  in  passing. 
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The  path  of  any  particle  is  given  by  (39),  (41),  and  (43), 
but  if  "sve  neglect  r,  we  can  at  once  eliminate  x'  from  (39)  an 
(41)^  and  obtain 

(?-'0'  +  r  +  2a?cotm(^  +  ?)  =  «3.     .     .     (45) 

If  we  expand  this,  neglecting  ^^  as  it  is  of  the  same  order  as 
a^,  we  get 

(^-a)2+2a^cotm,c  =  a2       ....     (46) 

as  an  approximate  equation  to  the  path  described  by  any 
particle  originally  in  the  plane  z.  To  this  order,  therefore, 
each  particle  initially  at  a  distance  c  from  the  bottom  describes 
that  part  of  the  parabok  given  by  (46)  which  lies  above  the 
level  z.  This  gives  '2a  for  the  maximum  horizontal  displace- 
ment, and  ^  a  tan  m:  for  the  maximum  elevation,  of  a  particle, 
but  more  exact  values  have  alreailv  licen  given  in  (44) 
and  (40). 

9.    Tlte  Energy  of  the  Wave. 
The  potential  energy  of  the  wave  per  unit  breadth,  is 

but,  by  Lagrange's  Theorem,  (11)  gives 

^   2_  «^  ^in^  '"^'  ,   ^«^  <l  sin''  mli 

^         |2  (cos  w?/t  + cosh  7?j.t'j-        I'd  dh  (cos  )nh  + CO A^wd')' 

Hence  by  (29)  and  (30), 

^=fi5'P"'''''^'^"(l  + i'd '"«) (47) 

The  kinetic  energy  per  unit  breadth  i< 

the  integration  extending  thronuhout  tlic  liquid. 
Thus 

=  ipjJU-VZ-r  d:  +  p\^[]>'  d.v  dz  +  ipJfy-V/.r  d: . 
=  ipU^iW''-  '/-  +  pUj)VA/r r/.f  +  ipjJ,/(/,  df. 
.'.  by  (4)  and  (5), 

T  =  ipV%v-2ah); (18) 

or,  using  the  approximation  (31), 

T=i.-pU2/mr7i(l  +  .^ma). 
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Hence,  substituting  for  U,  we  have  to  the  same  order 

T=J^/3ma2A2(l+/^wa); (49) 

so  that  the  kinetic  and  potential  energies  are  equal  to  this 
order  of  approximation  at  least. 

10.  The  Limiting  Height  of  the  Wave. 

It  is  found  by  experiment  that  there  is  a  Hmit  to  the 
height  of  the  solitary  wave  depending  on  the  mean  depth  of 
the  liquid  :  when  an  attempt  is  made  to  form  n  higher  wave, 
it  breaks  at  the  crest. 

Since  q^  cannot  be  negative,  the  limiting  form  will  be  that 
for  which  ^=0  at  the  crest,  and  therefore  by  (14)  and  (l(j), 
the  greatest  elevation  of  crest  will  be  given  by 

2m?;o  =  tan?>i/i (50) 

Now  by  (6)  we  see  that  when  u  =  0  at  the  crest 

ma  =  2  cos^  ^m{h  +  '»7o) , 

and  therefore  by  (18) 

mriQ=.^mm{h  +  7]Q} (51) 

Solving  (51)  and  (52)  for  mh  and  mrj^  we  find 

m/i=l-l,  ?n77o='9 (52) 

so  that  the  wave  will  break  for  an  elevation  rather  less  than 
the  mean  depth.  It  is  needless  to  seek  to  specify  the  breaking 
elevation  more  exactly,  for  the  approximation  is  here  pushed 
to  an  extreme  limit.  In  fact,  by  (4),  the  crest  when  q  =  () 
becomes  a  double  point  on  i/r=  —  U//,  and  the  branches  cut  at 
right  angles,  whereas  Stokes  has  shown  that  for  a  free  surface 
the  crest  angle  must  be  27r/3  at  the  breaking-point.  Our 
approximation,  however,  considering  the  extreme  circum- 
stances, is  sufficiently  fair  to  indicate  that  the  conditions  (52) 
for  breaking  should  not  be  far  wrong.  Scott  Russell's 
experiments  confirm  this  :  he  found  that  the  wave  broke  when 
the  elevation  was  about  equal  to  the  depth ;  but  from  some 
experiments  of  my  own  I  am  inclined  to  think  tliat  7)(,^S/ih 
is  a  closer  approximation  for  the  elevation  at  the  breaking- 
point. 

11.  Ap])roximate  Theory  of  Breakers. 

Some  account  can  be  given  of  the  gradual  increase  in  height 
and  111  innate  breaking  of  waves  rolling  in  on  a  gently  sloping 
beacn. 


\ 
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We  have  seen  that  to  a  first  approximation  the  vohime  of 
the  wave  per  unit  breadth  of  channel  is  2a/t,  and  to  the  same 
order  we  easily  obtain  also 

2  

v  =  2ah=-\vo='^  y/rjoh'/S   ,    •     •     •      (53) 

the  approximations  being  fair  for  low  waves. 

Now  as  the  wave  rolls  in  its  volume  remains  constant,  and 
therefore  its  height  increases  and  length  diminishes  as  the 
depth  diminishes,  or  exactly 

3  v'^ 
^«=I(>P' ^^^^ 

so  that  the  elevation  varies  inversely  and  the  length  directly 
as  the  cube  of  the  depth.  As  the  wave  becomes  higher  it  will 
be  necessary  to  take  the  more  exact  formulae  instead  of  (53) . 
By  (52)  when  the  wave  is  on  the  point  of  breaking  mh  =  1 
and  ma=2/S,  and  so  using  the  more  exact  formula  (31)  for 
the  volume  we  get  roughly 

v  =  l-oh^  or  h  =  'S  \/v, 

which  gives  the  depth  in  which  the  wave  will  break. 

Thus  the  big  waves  will  break  first,  and  the  depth  in  which 
they  break  will  vary  as  the  square  root  of  their  volume. 

12.    The    Views  of  Sir  George  Stokes — Conclusion. 

Having  thus  examined  in  some  detail  the  approximation 
to  the  solitary  wave  which  is  obtained  by  taking  the  first  term 
only  of  (2),  and  having  seen  that  even  this  first  approximation 
satisfies  to  a  high  degree  of  accuracy  the  condition  for  the 
propagation  of  the  wave  without  change,  we  are  naturally 
led  to  examine  the  argument  given  by  Stokes,  in  his  paper 
"  On  the  Theory  of  Oscillatory  Waves,"  already  cited,  against 
the  possibility  of  the  propagation  without  change  of  form  or 
velocity  of  any  other  form  of  wave  than  the  intinite  train  of 
"  oscillatory  "  waves  which  he  there  discusses — to  a  degree  of 
a])proximation  not  quite  so  close  as  that  with  which  we  have; 
been  occupied  in  the  fon^going  sections. 

Having  found  (§  4)  for  the  velocity  of  propagation  U  of 
any  wave  form  in  liquid  of  depth  h, 

J]'^=ijiii~^  tanli  ))ih, 

and  having  previouslv  (§  2)  put  aside  "  imaginary  "  values 
of  the  m  as  inadmissible,  he  infers  that,  since  this  will  give 
only  one  value  (  +  )  of  m  for  a  givtai  value  of  U,  there  can 
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only  be  one  form  for  each  velocity.  In  the  light  of  equation 
(16)  above,  the  oversight  in  discarding  the  "  imaginary '' 
value  is  obvious.  It  is  too  hastily  concluded  that  such  a 
value  would  imply  infinite  velocity  &c,  either  when  ^=  +x) 
or  when  .i'=; — X) ,  but  this  is  not  necessarily  so,  though  it  is 
too  frequently  assumed  in  such  like  investigations,  for  in  fact 
the  value  of  (jf)  given  in  (5)  above  gives  a  well-known  expan- 
sion of  the  form  SA€"'^+*^  such  as  is  considered  by  Stokes, 
but  the  "  real  "  coefScients  p  are  discontinuous,  changing  sign 
toifh  ,v,  so  that  eP^  vanishes  both  for  ;t?=  +  x> ,  and  for  .v=  — x> . 
We  may  conclude,  then,  that  we  have  obtained  just  as 
satisfactory  evidence  for  the  unchanging  ])ropagation  of  the 
solitary  wave  as  there  is  for  that  of  the  infinite  train  investi- 
gated by  Stokes.  In  a  Supplement  to  his  paper  published  in 
1880*,  he  has  carried  his  approximation  one  step  further,  and 
we  may  with  advantage  employ  a  somewhat  similar  method 
in  proceeding  to  higher  degrees  of  approximation  for  the 
solitary  wave.  Proceeding  on  the  same  principles  by  which 
we  obtained  (1)  and  (2),  we  may  take  instead 
JJ(z  +  Lx)=-(ylr  +  i(^)  +  tA2i+i  tan  2'+'  i  m  (yjr  +  tc})) /\J  .  (55) 
which  leads  to  the  higher  approximations  with  considerably 
less  labour,  thouo-li  to  the  order  with  which  we  have  been 
occupied  it  offers  no  advantage,  in  fact  rather  the  reverse  from 
its  indirect  character. 


VIII.  Acoustic  Thermometer — a  Suggestion. 

By  S.  TOLVER  PRESTONf. 

THE  following  may  have  more  theoretical  than  practical 
interest  (illustrative  of  a  connexion  between  acoustics 
and  heat);  but  perhaps  ingenuity  might  give  the  suggestion 
also  a  practical  value.  The  idea  is  simple  enough,  and  relates 
to  the  varying  note  aftbrded  by  a  resonance-tube  according 
to  the  temperature  of  the  enclosed  air  or  gas;  the  notion 
being  to  employ  this  in  some  way  as  a  measure  of  tempera- 
ture. I  shall  only  illustrate,  however,  the  simplest  aspect  of 
the  case. 

Thus,  for  mere  theoretical  illustration,  we  may  suppose  a 
tube,  closed  at  its  inner  end,  to  be  inserted  somewhere  in  the 
wall  of  some  furnace,  or  buried  in  some  less  heated  object, 
whose  temperature  is  to  be  estimated.  Of  course  a  tuning- 
fork  of  a  certain  vibrating  period  will,  at  normal  temperature, 

*  CoUecied  Papers,  vol.  i. 

t  Commuuicated  by  the  Author. 
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vibrate  in  resonance  w'lih.  the  tube  possessing  a  certain  length. 
Then  it  will  be  seen  at  once  that  changing  the  temperature 
of  the  object  where  the  tube  is  placed  will  alter  this  state  of 
affairs.  Another  fork  of  different  ^■ibrating  period  must  now 
be  selected  in  order  to  resound  with  the  tube.  Of  course 
there  are  certain  relations  between  the  vibrating  period  and 
the  temperature,  and  it  is  to  illustrate  the  extreme  simplicity 
of  these  relations  under  the  kinetic  theory  of  gases  that  is 
one  point  in  the  present  paper. 

Maxwell  showed,  in  his  celebrated  paper,  "  On  the  Dyna- 
mical Evidence  of  the  Molecular  Constitution  of  Bodies," 
published  in  '  Nature,'  March  4,  1875,  that  it  was  demon- 
strable mathematically  that  "  the  pressure  of  a  gas  cannot  be 
explained  by  assuming  repulsive  forces  between  the  particles. 
It  must  therefore  depend,  in  whoh;  or  in  part,  on  the  motion 
of  the  jjarficles'^  (Maxwell's  paper,  p.  o58). 

Hence  it  appears  so  far  clear,  as  we  may  say,  that  we  must 
have  recourse  to  a  dynamical  theory  in  order  to  explain  one 
of  the  simplest  and  most  fundamental  properties  of  a  gas. 

A  confidence  in  the  dynamical  theory  led  me  (Phil.  Mag. 
June  1877)  to  suggest  its  application  to  illustrate  the  me- 
chanism of  the  propagation  of  sound  in  gases  ;  and  the  very 
simple  relation  showed  itself,  viz.  that  the  velocity  of  propa- 
gation of  sound  could  only  depend  on  the  velocity  (normal) 
of  the  molecules  of  gas  themselves,  and  on  nothing  else;  in 
fact,  that  the  sound-wave  moved  independently  of  the  density 
and  pressure  of  the  gas.  Indeed,  according  to  the  kinetic 
theory,  the  molecules  of  the  gas  have  of  course  no  distant 
action  on  each  other,  and  can  therefore  only  influence  each 
other  by  impact  (so  that  the  velocity  of  the  normal  motion  of 
the  molecules  of  the  gas  alone  comes  into  play  in  propagating 
the  wave). 

Now  this  applies  very  simply,  as  will  be  apparent  at  once, 
to  our  proposed  acoustic  thermometer.  For  it  is  this  normal 
motion  of  the  molecules  of  the  gas  (in  the  tube),  the  energy 
of  which  motion  we  call  the  "  temperature,^'  which  is  the  sole 
factor  in  determining  the  velocity  of  sound,  of  which  the 
tuning-fork  (we  employ  with  the  tube)  is  the  mechanical  in- 
dicator. The  velocity  of  sound  being  as  the  velocity  of  the 
gaseous  molecules,  and  velocity  of  the  molecules  being  as  the 
square  root  of  their  energy,  then,  since  tlie  temperature  is 
the  energy,  the  velocity  of  sound  in  a  gas  is  proportional  to 
the  square  root  of  the  temperature,  as  we  see. 

If  we  have  a  tuning-fork  whose  vibrating  period  is  me- 
chanically adjustable,  it  is  easy  to  perceive,  then,  from  tlie 
above,  that  the  temperature  (in  the  tube)  is  inversely  propor- 
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tional  to  the  square  of  the  vibratinp;  period  of  the  fork ;  or, 
if  the  length  of  the  tube  be  adjustable,  i.  e.  if  th(!  tube  be 
telescopic,  the  temperature  of  the  air  in  the  tube  (therefore 
of  the  heated  receptacle  or  what  not,  in  which  the  tube  is 
placed)  is  evidently  proportional  to  the  square  of  the  length 
of  the  adjustable  tube. 

Zero  (yontigrade  being  273  above  the  absolute  zero,  the 
Centigrade  zero  is  then,  of  course,  273  when  expressed  as 
absolute  temperature.  At  273  above  zero  C.  (which  is  546 
of  absolute  temperature)  the  molecules  of  air  have,  of  course, 
twice  the  energy  they  have  at  zero  C.  At  4  x  273  absolute 
temperature  (819  above  zero  C.)  the  molecules  of  air  will 
possess,  in  the  same  way,  four  times  the  energy  possessed  by 
them  at  zero  C,  and  therefore  twice  the  velocity  which  th(iy 
had  at  zero  CI.  (velocity  being  as  the  square  root  of  energy). 
Sound  would  then  be  jiropagated  in  air  (in  such  a  tube) 
whose  temperature  is  819°  C.  at  twice  the  velocity  of  its 
transmission  in  air  at  0°  C.  So  that  a  tube  of  air  at  a  tem- 
perature of  819°  C.  would  be  in  resonance  with  the  same 
tuning-fork  as  a  tube  of  half  the  length  resounds  to  at  0°  C. 
This  is  sufficiently  clear;  and  so  it  is  evident  that  varying  the 
length  of  a  telescopic  tube  and  employing  a  constant  fork 
serves  the  same  object  as  (conversely)  varying  the  vibrating 
period  of  an  (adjustable)  fork  and  keeping  the  length  of  the 
tube  constant.  Some  may  see  a  way  to  propose  some  modi- 
fication of  the  above,  in  a  mechanical  point  of  view,  which 
might  be  more  sensitive.  It  is  the  principle,  or  rather 
the  theoretical  aspect  of  the  case,  with  which  we  are  chiefly 
concerned. 

Hamburg,  May  1,  1891. 


IX.  On  a  Modified  Form  of  Wheatstone's  Bridge.  By  R. 
A.  Lehfeldt,  B.A.,  B.Sc,  Demonstrator  at  Firth  College, 
Sheffield*. 

IN  comparing  the  resistances  of  two  nearly  equal  coils,  a 
fine  adjustment  may  be  obtained  either  by  a  divided  wire 
of  low  resistance  in  series  with  the  coils,  or  by  a  resistance- 
box  in  parallel  with  them.  The  latter  method,  involving  only 
a  piece  of  apparatus  that  exists  in  every  laboratory,  appears 
to  be  somewhat  simpler  than  the  more  common  one,  for 
which  a  specially  mounted  wire  is  required  ;  and  it  avoids, 

*  Comniuuicated  by  the  Author. 
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moreover^  the  disadvantage  of  a  sliding  contact.      It  may, 
therefore,  bo  worth  while  to  give  some  details  of  its  use. 

In  Wheatstone's  Bridge,  let  /S  and  7   (fig.   1)  bo  nearly 
equal  resistances  permanently  mounted.     Let  b  and  c  be  the 

Fiff.  1. 


coils  to  ])e  compared,  R  a  resistance-box  in  parallel  with  the 
higher  of  the  two.  Let  b,,  c^  be  the  resistances  of  the  con- 
nexions of  b  and  c.     Put 

clM  _  , 
c  +  R'~''  , 
then 

If  G  and  R  be  interchanged  with  b  and  R  has  to  be  altered  to 
R'  for  balance,  putting 

c'R' 

J7  =  C   , 


then 
Hence 


c+R' 

Pi 


"=iO^^}*'^i 


-7) 


The  second  term,  on  the  right-hand  side,  is  of  the  second 
order  of  small  (luantities  ;  and  as  /3  and  7  should  be  within 
To'oo  ^^  ^^^^  another,  while  the  resistance  of  the  co[)per  strip 
and  mercury-cup  connexions  is  very  small,  it  may  be 
neglected.     Therefore, 

put7  =  /3(l  +8),  where  B  is  small.     Hence 


Q'2 


On  a  Modified  Fonii  of  Wheatstone's  Bridge. 


Here,  again,  the  second  term  on  the  right-hand  side  is  of  the 
second  order,  so  we  get  simply 


6  = 


c'  +  c" 

2 


or,  the  resistance  of  0  is  the  mean  of  the  two  -s'ahies  oi'  c  and 
its  shunt  obtained  by  reversing. 

The  switch-board  used  by  S.  P.  Thompson  in  carrying  out 
Carey  Foster's  method  of  comparing  resistances  may  easily  be 
adapted  to  the  shunt  method.  But  a  switchboard  designed 
for  the  jjurpose  is  more  convenient :  tliis  form  may  Ije 
suggested. 

In  fig.  2  the  shaded  parts  represent  solid  brass  or  copper  pieces: 

Fig.  2. 


«//jsr 


»K 


the  dark  circles  binding  scrcAvs,  the  light  ones  mercury-cups. 
The  coils  to  be  compared  are  put  between  1  and  2  and  1'  and 
2'.  The  terminals  of  the  resistance-box  are  connected  to 
H,  K,  so  that  by  inserting  a  plug  it  can  be  put  in  parallel 
with  either  of  the  coils. 

1  and  1'  are  then  connected  b}"  co})per  bars  either  to  3  and 
■i'  or  to  4  and  3'.  The  equal  resistances  ^  and  y  are  of  course 
wound  on  the  same  reel,  and  may  be  soldered  permanently  in 
place.  M,  N  are  the  battery  terminals,  0,  P  those  of  the 
galvanometer. 

If  the  coils  to  be  compared  differ  as  much  as  a  B.A,  unit 
does  from  a  legal  ohm,  the  resistances  taken  from  the  box 
will  give  the  ditference  to  "0002  ohm,  and  interpolation  by 
means  of  the  galvanometer  deflexions  need  only  be  resorted 
to  beyond  that.  The  sensitiveness  of  the  method  is  of  course 
limited  by  that  of  the  galvanometer. 
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Appendix. 
From  the  original  equations, 

c , 

r 

It     hy  +  c,y—hB 
0= ^ . 

Hence  with  <y=/3{l  +  S)  it  follows 

c'-c"=-2^S  +  2(6,-0-S(^  +  f,); 
the  third  term  on  the  right-hand  side  is  of  the  second  order 
of  small  quantities  ;  and  in  any  symmetrical  switchboard  the 
second  term  will  he  exceedingly  small,  so  we  have  nearly 

.     c"-c' 
^=26-- 

The  ratio  S  of  the  nearly   equal  arms  /3  and  y  can  thus  be 
readily  tested. 


X.  A  Steam-Engine  Indicator  for  High  Speeds. 
By  Prof.  JoHX  Pekry,  F.R.S.^ 

MEMBERS  who  are  not  practically  acquainted  with  the 
errors  of  the  ordinary  steam-  or  gas-engine  indicator  are 
referred  to  a  paper  in  the  '  Proceedings  of  the  Institution  of 
Civil  Engineers '  (vol.  Ixxxiii.  1885)  by  Professor  Osborne 
lleynolds,  and  an  exhaustive  discussion  of  the  sitbject. 

Whether  we  do  or  do  not  share  Prof.  Reynolds's  view  that 
even  at  low  speeds  of  engines  the  errors  in  calculating  horse- 
power are  very  considerable,  because  of  the  friction  of  the 
paper  barrel  and  the  stretching  of  the  cord  or  wire  which 
gives  to  the  paper  barrel  a  miniature  motion  of  the  engine 
piston,  it  is  obvious  that  there  will  be  more  conhdence  in  an 
indicator  in  which  tlu^  motion-copying  mechanism  gives  a 
very  short  stroke,  is  opposed  by  very  small  forces,  and  requires 
no  string  or  wire.  I  do  not  pretend  to  get  rid  of  the  error 
in  a  spring  which  is  due  to  change  of  temperature,  but  where 
great  accuracy  is  required  it  is  always  worth  while,  when 
using  this  or  any  other  indicator,  to  have  a  "  boiler-pressure  " 
line  drawn  upon  the  diagram,  as  well  as  an  "  atmospheric 
line  ;'^  and  these  two  lines,  with  a  pressure-gauge  on  the 
boiler,  will  give  the  scale  to  which  the  indicator  at  the  time 

*  Communicated  by  the  Phyaical  Society  :  read  May  22,  1801. 
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represents  pressure  and  prevent  error  due  to  change  of  tem- 
perature of  the  spring. 

In  these  days  of  liigh-speed  machinery  the  most  important 
defect  of  an  indicator  is  its  slow  natural  period  of  vibration. 
If  the  natural  period  of  vibration  is  from  g^,^  to  yJ,^  of  the 
time  of  revolution  of  an  engine,  it  is  found  that  the  diagram 
is  not  deformed  by  waviness,  ordinary  fluid  friction  destroy- 
ing the  natural  vibration  ;  if  it  is  as  much  as  j'- ,  a  con- 
siderable amount  of  pencil  pressure  must  be  employed  to 
obtain  a  frictional  stilling  of  vibration ;  but  if  it  is  as  low  as 
Yo  it  is  almost  impossible,  even  with  great  pencil  friction, 
to  obtain  a  decent  diagram.  To  make  an  indicator  have  a 
quicker  natural  vibration  it  is  necessary  to  use  a  stifFer  spring, 
and  this  means  that  pressures  are  indicated  to  a  very  small 
scale.  Introducing  seven  per  cent,  of  inaccuracy  in  area  of 
diagram,  either  by  friction  or  smallness  of  scale,  may  possibly 
allow  the  very  best  existing  indicator  to  be  used  on  engines 
of  as  high  a  speed  as  400  revolutions  per  minute ;  but  this  is 
a  matter  on  which  assertions  are  made  of  higher  and  very 
much  lower  limits  of  speed  than  what  I  have  stated.  I  think 
that  users  of  indicators  will  generallj'  agree  that  I  have  not 
exaggerated  this  defect ;  but  unfortunately  there  is  scarcely 
ever  any  kind  of  check  which  can  be  applied  to  a  measure- 
ment of  indicated  horse-power,  so  that  mere  assertions  are  of 
very  little  value. 

Indicated  horse-power  is  now  the  sole  standard  of  the 
values  of  engines,  so  that  its  accurate  measurement  is  very 
important ;  but  for  the  inventor  and  improver  of  engines, 
and  for  the  physicist,  that  there  shall  be  no  local  deformations 
in  the  shape  of  the  indicator-diagram  is  of  greater  importance 
than  that  its  area  should  be  correct.  Now  the  natural  period 
of  vibration  of  the  indicator  before  you  is  about  3^^  of  a 
second ;  allowing  twenty  periods  to  one  revolution  of  the 
engine,  I  find  that  this  indicator  will  give  diagrams  wdth  no 
Wave-deformations  until  the  speed  of  the  engine  exceeds  1500 
revolutions  per  minute.  I  can,  however,  by  changing  the 
disk  make  the  natural  period  of  vibration  yo^oo  ^^  2^  ^^ 
a  second,  or,  indeed,  what  I  please,  so  that  there  is  practically 
no  speed  at  which  this  indicator  will  not  give  a  true  diagram. 

Specimens  of  the  indicator  are  before  you,  but  I  will  throw 
upon  the  screen  drawings  of  it.  Fig.  1  is  a  section,  and 
fig.  2  an  elevation.  It  consists  of  a  very  shallow  circular 
box,  E,  of  metal  (in  some  of  my  specimens  it  is  of  cast  iron, 
in  others  of  gun-metal)  closed  by  a  thin  disk  of  steel,  D. 
Here,  for  example,  is  one  an  inch  and  a  quarter  in  dia- 
meter, and    about  j^q   of    an    inch    thick,   which  I  use  for 
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maximum  steam-pressures  of  about  30  lb.  to  the  square  inch 
above  the  atmosphere.  It  was  my  intention  to  use  corru- 
gated disks,  but  as  these  could  not  be  obtained  cheaply,  ex- 
cept in  quantity,  I  have  hitherto  used  plane  disks,  and  found 
them  quite  satisfactory  for  such  sizes  of  diagram  as  I  have 
hitherto  dealt  with.  I  am,  however,  making  arrangements 
for  obtaining  corrugated  disks  for  use  in  the  indicator. 

Ko..  1. 


Fi-.  2. 


Now  when  this  box  E  is  put  in  communication  with  the 
cylinder  of  a  steam-engine  in  the  usual  way,  that  is  through 
the  pipe  A  and  the  indicator-cock,  the  disk  yields  more  or 
less  as  the  pressure  is  greater  or  less.  To  magnify  this  yield- 
ing I  fix  upon  the  disk,  about  halfway  between  its  centre 
and  circumference,  a  small  mirror  B  such  as  is  used  in  elec- 
trical laboratories.  This  mirror  has  a  light  frame  of  metal, 
and  can  be  screwed  to  or  unscrewed  from  any  of  these  disks 
quite  readily.  I  let  a  beam  of  light  from  an  ordinary  oil- 
lamp  fall  upon  the  mirror,  and  it  is  reflected  and  falls  upon  a 
sheet  of  white  paper  which  it  illuminates  at  a  small  spot. 
Now  the  yielding  of  the  disk  under  fluid  pressure  is  evidenced 
by  the  movement  of  the  spot  of  light  on  the  paper.  For 
example,  if  steam  of  10,  20,  or  30  lb.  pressure  per  square 
inch  (above  the  atmosphere)  is  admitted  to  this  box  with  its 
present  disk,  and  the  spot  of  light  is  on  a  sheet  of  pajjcr 
about  4  feet  away  from  the  mirror,  the  s})ot  will  be  seen  to 
travel  one,  two,  or  three  inches  from  its  original  position. 
i'i  there  is  a  partial  vacuum  inside  the  box,  the  spot  travels  in 
the  opposite  direction.     It  will  be  seen,  therefore,  that  I  have 

ridl.  Mag.  S.  5.  Vol.  32.  No.  194.  Jxdy  1891.  F 
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used  a  reflected  beam  of  liglit  as  if  it  were  a  rif^jd  pointer 
four  feet  long.  By  using  ji  lens,  by  using  magnesium  ligbt 
instead  of  a  common  oil-lamp,  and  by  taking  certain  pre- 
cautions which  are  quite  obvious  to  the  members  of  this 
Society,  I  could  throw  a  well-defined  spot  upon  a  screen 
forty  feet  away  from  a  mirror  upon  a  small  corrugated  disk, 
whose  motion  would  be  with  great  exactness  })roportional  to 
the  pressure,  for  motions  of  as  much  as  five  or  six  fet^t. 

The  end  of  the  arm  F  receives  a  miniature  motion  of  the 
piston  of  the  engine  by  stiff  rods,  and  this  causes  the  spot  to 
move  at  right  angles  to  its  former  motion ;  and  when  both 
motions  are  being  given  the  spot  travels  round  on  the  screen, 
its  })osition  at  any  instant  indicating  the  pressure  of  the  steam 
and  the  position  of  the  piston  in  its  stroke. 

Now,  although  I  have  never  heard  of  such  a  method  being 
used,  I  feel  that  many  people  must  have  thought  of  using  it. 
I  myself  thought  of  it  many  years  ago ;  but  the  making  of  a 
photographic  record  seemed  to  me  to  introduce  great  difficulty, 
so  I  never  tried  it*.  What  I  have  now  discovered  is  this,  that 
a  photographic  method  of  recording  is  quite  unnecessary. 
In  fact,  even  at  speeds  of  60  revolutions  per  minute  the  image 
of  the  spot  remains  on  the  retina  sufficiently  long  to  enable  a 
man  to  draw  upon  the  screen  the  path  of  the  spot.  He  first 
turns  the  indicator-cock,  so  that  there  is  atmos})heric  pressure 
under  the  disk.  The  spot  now  travels  in  a  straight  line,  and 
this  is  the  atmospheric  line.  When  I  wish  to  check  the  scale 
I  do  what  I  should  like  to  see  done  with  all  indicators,  I  let 
steam  at  boiler-pressure  underneath  the  disk  and  mark  out 
another  straight  line  parallel  to  the  atmospheric  line.  I  now 
let  the  box  communicate  with  the  cyHnder,  and  I  draw  the 
actual  diagram.  A  very  little  practice  will  enable  anyone  to 
draw  the  diagram  quite  accurately,  even  when  the  engine 
makes  only  60  revolutions  per  minute.  But  at  such  speeds 
as  150  revolutions  per  minute,  the  diagram  is  quite  con- 
tinuous as  a  thin  line  of  light  on  the  paper,  and  the  most  un- 
skilled person  need  not  make  errors  of  as  much  as  one  per 
cent,  in  drawing  a  pencil  line,  which  remains  quite  visible  in 
the  middle  of  the  thin  line  of  illumination. 

Using  a  common  oil-lamp,  a  diagram  about  six  inches  long 
and  four  inches  broad,  formed  of  a  band  of  light  one  tenth  of 
an  inch  broad,  is  quite  visible  even  in  a  well  illuminated 
room.     If  the  room  is  darkened  the  diagram  becomes  quite 

*  Prof.  R.  H.  Smith  has,  since  the  reading  of  the  paper,  called  my 
attention  to  an  indicator  described  in  'Engineering'  of  July  10th,  1885, 
by  Messrs.  Clarke  and  Low,  in  which  a  reflected  beam  of  liglit  is  used 
■for  magnification. 
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vivid,  and  to  anyone  accustomed  to  indicator-diagrams  it  is 
an  object  of  interest  from  quite  a  number  of  considerations. 

As  1  am  unable  to  show  to  the  Society  this  instrument  in 
action,  I  will  throw  upon  the  screen  a  photograph,  fig.  3, 


taken  at  Finsbury  of  the  indicator  placed  upon  a  toy  steain- 
engine,  which  some  of  my  stuihuits  made  to  drive  testing 
m:u-hincs.  My  partner,  Mr.  Holland,  is  following  the  spot 
of  light  with  a  pencil.  As  a  matter  of  fact,  the  engine  was 
really  at  rest,  and  the  diagram  was  drawn  as  a  thick  chalk 

F  2 
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line  upon  dark  paper,  when  tliis  photograph  was  taken  ;  but 
if  an  instantaneous  photograph  had  been  taken  of  the  arrange- 
ment actually  working,  it  would  not  have  been  very  different 
from  what  I  here  show,  exce])t  that  the  line  of  light  forming 
the  diagram  would  have  been  finer. 

AVe  have  only  been  able  to  run  this  toy  engine  at  a  maxi- 
mum speed  of  about  yOO  revolutions  per  minute,  and  indeed 
at  this  speed  it  was  rather  dangerous  to  run  it,  as,  through 
want  of  balance,  it  set  the  floor  and  everything  in  the  room 
a-shaking ;  but  even  at  this  high  speed  there  was  no  evidence 
on  the  diagram  of  any  waviness  due  to  the  natural  vibrations 
of  the  disk  of  the  indicator.  There  was,  however,  a  musical 
note  in  evidence  of  the  existence  of  such  vibrations. 

Mr,  Holland  has  used  a  tapering  wooden  box  as  if  it  were 
a  camera  for  photographing  the  diagram  and  its  atmo- 
spheric line,  and  he  tells  me  that  it  is  quite  easy  to  take 
such  photographs.  He  is,  however,  accustomed  to  such  work, 
and  I  do  not  think  that  an  ordinary  engine-driver  would  care 
to  try  the  photographic  method.  I  here  exhibit  some  of  Mr. 
Holland's  photographs.  This  one,  fig.  4,  required  an  ex- 
posure of  one  minute,  the  light  being  that  of  an   ordinary 
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oil-lamp.  This  one,  fig.  5,  required  an  exposure  of  ten 
seconds,  the  light  being  obtained  by  the  burning  of  a  piece 
of  magnesium  strip  behind  the  hole. 

I  have,  however,  used  Mr.  Holland's   box   with  sheets  of 
tracing-paper  instead  of  photographic  plates,  and  the  indicator- 
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diagram  is  now  an  object  which  is  very  easily  observed  and 
traced. 

I  exhibit  a  few  drawings  made  on  tracing-paper  in  this 
way  by  Mr.  Holland.  First,  we  have  a  few  taken  at  about 
the  same  time ;  these  taught  us  that  we  had  better  make  con- 
siderable chano-es  in  the  valve  of  our  engine.  We  made 
these  changes,  and  here  are  some  others  taken  subsequently. 
The  speed  and  other  necessary  information  are  given  on  each 
sheet  of  paper,  so  that  the  eifect  of  change  of  speed  on  our 
toy  engine  may  be  noted. 

With  an  ordinary  indicator  the  instrument  must  be  stopped 
in  its  action,  and  a  sheet  of  paper  taken  from  the  drum^  before 
the  diagram  can  be  looked  at.  But  here  the  diagram  is 
visible  all  the  time.  To  the  student  or  improver  of  steam- 
engines  it  is  very  instructive  to  keep  looking  at  the  diagram 
whilst  altering  steam-pressure,  or  speed,  or  load  of  the  engine, 
and  it  is  an  amusement  of  which  one  does  not  very  soon 
become  tired.  Even  with  this  toy  engine  of  mine  I  have 
already  observed  such  changes  in  the  shape  of  the  diagram 
as  have  thrown  a  perfectly  new  light  upon  the  condensation 
phenomena  occurring  inside  a  steam-engine  cylinder. 

The  first  form  of  this  new  indicator  is  lying  on  the  table. 
You  will  see  that  to  give  it  the  piston  motion  in  miniature 
required  considerable  force  to  be  exerted,  a  fault  which  I 
have  corrected  since.  Now  the  very  first  time  the  instru- 
ment was  tried  a  very  curious  phenomenon  was  observed, 
namely,  that  the  indicator-diagram  was  not  one  continuous 
line  of  light,  but  a  series  of  "  blobs  "  or  spots,  connected  by 
a  much  fainter  line.  I  easily  saw  that  these  indicated  a 
vibration  going  on  in  the  rods  which  gave  to  the  box  the 
motion  of  the  piston  in  miniature.  I  found  that  the  cause  of 
this  was  due  to  the  bad  fitting  or  "backlash"  in  a  lever 
which  my  students  had  been  in  the  habit  of  using  with  ordi- 
nary indicators  on  the  same  engine.  With  an  ordinary  in- 
dicator there  was  no  possibility  of  observing  from  the  diagram 
that  such  a  fault  existed,  and  was  })robably  greatly  accen- 
tuated by  the  use  of  a  cord  instead  of  our  rod  ;  here  it  was 
very  evident.  Indeed,  although  only  to  a  small  extent,  it 
will  be  observed  in  the  photographs  that  there  are  regular 
changes  of  intensity  of  light  in  every  diagram,  and  that  this 
vibnition  of  the  piston-motion  mechanism  has  not  been 
altogether  done  away  with  even  in  our  more  carefully  fitted 
stitf  rods. 

Added,  June  bill,  18'J1. 

In  the  discussion  which  followed  the  reading  of  the  paper 
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it  vviis  suggested  hj  Mr.  Swinbiirne  that  the  most  useful 
function,  of  such  an  indicator  would  be  to  continually  show 
the  diagram  on  a  screen  in  an  engine-room,  so  that  at  every 
instant  the  engineer  would  not  only  know  the  pressure  of 
steam  in  his  boiler,  but  also  the  pressure  at  every  instant  in 
the  cylinder. 

I  <-|uite  forgot  to  put  this  in  my  paper,  although  its  im- 
portance was  not  unknown  to  me.  1  am  now  attaching  an 
indicator  to  each  end  of  the  cylinder  of  my  driving-engine 
at  Finsbury.  These  will  receive  their  miniature  piston-motion 
from  one  rod.  One  gas-jet  will  throw  from  the  two  mirrors 
two  diagrams  upon  a  screen  some  seven  feet  away  from  the 
mirrors,  and  these  diagrams  will  be  visible  from  nearly  every 
part  of  the  engine-room  at  all  times.  In  the  room  at  present 
there  are  not  only  very  visible  pressure-  and  vacuum-gauges 
and  a  speed-indicator  (not  a  counter),  but  also  a  dynamo- 
meter coupling,  which  shows  at  a  glance  the  actual  horse- 
power which  is  being  transmitted  along  a  shaft.  If,  instead 
of  tracing  the  diagram  with  a  pencil,  I  wore  to  trace  it  with 
the  point  of  a  planimeter,  the  reading  might  represent  the 
horse-power. 

It  is  unnecessary  to  describe  here  how  the  indicator  might 
be  fixed  to  the  valve-chest  or  receivers,  or  to  other  parts  of 
an  engine,  such  as  the  air-  and  force-pumps  ;  or  to  pumping- 
nuichinery  generally ;  or  to  engines  driven  by  fluids.  In 
fact  it  may  be  said  that  I  have  made  the  discovery  that  the 
beautiful  method  of  observation  of  vibration  of  M.  Lissajous 
has  hitherto  been  neglected  in  its  applicability  to  all  sorts  of 
practical  purposes.  Quite  a  number  of  other  applications  of 
the  reflected  beam  of  light  principle  suggest  themselves. 


XI.  On  the  Value  of  some  Mercury  Resistance  Standards. 
By  II.  T.  Glazebrook,  M.A.,  F.R.S.,  Fellow  of  Trinity 
College,  Cainhridge  *. 

IN  a  paper  read  before  the  Physical  Society  *  on  May  '2i\, 
1885,  I  described  the  results  of  a  comparison  between 
the  original  standards  of  the  British  Association  and  some 
copies  of  the  mercury  iniit  representing  Legal  Ohms  made 
by  M.  Benoit  in  Paris  and  sent  to  me  by  him.  Two  of  these 
copies  have  remained  in  my  possession  since  that  time  ;  the 
third,  at  M.   Benoit^s  request,  was  handed  to  Mr.   Preece. 

*  Communicated  by  tlie  Physical  Society  :  read  May  9,  1891. 
t  Glazebrook,   Phil    Mag.   October    1865  ;    Proc.    Physical   Society, 
vol.  vii. 


some  Mercury  Resistance  Standards.  71 

The  mercury  with  which  the  tubes  were  filled  in  1885  has  re- 
mained in  them  since  that  date.  Now  recent  observations  had 
seemed  to  indicate  that  a  small  change  had  taken  place  in  some 
of  the  platinum-silver  standards,  and  it  became  desirable  to 
compare  them  again  with  M.  Benoit's  tubes.  The  method 
was  the  same  as  that  of  my  former  paper.  The  tubes  im- 
mersed in  melting  ice  were  compared  with  the  B.A,  standards. 
The  tempei-ature  of  the  room  was  kept  very  low,  from  0°'5  to 
3°  C,  and  thus  the  errors  caused  by  the  conduction  of  heat  into 
the  tubes  through  the  copper  connecting  rods  were  avoided. 
The  connecting  pieces  used  to  connect  the  tubes  to  the  bridge 
differed  from  those  employed  in  1885,  being  a  modification 
of  the  platinum  cups  described  in  my  paper  "^  on  the  specific 
resistance  of  mercury.  A  hollow  platinum  cup,  about  3*5  cm. 
long  and  rather  more  than  1  cm.  in  diameter,  is  secured  firmly 
into  an  ebonite  tube  ;  the  outside  of  the  tubes  are  turned  to 
fit  the  ground  portion  of  the  glass  vessels  which  form  the  ends 
of  the  mercury  tubes,  thus  taking  the  place  of  the  stoppers 
which  usually  close  the  tube  ;  the  platinum  cups  dip  into  the 
mercury,  the  surface  of  contact  being  about  12  sq.  cm.  The 
cups  had  previously  been  platinized  ;  on  the  present  occasion 
they  were  merely  cleaned  with  nitric  acid  and  distilled  water. 
Stout  copper  rods,  well  amalgamated,  fit  tightly  into  the  inside 
of  the  cups  ;  the  other  ends  of  these  rods  are  in  contact  with 
the  bridge.  Thus  the  connexion  with  the  bridge  is  made 
through  the  rods  and  across  the  platinum  of  the  cups,  avoiding 
contact  between  the  mercury  and  copper. 

The  resistance  of  the  connexions  was  determined,  and  it  was 
shown  that  the  resistance  of  the  platinum  was  negligible. 
This  was  done  by  making  the  rod  and  cup  part  of  a  circuit, 
the  resistance  of  which  was  measured.  The  rod  was  then 
removed  from  the  cup,  and  the  latter  was  removed,  so  that  the 
part  of  the  copper  which  had  been  in  the  cup  was  now  in  direct 
contact  with  the  mercury  into  which  previously  the  cup  had 
dipped.  No  change  in  the  resistance  of  the  circuit  was  produced 
by  this.  To  secure  this  result  it  was  necessary  that  a  consider- 
able area  of  the  platinum  should  di|;)  into  the  mercury  ;  and 
this  condition  was  \w  the  experiments  always  carefully  at- 
tended to.  The  resistance  of  these  connecting-pieces  was  thus 
found  to  be  -00291  B.A.  unit. 

The  tubes  were  compared  both  with  the  B.A.  units  and  also 
with  the  Legal-Ohm  standards.  In  the  comparison  with  the 
B.A.  units,  a  large  amount — about  300  divisions,  or  "015  1>.A. 
ujiit — of  the  bridge-wire  was  used.    Since  the  resistance  of  the 

*  Phil.  Trims.  1888. 
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bridge-wire  is  known  at  15°,  this  required,  when  the  tempe- 
rature of  the  room  was  as  low  as  1°  or  2°,  correcting  for 
temperature  ;  but  as  the  whole  correction  amounted  to  less 
than  2  per  cent,  of  the  bridge-wire  used,  while  tliis  again  was 
only  1'5  per  cent,  of  the  resistance  measured,  no  very  accurate 
knowledge  of  the  temperature  of  the  w4re  was  needed.  In 
some  cases  a  coil  of  100  B.A.  units  was  put  in  multiple  arc 
with  the  mercury  tube;  and  the  resistance  of  the  combination, 
which  amounted  to  a  little  over  1  B.A.  unit,  was  compared 
with  the  wire  standard. 

The  results  of  the  comparisons  are  given  in  the  following 
Tables. 

Table  I.— Tube,  Benoit  No.  37. 


Date. 

Standard. 

T-T  .                                     Value  in 
Not^^-                              B.A.  unit.. 

Jan.  3 

„     5 

„     6 

,.    6 

,,    6 

„    7 

„    7 

„    7 

Flat. 
Flat. 
Flat. 

Flat. 
Flat. 
Flat. 
Flat. 
Flat. 

101111 
1-01103 
1-01108 

1-01099 
101101 
101109 
1-01109 
1-01106 

100  B.A.  units  in  multiple  arc  with 
tube. 

Mercury  drawn  through. 

Mercury  drawn  through. 
After  interval  of  1  hour. 

Mean  for  No.  37 I'OllOG  B.A.  units. 


Table  II.— Tube,  Benoit  No.  39. 

Date. 

Standard. 

Notes. 

Value  in 
B.A.  units. 

Jan.  3 

„    5 

„    5 

„    6 

„    6 

„    7 

„    7 

„    7 

„    8 

„     8 

„    8 

Flat. 
Flat. 
Flat. 

Flat. 

Flat. 
Flat. 
Flat. 
Flat. 
Flat. 
Flat. 
Flat. 

1-01053 
1-01058 
1-OlOGO 

1-01049 

1-01037 
101041 
1-01034 
101029 
101022 
1-01027 
101033 

100   B.A.    units    in    multiple   arc 
with  tube. 

Mercury  drawn  through. 

Mercury  drawn  through. 
After  interval  of  1  hour. 

Mercury  dr.vwu  through. 
After  interval  of  1  hour. 

Mean  of  last  seven  for  No.  39 1-01032. 

With  regard  to  the  observations  on  No.  37,  it  will  be  seen 
that  they  are  extremely  close,  the  greatest  diflPerence  between 
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any  two  is  '00012  B.A.  unit,  or  rather  more  than  1  m  10,000  ; 
and  no  appreciable  change  was  produced  by  passing  the  mer- 
cury through  the  tubes.  The  observations  on  No.  o9  are  not 
quite  so  close.  On  Jannary  6  a  distinct  change  was  caused 
by  passing  the  mercury  through  ;  after  that  date  the  results 
are  fairly  consisteiit,  and  no  further  alteration  was  observed  ; 
the  mean  of  the  values  found  after  this  date  may  be  taken  as 
the  resistance  of  the  tube  to  an  accuracy  of  about  1  in  10,000. 
The  two  results  therefore  are: — 

No.  37 1-01106  B.A.  units. 

No.  39 1-01032  B.A.  units. 

The  observations  in  1885  were  reduced  to  Legal  Ohms, 
using  the  value  for  the  resistance  of  mercury  in  terms  of  the 
B.A.  unit  adopted  by  the  B.A.  Committee  in  that  year,  and 
based  on  Lord  Ravleigh's  experiments.  According  to  this 
1  Legal  Ohm  =  1-0112  B.A.  units. 

If  we  take  these  values  we  have  as  the  resistances  in  Legal 
Ohms  the  following  : — 


Benoit. 

R.  T.  G.  1885. 

E.  T.  G.  1891. 

37   .... 

-..     1-00045 

•99990 

-9998() 

39    .... 

...       -99954 

•99917 

•99913 

Comparing  the  last  two  columns  we  see  that  the  tubes  have 
apparently  fallen  in  value  relative  to  the  standard  Flat  in  the 
b}y  years  by  -00004,  but  this  quantity  is  too  small  to  be  really 
certain  of.  The  results  of  the  experiments  therefore  prove 
within  this  limit  that  the  platinum-silver  coil  Flat  has  not 
altered  relative  to  the  mercury-tubes  in  this  interval.  The 
difference  between  the  values  found  by  Benoit  and  myself 
depends  on  the  value  used  for  the  resistance  of  mercury  in 
B.A.  units.  According  to  Lord  Rayleigh  *,  the  resistance  of 
a  cohnnn  of  mercury  100  cm.  long,  1  sq.  mm.  in  section,  at 
0°  C,  is  -95412  B.A.  unit,  and  this  is  the  value  which  has 
been  used  in  the  above.  The  value  found  by  Mr.  Fitz})atrick  t 
and  myself  for  this  resistance  was  '95352.  Practically  the 
same  number  has  been  obtained  by  Wuiileumeier  if,  Hutchin- 
son §,  and  >Salvioni  ||.     If  this  number  be  adopted,  then 

1  Legid  Ohm  =  10()X -95352  B.A.  unit. 
=  1-01073  B.A.  units. 

*  Phil.  Trans.  18S:',. 

t  I'liil.  Trans.  A.  1888. 

X  W'uilk'unieier,  Compfes  Jirndi/it,  ovi.,  1888. 

§  Ilutcliiuson,  .lohns  Hopkins  University  Circulars,  1800. 

II  .Salvioni,  liend.  delta  li,  Acad,  del  Lined,  vol.  v.  fuse.  7. 
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And  then  we  find  as  the  values  of  the  tubes  in  Legal  Ohms: 

Benoit.  E.  T.  G.  1891. 

37    1-00045  i-ooo;-}a 

39   •i»9<j54  -yyu^o 

and  these  numbers  show  an  extremely  close  agreement,  thus 
proving  that  the  resistance  of"  a  column  of  mercury  100  cm. 
in  length,  1  sq.  mm.  in  section,  as  given  in  this  indirect  way 
by  Benoit's  experiments,  is  very  close  to  the  value  "9535 
B.A.  unit. 

In  my  previous  paper  *'  are  given  some  values  for  the  change 
of  resistance  of  mercury  with  temperature.  On  January  3  1 
observed  the  resistances  of  the  tubes  Nos.  37  and  39  at  a 
temperature  of  12°*  9  C.     The  results  were  : — 

Kesistance  at  12°-9. 

37 1-02254 

39 1-02193 

From  these  we  get  as  the  values  of  the  coefficients  per  1°  C, 
•000875  and  '000870  respectively.  Thus  the  mean  coefficient 
between  0°  and  13°  is  -000872.  This  agrees  well  with  the 
values  found  in  1885,  the  mean  value  between  0°  and  10° 
being  -000861,  and  between  0°and  15°  -000879.  From  these 
we  have  as  the  value  between  0°  and  13°,  -000872. 

Benoit  t  and  Strecker  %  give  higher  values  than  the  above, 
Strecker's  value  between  0°  and  13°  being  -000906. 

In  the  paper  on  the  specific  resistance  of  mercury,  Phil. 
Trans.  A,  1888,  I  have  called  attention  to  some  of  the  conse- 
quences of  this  difference.  The  value  of  the  coefficient  be- 
tween 0°  and  10°  found  by  Mr.  Fitzpatrick  and  myself  in 
1888  was  -000876.  Kohlrausch  §  and  Strecker  ||  find  as  the 
values  for  the  resistance  of  mercury  in  B.A.  units,  '95338  and 
"95334  ;  these  are  less  than  the  value  found  by  Salvioni, 
Hutchinson,  Wuilleumeier,  and  myself,  and  the  difference  is, 
I  believe,  mainly  due  to  the  uncertainty  in  the  temperature 
coefficient.  They  both  worked  with  their  tubes  in  a  bath  at 
about  the  temperature  of  the  room,  and  reduced  their  results 
to  0°  by  the  use  of  Strecker's  coefficient.  The  mean  tem- 
perature adopted  by  Kohlrausch  was  10°,  he  puts 

rr   —        ^^0 

o~  1-00904' 

*  Phil.  Mag.  October  1885. 
t  Benoit,  Journal  tie  Pki/sique,  1884. 
X  Strecker,  Wied.  Annalen,  vol.  xxv.  p.  475. 

§  Kohlrausch,  Abhand.  der  K.  baijer.  Akad.  der  Wiss.  ii,  CI.  xvi. 
Bd.  iii.  Abt. 

II  Strecker,  Wied.  Annalen,  vol.  xxv.  p.  475. 
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o-(j  and  o-,o  being  the  resistances  at  0°  and  10°.     According  to 
my  own  results  in  1888  we  should  have 


"     1-00876 ' 

and  the  value  of  a^  would  be  increased  from  "95334  to  about 
•95360,  which  is  rather  greater  than  my  value.  The  value 
•000876  is  given  by  Benoit  for  the  mean  coefficient  between 
0°  and  10°. 


XII.    On  the  Mutual  Solubility  of  Salts  in  Water. 
By  J.  E.  Trevor  *. 

INTEREST  in  this  problem  has  been  again  aroused  by  a 
new  investigation  by  Dr.  W.  W.  J.  Nicol  f,  in  which  is 
presented  a  review  of  the  older  literature,  together  with  new 
solubility  determinations  and  a  series  of  interpolation  formula 
to  express  the  results.  Inasmuch  as  no  mention  is  made  of 
the  recent  investigations  which  have  shed  so  much  lisht 
upon  this  hitherto  dark  subject,  I  take  this  opportunity  to 
call  attention  to  the  solidly  grounded  explanations  which 
characterize  the  more  recent  progress  in  the  study  of  the 
complicated  phenomena  which  are  here  presented. 

That  the  addition  of  a  salt  to  the  saturated  solution  of 
another  sometimes  increases,  sometimes  diminishes  the  solu- 
bility of  the  latter,  has  been  long  known.  The  explanation  was 
first  given  in  1889  by  Nernst  |,  in  a  simple  application  of 
the  famous  Law  of  Mass  Action  §  to  the  conditions  of  electro- 
lytic dissociation  shown  by  Arrhenius  ||  to  exist  in  aqueous 
solutions  of  electrolytes,  to  which  class  of  bodies  the  inorganic 
salts  belong.  This  theory,  as  is  well  known,  indicates  the 
necessity  for  assuming  the  dissociation  of  a  certain  portion  of 
the  dissolved  electrolyte  into  its  ions,  and  is  intimately  con- 
n(^cted  with  the  van't  Hoff  theory  of  osmotic  pressure^,  which 
shows  th(!  entire  analogy  Ijetween  the  cojiditions  of  bodies  in 
gaseous  form  and  in  solution.  The  undissociated  dissolved 
molecules  and  the  dissociated  ions  produce  the  same  pressure 
effects  as  the  undissociated  and  dissociated  molecules  of  a 
gas.     Direct  application  of  the  laws  of  gases  explains  the 

*  Communicated  bv  the  Autlior. 
t  Phil.  Mag.  1891, ""xxxi.  p.  369. 
X  Nernst,  Zeitschrift  fiir  phys.  Cheinie,  iv.  p.  372. 
§  Theory  of  Guldbeig-  and  Waage. 
II   Arrhenius,  '/A'ifiichr.fiir  phys.  Chein.  i.  p.  631. 
%,   Van't  llutl',  Zeitschr.fdr  phy$,  Ckem.  i.  p.  481. 


76  Mr.  J.  E.  Trevor  on  the  Mutual 

pliciiomonii  of  solution.  If  to  a  saturated  volume  of  a  partially 
tlis.sociated  gas  be  added  one  of  its  gaseous  dissociation  pro- 
ducts, as  for  example  NHg  to  dissociated  NH4CI  vapour,  the 
partial  pressures  of  this  constituent  are  added  together  and 
the  dissociation  is  decreased,  solid  annnonium  chloride  is  pre- 
ci|)itate(l.  An  inditF(;rent  gas,  as  nitrogen,  produces  no  such 
eflect.  In  the  same  way,  if  one  of  the  dissociated  ions  be  added 
to  the  saturated  solution  of  a  dissociated  salt,  the  dissociation 
will  decrease  and  solid  salt  will  be  precipitated.  For  example, 
in  Dr.  NicoFs  experiment  with  the  chlorides  :  in  KCl  solution 
a  considerable  proportion  of  the  salt  molecules  are  dissociated 
into  K  and  CI  ions.  CI  ions  alone  cannot  be  added  to  the 
solution  ;  addition  of  NaCl,  however,  adds  CI  ions,  together 
with  an  equivalent  amount  of  Na  ions,  which  latter  act  in- 
differently, just  as  the  nitrogen  in  the  case  of  dissociated 
ammonium  chloi'ide.  The  partial  (osmotic)  pressure  of  these 
CI  ions  is  added  to  that  of  those  already  present  and  solid 
salt  is  {)recipitatecl,  the  solubility  of  the  KCl  is  decreased. 

This  consideration  applies  generally  to  cases  of  the  mutual 
influence  of  dissociated  bodies  with  a  common  ion  upon  the 
solubilities  of  one  another,  inclndino-  Dr.  Nicol's  "  Fresh  field 
of  investicration  in  determinino-  the  solubilities  of  one  salt 
in  solutions  of  various  degrees  of  concentration  of  another. 
The  requirements  of  the  theory  have  been  shown  by  Nernst  * 
ami  Noyes  t  to  hold  quantitatively  in  cases  of  rather  slightly 
soluble  substances,  as,  for  example,  a  Brom-iso-cinnamic  acid 
with  oxanilic  acid,  AgBrOs  with  AgNO?  and  KBrOs,  and 
many  more.  In  the  cases  of  very  soluble  salts,  where  the 
osmotic  pressure  is  measured  by  hundreds  of  atmospheres, 
the  question  becomes  far  more  complicated,  owing  to  the 
serious  variations  from  the  simple  laws  of  gases,  which  are 
manifested  at  such  high  pressures  in  solutions  as  well  as  in 
gases  proper.  For  this  reason  it  is  impossible  to  calculate 
quantitcitively  the  results  in  the  cases  which  Dr.  Kicol  has 
given,  yet  without  the  simple  explanation  which  the  above- 
mentioned  recent  researches  have  made  clear,  the  phenomena 
would  be  entirely  unintelligible,  for  in  the  case  of  any  pair 
of  salts  it  could  not  be  foreseen  whether  an  increase  or  de- 
crease of  mutual  solubility  would  take  place.  A  continuation 
of  this  line  cf  work  has  brought  a  simple  explanation  of  those 
anomalous  cases  where  the  solubility  of  an  electrolyte  is  in- 
creased by  the  addition  of  a  dissociated  body  with  a  common 
ion.     A  striking  example  is  the  strong  increase  in  the  solu- 

*  Nernst,  Zvitschr.furphys.  Chem.  iv.  p.  372. 
t  Noyes,  Zeitschr.f'urphys.  Chem.  vi.  p.  241. 
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bility  of  mercuric  chloride  (HgClg)  caused  by  the  addition  of 
hydrochloric  acid  (with  the  common  CI  ion)  to  the  solntion. 
For  this  and  a  number  of  allied  cases  the  explanation  has 
been  shown  bv  Le  Blanc  and  Noyes"^  to  lie  in  the  combina- 
tion of  HgCls  and  HCl  to  form  double  molecules,  a  different 
substance  with  a  different  solubility.  The  determiuations 
were  made  by  observation  of  the  freezing-points  of  the 
solutions,  the  lowering  of  the  freezing-point  being,  as  has 
been  shown  by  Raoult  and  others  f,  «i  function  of  the  number 
of  molecules  (or  free  ions)  in  the  solution. 

Further  work  in  this  same  direction  %  has  applied,  with 
qtiantitative  results,  the  Law  of  Mass  Action  to  cases  of  the 
mutual  influence  of  the  solubilities  of  pairs  of  salts  which  do 
not  possess  a  common  ion.  This  work  is  of  extraordinary 
interest,  since  without  the  above  indicated  theoretical  explana- 
tion the  observed  phenomena  Avould  seem  entirely  without 
meaning,  the  results  could  not  in  any  way  be  foreseen.  The 
])OssibiIity  of  quantitative  experiment  is  in  this  entire  field 
limited  only  by  such  concentrations  which  jtroduce  an  osmotic 
pressure  in  the  solution  not  so  great  that  the  laws  of  gases  no 
longer  hold. 

That  these  results  already  obtained  agree  over  such  a  range 
as  that  including  inorganic  salts  and  organic  acids  is  strong 
evidence  for  the  soundness  of  the  assumptions  upon  which  the 
work  is  based,  more  especially  so  since,  so  far  as  my  informa- 
tion goes,  no  other  explanation  whatever  has  been  able  to 
account  for  the  facts. 

It  will  be  of  interest  to  state  that  the  above  developed  con- 
siderations ex|)lain  the  action  of  a  method  used  by  Dr.  Nicol 
in  purifying  the  chlorides  and  nitrates  used  by  him,  that  of 
precipitating  the  former  by  hydrochloric  acid  and  the  latter 
by  nitric  acid.  In  this  case  the  common  ion  CI  or  NO3  added 
decreases,  in  the  way  explained,  the  solubility  of  the  salt, 
which  is  consequently  preci})itated.  In  the  same  way,  to 
increase  the  insolubility  of  a  precipitate  a  little  sulphuric  acid 
is  by  analysts  added  to  the  wash-water  in  washing  out  lead 
sul})hate,  or,  in  general,  an  addition  of  some  of  the  precipitating 
reagent  to  increase  the  insolubility  of  a  precipitate. 

As  bearing  upon  this  question  1  take  the  op])ortunity  to 
commimicatc  some  results  recently  obtained  by  me  §  in  a  case 
of  mutual  solubility  where  the  formation  of  a  double  salt  is 

*  I.e  Blanc  and  Noyes,  Zcitschr.fiir  phys.  Chem.  vi.  p.  38o. 
t  liiiDult,  Ann.  clam.  phys.  [G]  ii.  p.  6(3;  also  Arrlieuius,  Zeitschr.fiir 
phys.  Chem.  i.  p.  G47. 

\  Noyi'S,  /jcitschr.fiir  phys.  Chcin.  vi.  p.  2(52. 
§  Trevor,  Zeitschr.fiir  phys.  Chcm.  vii.  p.  4(58. 
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possible.  The  salts  chosen  were  the  sul])hates  of  potassium 
and  copper,  from  whose  common  solution  the  well-known 
doulile  salt  KoCu(S04)2.GH20  is  easily  obtained.  That  the 
components  were  not,  at  least  to  an  appnjciable  extent,  com- 
bined to  double  molecules  in  the  concentrated  solution  of 
the  double  salt,  was  shown  by  the  possibility  of  separating 
them  by  diffusion  ;  and  the  interesting  fact  was  further 
brought  out,  that  a  saturated  solution  of  the  two  salts  together 
was  possible,  in  which  both  were  present  in  the  approximate 
ratio  of  their  separate  solubilities;  this  condition  of  solution 
was,  however,  rendered  unstable  by  the  tendency  of  the  more 
insoluble  double  salt  to  crystallize  out.  This  result  had  been 
already  foreseen  and  theoretically  explained  by  Ostwald  *. 
It  was  further  shown  that  either  salt,  added  in  solid  form, 
will  not  drive  the  other  entirely  out  of  its  saturated  solution, 
as  had  been  maintained  by  Riidorff,  but  that  in  each  case  a 
definite  state  of  equilibrium  occurs  where  the  solution  is  not 
changed  by  further  additions.  These  equilibria  are  the  same 
whether  the  salts  be  added  each  to  the  saturated  solution  of 
the  other,  or  directly  to  that  of  the  double  salt. 

By  such  investigations  as  the  one  just  quoted,  by  means  of 
diffusion,  and  more  particularly  by  the  method  of  determina- 
tion of  the  lowering  of  the  freezing-point  of  solutions,  made 
use  of  by  Le  Blanc  and  Noyes,  are  the  answei-s  brought  to  the 
objection  of  Dr.  Nicol  that  we  cannot  tell  whether  the  double 
molecules  be  formed  in  the  solution  or  only  at  the  moment 
of  separation  of  the  solid  salt. 

To  answer  this  objection  it  is  not  even  necessary  to  assume 
the  electrolytic  dissociation;  the  simple  fact  shown  by  Riidorff, 
whose  work  Dr.  Nicol  quotes,  that  from  saturated  double  salt- 
solutions  the  constituent  salts  may  be  separated  by  diffusion, 
demonstrates  that  the  double  molecules  cannot  to  an  appreci- 
able extent  be  present. 

The  main  question,  however,  that  of  reciprocal  solubilities, 
has,  as  1  have  endeavoured  to  point  out,  already  been  answered. 
The  extension  of  the  theory  quantitatively  to  concentrated 
solutions  of  very  soluble  salts  is  seriously  complicated  by  the 
variations  from  the  simple  laws  of  gases  which  occur  with 
the  high  osmotic  pressures  there  found,  and  this  extension 
must  come  from  a  study  of  these  variations  and  not  from 
the  building  up  of  interpolation  formulae  to  represent  solu- 
bilities. 

Uuiveisity  Laboratory  of  Pliysical  Chemistry, 
Leipsic,  Germany,  May  1891. 

*  Ostwald,  Allyemeine  Chemie,  2  Auf.  vol.  i.  pp.  1076-1078. 
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XIII.  An  Apparatus  for  Measuring  the  CompressiUUty  of 
Liquids.  By  S.  Skinner,  M.A.,  Demonstrator  at  the 
Cavendish  Lahoratory,  Cambridge^. 

THE  special  features  of  the  apparatus  are  (a)  its  very  large 
bulb,  {h)  an  arrangement  to  facilitate  the  filling  and 
emptying  processes.  The  volume  of  the  globe  is  1300  cubic 
centimetres,  so  that  a  small  alteration  of  pres>ure,  such  as 
half  an  atmosphere,  produces  a  considerable  movement  of  the 
index  in  the  capillary  tube  of  which  the  capacity  per  cm. 
is  "003  cubic  centim.  To  facilitate  the  introduction  of  liquids 
a  second  tube,  closed  by  a  stop-cock,  is  sealed  in  at  the  lower 


portion  of  the  globe,  and  this  is  connected  by  a  rubber-tube 
with  a  side  reservoir.  If  a  liquid  be  poured  in  the  reservoir 
and  the  stop-cock  be  opened,  the  liquid  will  flow  into  the 
globe.  The  apparatus  is  supported  on  a  base-board  through 
which  the  tube  carrying  the  stop-cock  passes.  A  bell-jar 
stands  on  the  base-board  and  is  in  connexion  with  a  condensing 
air-pumj)  and  a  mercurial  pressure-gauge. 

The  behaviour  of  the  apparatus  has  been  tested  by  using  it 
for  a  determination  of  the  compressibility  of  water,  with  the 
followiuir  results  : — 


Found. 

At  5°-45C -0000510 

9°--4 -0000501 

12°-4 •0000185 

lG°-2 ■ -0000180 


Calculated  from  Tail's 
Extrapolation  Formula. 

•0000502 

-0000188 

•0000479 

•00001G8 


*  Cduimmiii-atcd  by  tho  I'liyeical  Society  :  read  May  9,  1891. 
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The  a])paratus  has  been  applied  to  the  comparison  of  the 
compiX'S.sihiHty  of  solutions  with  that  of  the  solvents,  and  the 
results  exhibit  the  same  general  relations  as  with  other 
properties  of  solutions.  The  solutions  divide  themselves  into 
two  classes,  which  may  bo  broadly  termed  electrolytic  and 
non-electrolytic.  In  the  first  there  is  a  very  considerable 
decrease  in  compressibihty,  as  much  as  8  per  cent,  with  a 
3-per-cent.  sokition  of  NaCl ;  whilst  in  the  second  there  is 
but  a  slight  diminution,  quite  beyond  the  limits  of  accuracy 
of  the  a[)paratus.  For  instance,  a  5-per-cent.  solution  of 
naphihalene  has  a  diminution  of  under  1  per  cent. 

A  strict  interpretation  of  the  theory  of  osmotic  pressure  in 
solutions  has  been  made  by  Prof.  J.  0.  Thomson,  in  his 
"  Applications  of  Dynamics  to  Physics  and  Chemistry,"  §  97, 
where  he  finds  that  1  gram-equivalent  per  litre  would  decrease 
the  compressibility  by  1  ])art  in  a  thousand.  Non-electrolytes 
in  dilute  solution  appear  to  follow  this  law ;  this  is  in  agree- 
ment with  their  other  properties,  such  as  alteration  in  boiling- 
or  freezing-points. 

The  diagram  will  serve  to  explain  the  general  arrangement 
of  the  ap})aratus. 


XIV.    The  Influence  the  Size  of  the  Reflector  e.wrts  in 
^^ Hertz's  E.vjjeriment."     By  Feed.  T.  Tkouton*. 

OWING  to  the  requirements  of  certain  refraction  experi- 
ments in  which  I  was  engaged,  it  became  necessary  to 
investigate  more  fully  than  had  been  previously  donef  the 
influence  the  size  of  the  reflector  has  in  determining  the 
position  of  the  nodes  in  Hertz's  now  well-known  electro- 
magnetic interference  experiment. 

Radiation  of  a  suitable  period  was  produced  by  Hertz  for 
this  experiment,  as  is  well  known,  by  taking  advantage  of  the 
alternating  character  of  the  discharge  of  an  electric  condenser. 
For  this  purpose  two  similar  conductors,  generally  speaking 
two  brass  cylinders,  are  placed  together  end  to  end  with  a 
spark-gap  between  them,  and  are  charged  by  an  induction- 
coil,  with  the  poles  of  which  they  are  connected.  The  rapidly 
alternating  current  wdiich  occurs  between  them  at  each  dis- 
charge originates  electromagnetic  waves  which  spread  out 
into  space.  In  these  waves  the  electric  component  is  parallel 
to  the  common  axis  of  the  cylinders,  while  the  magnetic  com- 
ponent lies  at  right  angles. 

*  Communicated  bv  the  Author. 
t  '  Nature,'  Aug.  22nd,  1889. 
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We  can  now  detect  these  waves  in  a  variety  of  ways. 
Hertz  employed  in  his  interference  experiments  a  simple 
circle  of  wire  interrupted  at  one  place  by  a  short  gap,  the 
wire  being  of  such  a  length  that  the  period  of  electric  oscil- 
lations from  end  to  end  on  it  is  the  same  as  that  of  the  radia- 
tion with  which  it  is  to  be  used,  so  that  the  currents  induced 
in  the  wire  by  a  series  of  waves  are  synchronously  reinforced 
until  the  ends,  always  oppositely  charged,  overflow,  and  a 
spark  occurs. 

By  means  of  perpendicular  reflexion  from  a  metallic  sheet 
a  beam  of  the  same  period  travelling  in  the  opposite  direction 
is  obtained  which  will  interfere  with  the  direct  one,  and  a 
series  of  loops  and  nodes  result,  just  as  in  an  organ-pipe. 
The  position  of  these  nodes  Hertz  detected  by  the  use  of  the 
resonating  receiver,  the  nodes  and  loops  being  distinguished 
by  the  variation  in  the  intensity  of  the  sparking  across  the 
gap  as  the  distance  of  the  resonator  from  the  reflector  was 
changed.  The  magnetic  and  electric  forces  in  these  stationary 
waves  are  everywhere  complementary,  that  is,  where  one  is 
a  maximum  the  other  is  a  minimum.  The  first  magnetic 
node  or  place  of  minimum  intensity  of  that  force  is  situated 
at  one  quarter  the  wave-length  from  the  reflecting  sheet, 
and  so  on  for  the  others,  in  the  usual  sequence  of  loops  and 
nodes. 

Some  time  since  I  observed  that  the  distance  of  the  nodes 
from  the  reflector  was  influenced  by  its  size,  and  a  short 
account  was  given  in  a  paper  in  '  Nature,""  vol.  xl.  p.  399,  but 
until  the  present  no  determinations  were  described  systema- 
tically made  with  various  sized  reflectors. 

When  a  number  of  square  sheets  of  various  sizes  were  tried 
as  reflectors,  it  was  found  that  as  the  sheet  became  smaller 
the  distance  of  the  node  from  the  sheet  became  greater. 
The  increase  seemed  to  tend  towards  becoming  one  eighth  of 
the  wave-length  as  the  size  of  the  reflector  diminished,  but 
with  small  sheets  the  intensity  of  the  reflexion  is  very  slight, 
and  so  it  soon  becomes  impossible  to  make  any  satisfactory 
determination. 

Perhaps  the  most  noticeable  thing  in  connexion  with  re- 
flexion from  sheets  of  limited  size  is  the  great  difference  in 
the  effect,  where  the  sheet  is  rectangular  in  shape,  according 
as  its  long  dimension  is  parallel  to  the  direction  of  the  mag- 
netic or  electric  component  of  the  incident  wave.  This  un- 
doubtedly is  connected  with  the  accunualation  of  charge  on 
its  edges,  according  as  they  lie  in  the  direction  suitable  for  it 
or  not.  A  long  narrow  strip  (say  anywhere  between  one 
quarter  and  one  half  the  wave-length  in  width)  held  with  its 

Phil  Macj.  S.  5.  Vol.  32.  No.  194.  July  1891.  G 
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length  parallel  to  the  magnetic  direction,  has  the  node  nearly 
as  far  out  as  it  it  were  a  square.  But  with  the  same  strip 
held  at  right  angles,  parallel  to  the  electric  direction,  the  node 
is  practically  at  one  quarter  the  wave-length,  just  as  it  would 
be  for  an  infinite  sheet. 

It  was  thought  desirable,  in  making  the  experiments,  to 
use  long  strips  for  reflectors,  as  being  a  somewhat  simpler 
case  than  square  plates.  In  the  present  determinations  the 
})Osition  of  the  node  was  found  for  a  number  of  long  strips  of 
regularly  increasing  widths,  first,  when  the  long  dimension 
of  the  reflector  was  held  in  the  direction  of  the  magnetic 
component,  in  which  case  the  great  shifting  outwards  of  the 
node  occurs ;  and,  secondly,  when  held  at  right  angles,  or  in 
the  electric  direction,  in  which  case  there  is  generally  little 
or  no  effect  to  be  found. 

Nothing  further  as  to  the  character  of  the  effect  than  had 
been  previously  observed  was  noticeable  in  the  first  case ;  but 
in  the  second  case,  that  is  where  the  length  of  the  strip  is 
held  in  the  electric  direction,  a  distinct  peculiarity  was  found 
when  the  strip  was  very  narrow.  It  may  be  remarked  that 
good  reflexion  can  be  obtained  from  strips  in  the  second  case 
quite  too  narrow  to  aftbrd  reflexion  when  held  at  right  angles 
in  the  magnetic  direction  as  in  the  first  set.  And  it  is  with 
these  very  narrow  strips  that  the  peculiarity  is  noticed.  The 
node,  which  until  the  strip  is  very  narrow  is  practically  un- 
affected by  the  width  of  the  strip,  is  now  situated  )tearei-  the 
reflector  than  one  quarter  the  wave-length.  This  has  con- 
siderable interest  attached  to  it  because  it  was  really  observed 
by  Hertz  in  his  original  experiments,  though  he  attributed  it 
accidentally  to  quite  another  cause. 

The  vibrator  or  source  of  radiation  employed  in  the  follow- 
ing experiments  consisted  of  two  brass  cylinders  with  rounded 
gilt  ends  (about  13  cm.  long  and  3  cm.  in  diameter),  placed  near 
each  other  in  the  focal  line  of  a  cylindrical  parabolic  mirror 
so  as  to  give  a  parallel  beam.  It  afforded  radiation  containing 
waves  of  a  variety  of  periods'^,  but  that  selected  by  the  "  re- 
sonator "  employed  had  a  wave-length  of  6S  cm.  The  reso- 
nator, which  was  of  the  circular  type,  was  placed  in  the  centre 
of  the  beam  at  about  2  m.  from  the  vibrator,  in  front  of  the 
metallic  sheet  used  as  reflector.  It  was  always  held  so  as  to 
receive  the  magnetic  component  only,  that  is  in  the  plane 
containing  the  axis  of  the  vibrator,  and  with  the  diameter  of 
the  circle  through  the  spark-gap  parallel  to  this  axis  ;  in  this 
position,  only  the  magnetic  lines  of  force  can  take  ett'ect. 
Thus  throughout  the  following  the  magnetic  force  alone  is 
*  '  Mature/  vol.  .vli.  p.  2[)o. 
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dealt  with,  and   so,  in  speaking  of  the   nodes,  the   places  of 
minimum  magnetic  force  alone  are  meant. 

Care  was  taken,  when  determining  the  wave-length,  to 
have  as  reflector  a  sheet  sufficiently  large  so  that  no  increase 
in  size  could  produce  any  change  in  the  distance  of  the  nodes 
from  it.  When  this  is  the  case,  it  may  be  considered  infinite 
in  extent.  The  large  sheet  was  then  replaced  in  turn  by 
smaller  sheets,  and  the  position  of  the  node  in  each  case 
observed.  The  experiments,  as  mentioned  before,  divide 
themselves  into  two  parts.  First,  where  an  infinite  reflector 
is,  so  to  speak,  gradually  shortened  in  the  direction  of  the 
electric  component  of  the  wave,  but  remains  unaltered  at 
right  angles,  whilst  the  accompanying  change,  if  any,  in  the 
position  of  the  node  is  observed ;  and,  second,  when  the 
shortening  takes  place  in  the  direction  of  the  magnetic  com- 
ponent. 

The  general  results  of  the  first  set  of  experiments  are  seen 
at  a  glance  by  means  of  fig.  1.  The  abscissae  here  represent 
the  length  of  the  reflector  in  the  direction  of  the  electric 
component,  while  the  ordinates  represent  on  the  same  scale 
corresponding  to  each  sized  reflector  the  distance  of  the  re- 
sonator from  the  reflector  when  })laced  in  the  first  position  of 
minimum  sjjarking.  The  length  of  the  reflector  in  the  direc- 
tion of  the  magnetic  component  was  90  cm.,  as  that  was  found 
to  be  amply  surticient,  i.  e.  increase  was  found  to  produce  no 
effect.  The  resonator  was  held  in  front  of  the  centre  of  the 
reflector. 

Fij?.  1. 


It  will  Ije  seen  from  the  curve  that  when  the  ivflector  is 
less  than  a  wave-len<>th  the  node  begins  to  l)e  shifteil  sensibK' 
outwards  from  the  true  quarter  wave-length  position,  so  that 
to  avoid  these  diffraction-effects  mirrors  should  be  at  least  a 
wave-length  in  the  electric  direction. 

G2 


84 


Mr.  F.  T.  Trouton  on  the  Influence  of 


The  following  table  served  for  plotting  the  curve.  In  the 
first  column  are  the  dimensions  of  the  reflector  in  the  direc- 
tion of  the  electric  component.  Six  determinations  were 
made  of  the  position  of  the  node  wath  each  sized  reflector. 
The  mean  of  these  is  given  in  the  last  column.  The  reading 
taken  was  in  each  case  the  nearest  quarter  centimetre,  the 
nature  of  the  observations  making  further  exactitude  un- 
necessary. The  effect  from  a  12  cm.  reflector  was  too  weak 
to  admit  of  an  observation. 

Table  1. 
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The  effect  produced  in  the  reflected  wave  by  shortening 
the  reflector  in  the  direction  of  the  electric  component  can 
be  considered  equivalent  to  an  acceleration  or  change  of 
phase  on  reflexion.  This  equivalent  change  of  phase  is  at 
least  double  that  correspontling  to  the  distance  the  node  is 
shifted,  because  of  the  double  journey  back  and  forwards 
which  the  reflected  wave  has  to  make.  But  the  complete 
change  in  phase  must  be  really  greater  than  this,  for  it  is  to 
be  remarked  that  the  node  observed  in  these  experiments  is 
peculiar,  and  differs  from  that  ordinaril}^  considered  where 
two  non-divergent  beams  travelling  in  opposite  directions 
interfere.  The  beam  reflected  from  a  small  reflector  is  di- 
vergent, and  consequently  diminishes  rapidly  in  intensity  on 
proceeding  outwards.  This  causes  the  node  or  minimum 
sparking-position  to  be  a  little  nearer  the  reflector  than  the 
true  position  of  opposite  phase.  The  intensity  of  the  reflected 
vibration  at  this  point,  before  it  can  be  subtracted  from  the 
incident  one,  has  no  doubt  to  be  diminished  in  proportion  to 
the  cosine  of  the  difference  in  phase  between  them ;  but  this 
is  more  than  made  up  for  by  the  increase  in  intensity  due  to 
its  nearer  position,  so  that  the  approximation  towards  com- 
plete interference  is  better  here  than  at  the  true  phasial 
j)osition.  That  the  interference,  then,  is  comparatively  slight 
is  seen  by  the  fact  that  with  the  smaller  sized  reflectors  it  is 
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always  easy,  by  diminishing  the  sparking-gap,  to  obtain  spark- 
ing in  the  minimum  position ;  this  is  not  possible  when  large 
sheets  are  employed  as  reflectors. 

Without  being  able  to  calculate  in  the  case  of  a  given  sized 
reflector  what  the  amount  of  the  equivalent  acceleration  in 
phase  should  be,  it  can  be  seen  that  there  should  be  a  difference 
in  phase  between  the  current  induced  in  the  reflector  and  the 
incident  wave  when  the  reflector  is  short  in  the  electric  direc- 
tion. For  the  edges  afford  a  capacity  and  become  charged 
each  vibration,  the  charges  opposing  the  inducing  electro- 
motive force,  so  that  the  effective  electromotive  force  will 
reach  its  zero  value  sooner  than  when  there  are  no  edtjes  for 
the  accumulation  of  charge. 

The  problem  of  finding  the  reflexion  from  a  reflector  of  limited 
size  presents  considerable  difficulties.  An  approximation,  how- 
ever, has  been  obtained  by  the  author*  by  taking  advantage 
of  Hertz's  solution  in  the  case  of  his  "  vibrator.^'  The  short 
reflector  is  assumed  equivalent  to  another  vibrator,  and  Hertz's 
equations  of  the  wave  are  found  for  it,  by  making  the  total 
magnetic  force  due  to  both  primary  and  secondary  vibrator 
behind  the  sheet  zero.  This  necessitates  assuming  that  the 
reflexion  comes  from  the  central  part  only.  This  condition 
renders  it  very  limited  in  its  application ;  nevertheless  calcu- 
lation made  by  it  of  the  position  of  the  node  shows  it  dis- 
placed at  all  events  in  the  right  direction,  and  to  an  extent 
comparable  with  obsei'vation.  This  method  leads  naturally 
to  looking  at  the  cause  of  the  displacement,  from  the  point  of 
view  of  an  increased  velocity  of  the  wave  in  the  neighbour- 
hood of  the  reflector,  for  so  it  appears  in  Hertz's  theorv  of 
his  "  vibrator." 
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In  the  second  set  of  experiments  the  narrowing  of  the  re- 
flector is  in  the  magnetic  direction.  It  will  be  seen  from  the 
curve,  fig.  2,  i)lotted  from  the  results,  that  the  large  outward 
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displacement  of  the  node  or  minimum  sparking-position  is 
absent  in  this  case. 

On  reaching  comparatively  small  dimensions  the  inward 
shifting  of  the  node  takes  place.  This  is  probal^ly  best  attri- 
buted not  to  a  change  in  phase  on  reflexion  or  diminution  in 
velocity  in  transit,  but  to  the  fact  that  the  beam  is  rapidly 
diminishing  in  intensity  on  passing  outward  from  the  re- 
flector, and,  as  mentioned  before,  the  minimum  spai*king-posi- 
tion  is  a  compromise  between  the  phase  and  the  intensity. 

It  might  be  thought  that  this  action  would  never  displace 
the  node  by  a  sensible  amount,  but  the  following  consideration 
shows  this  not  to  be  so.     Lot 

^^=sin27r(^  +  0 

where  x  is  distance  measured  from  the  reflector,  represent 
the  incident  wave :  and  let  us  make  some  assumption  as  to 
the  rate  the  intensity  of  the  reflected  disturbance  diminishes 
as  the  distance  increases.  Of  several  tried,  that  which  ha])- 
])ened  to  give  results  most  nearly  in  agreement  with  the  ob- 
servations assumed  the  amplitude  to  diminish  as  the  square 
of  the  distance  from  a  point  situated  behind  the  reflector  at  a 
distance  equal  to  its  width.  In  this  case,  calling  the  width  />, 
we  have  as  the  reflected  wave 

On  addition  the  stationary  wave  is  determined  by 
y,  +  ?/2  =  Asin27r(^_^  +  </)j, 

A^=l+(^V  +  2f,-^ycos47r4\ 

IJifferentiating  and  equating  to  zero  as  being  the  condition  for 
a  minimum,  we  find  the  position  of  the  nod<^  to  be  given  by 

(  -— ^  Y  +  (h  +  cc)  ~'^  sin  4:77-  +  cos  47r  ^  =  0. 
\/'  +  .r/  \  A,  A, 

When  b,  the  width  of  the  reflecting  sheet,  is  taken  as  4  cm,, 
this  equation  requires  .v  to  have  the  value  of  about  14-3. 
That  means  a  shifting  inwards  of  the  node  by  2*7  cm.,  which 
is  a  little  more  than  is  required  to  correspond  with  observa- 
tion, the  nodal  position  given  in  Table  II.  for  a  4  cm.  sheet 
being  at  14*6  cm,  from  the  reflector. 


where 
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If  the  amplitude  of  the  reflected  beam  be  taken  simply  as 
-y—-- ,  instead  of  its  square,  a  somewhat  more  natural  assump- 
tion, the  value  found  for  x  is  about  15*8 — which  is  a  shifting- 
inwards  considerable  in  deficit.  It  is  thus  evident  that,  a})art 
from  other  considerations,  a  rapid  falling-oflF  in  the  intensit}' 
of  the  reflected  disturbance  is  quite  competent  to  effect  an 
appreciable  inward  displacement  of  the  node.  However,  it 
must  be  remembered  that  in  cases  like  the  present,  where  the 
intensity  of  one  component  changes  rapidly  w  ith  the  distance, 
the  minimum  sparkiug-position  must  only  lie  considered  as  a 
kind  o{ pseudonode,  not  a  true  phasial  one. 

Taking  a  long  shaped  strip  of  zinc  about  20  cm.  wide,  the 
experiment  alluded  to  above,  one  somewhat  analogous  to 
Stokes^s  '  Experimentum  Crucis,'  is  easily  made.  The  posi- 
tion of  the  node  when  the  strip  is  stretched  in  the  electric 
direction,  that  is  with  its  small  dimension  in  the  magnetic, 
will  be  found  to  be  distant  about  one  quarter  the  wave- 
length, much  the  same  as  with  an  infinite  sheet :  but  on 
rotating  the  strip  through  90°  into  the  magnetic  direction 
the  node  will  be  disjilaced  outward,  showing  clearly  the 
dependency  of  the  effect  on  the  two  directions. 

In  Table  II.  are  given  the  results  of  the  experiments 
from  which  the  second  curve  was  plotted.  In  the  first  column 
are  the  dimensions  of  the  reflector  in  the  direction  of  the 
magnetic  component.  The  mean  of  the  four  determinations 
with  each  sized  reflector  is  given  in  the  last  column. 
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It  will  be  seen  that  it  was  possible  to  obtain  determinations 
with  much  narrower  reflectors  in  the  ])resent  experiments 
than  was  ])reviously  found  ]K)ssible  when  dealing  with  the 
strips  held  so  as  to  be  short  in  the  electric  direction.  Thus  a 
given  sized  strip  evidently  must  reflect  less  strongly  when 
held  so  that  its  longest  edge  is  the  one  which  becomes  charged 
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each  oscillation,  that  is  to  say,  with  this  edge  at  right  angles 
to  the  electric  component.  And,  indeed,  this  is  as  we  should 
expect,  since  on  comparison  we  see  that  in  this  case  there  is 
less  area  which  can  act  effectively  as  a  source  of  reflexion 
through  the  passage  on  it  of  current  each  oscillation.  For 
all  the  electricity  of  course  does  not  go  to  the  very  edge,  but 
there  is  gradual  accumulation  of  charge  over  the  surface  ap- 
proaching the  edge,  increasing  no  doubt  up  to  it.  Conse- 
quently the  current  diminishes  in  intensity  towards  the  edges, 
and  thus  it  is  only  those  parts  of  the  reflector  remote  from 
the  charged  edges  which  can  be  considered  completely  effec- 
tive in  producing  the  magnetic  component  of  the  reflected 
beam.  Each  centimetre  of  charged  edge,  so  to  speak,  reduces 
the  effective  area  of  a  reflector,  so  that  with  a  rectangular 
sheet  strongest  reflexion  is  obtained  when  the  edge  charged 
is  shortest. 

A  very  slight  increase  in  the  nodal  distance  is  seen  by  the 
table  to  occur  when  the  reflector  is  somewhat  less  than  half 
a  wave-length  wide ;  this  may  require  further  experiments  of 
a  more  sensitive  character  before  being  finally  accepted.  If 
it  be  the  case,  it  would  seem  as  if  there  were  really  an  accele- 
ration of  phase  on  reflexion  from  mirrors  small  in  the  mag- 
netic direction  also,  but  so  slight  as  to  be  almost  entirely 
masked  by  the  inward  tendency  due  to  divergency  in  the 
reflected  beam.  If  we  look  at  it  from  a  purely  optical  point 
of  view,  Fresnel's  theory  indeed  represents  a  linear  reflector 
as  having  an  acceleration  of  phase  of  ^tt  ;  however,  this  is 
omitting  all  considerations  of  direction  in  the  vibration ; 
but  we  have  seen  that  the  whole  phenomenon  requires  a 
treatment  introducing  a  difference  depending  upon  the  mag- 
netic and  electric  directions.  An  acceleration  of  |-  tt  might 
suit  very  well  in  the  magnetic  case,  but  it  is  certainly  insuf- 
ficient when  the  reflector  is  narrow  in  the  electric  direction, 
as  is  seen  from  Table  I.  With  a  quarter  wave-length  of 
17  cm.,  the  effect  of  a  change  in  phase  of  I^tt  on  reflexion 
would  be  to  shift  the  node  out  to  21'25  cm.,  that  is  out 
through  yig  the  wave-length;  but  this  is  seen  by  the  Table  to 
be  much  too  little,  especially  so  when  we  remember  that  the 
observed  minimum  sparking-position  must  always  be  some- 
what nearer  the  reflector  on  account  of  the  divergency  eftect 
than  the  true  position  of  opposite  phases. 

The  result  of  diminishing  the  reflecting  sheet  simultaneously 
in  both  directions  was  also  examined,  but  though  it  was  very 
evident  that  the  reduced  dimension  in  each  direction  tended 
towards  possessing  its  own  respective  eflPect,  no  simple  rela- 
tion  between  them  exhibited  itself;    thus  with  a  reflector 
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24  cm.  square,  the  node  was  found  at  22*4  cm,,  a  little  further 
than  21*8,  which  it  is  at  when  the  sheet  is  long  in  the 
magnetic  direction  (Table  I.),  and  this  is  as  it  should  be, 
shifted  out  owing  to  both.  Again,  a  reflector  24  cm.  in  the 
electric  direction,  and  10  cm.  in  the  magnetic,  had  a  node  at 
21'5  cm.,  u  little  less  than  with  a  long  sheet,  and  this  also  is 
in  the  direction  to  be  anticipated.  Some  few  other  experi- 
ments were  made,  but  in  the  absence  of  a  workable  theory 
for  the  whole  phenomenon,  it  was  thought  undesirable  to 
pursue  tlie  matter  further  at  present. 

An  interesting  point  arises  in  connexion  with  those  ex- 
periments made  with  the  reflector  narrow  in  the  magnetic 
direction,  in  which  an  inward  shifting  of  the  node  was  ob- 
served. In  Hertz's  original  determinations  he  found  that 
the  first  node  was  situated  not  quite  so  much  as  ^  the  wave- 
length from  the  reflector.  He  attributed  this  to  imperfect 
reflexion  arising  from  imperfect  conductivity  in  the  material 
of  his  reflector,  which  was  a  large  sandstone  wall  with  a 
number  of  gas-pipes  across  it,  and  had  on  it  besides  to  in- 
crease the  effect  a  zinc  sheet  2  m.  long  in  the  magnetic 
direction  and  4  m.  long  in  the  electric;  there  were  also  wires 
attached  to  the  ends  of  the  sheet  for  leading  off  the  charges, 
so  that  it  must  have  been  equivalent  to  a  much  longer  one  in 
the  electric  direction.  Now  it  seems  probable  that  the  sheet 
was  sensibly  the  only  thing  that  reflected,  and  that  the  in- 
ward displacement  was  really  due  to  its  comparatively  small 
size  in  the  magnetic  direction,  for  the  wave-length  he  em- 
ployed was  nearly  10  m.,  so  that  the  reflector  was  about 
1  the  wave-length  in  width.  This  corresponds  to  about  a 
14  cm.  mirror  with  a  wave-length  of  Q>i  cm. 

Hertz  found  the  inward  displacement  correspondinoly 
greater  than  is  given  in  Table  II.,  but  his  incident  beam  must 
have  been  divergent,  as  he  worked  nearer  the  vibrator  in  pro- 
portion to  the  wave-length,  while  my  beam  was  rendered 
fairly  parallel  by  the  parabolic  mirror  employed. 

To  make  quite  sure  that  in  reflexion  off  a  large  sheet  the 
first  nodal  distance  17  cm.  was  really  one  quarter  the  wave- 
length, the  position  of  the  second  node  was  redc^termined  and 
found  to  be  distanced  from  the  reflector  about  51  cm. — the 
mean  of  five  determinations''^.  The  vibrator  in  these  experi- 
ments was  over  three  wave-lengths  away  from  the  reflector. 

It  is  very  convenient,  in  carrying  out  these  experiments,  to 

have  an  arrangement  for  moving  the  resonator  backwards  and 

forwards  a  known  amount.     A  simple  arrangement  for  efl'cct- 

ing  this  is  to  sup})ort  the    resonator  at  one  e^nd  of  a  rod 

*  2nanode..||     49|     |     51 J     |     50^     |     50     |     51     ,\     50-0 
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pivoted  in  the  middle,  and  kept  vertical  by  a  weight  attached 
to  the  other  end.  By  moans  of  two  screw-stops  the  excur- 
sion to  either  side  of  the  vertical  position  is  limited  to  any 
desired  amount.  The  method  of  procedure  in  identifying  a 
node  is,  then,  to  find  a  position  for  the  resonator  such  that  on 
moving  it  an  equal  amount  to  either  side,  sparking  just  takes 
])lace.  This  can  of  course  be  done  with  facility  in  a  darkened 
room. 

When  possible,  it  is  still  more  convenient  to  move  the  re- 
flector backwards  and  forwards  a  known  amount,  instead  of 
moving  the  resonator,  and  the  node  is  found  similarly  to 
before  as  the  position  where  sparking  just  occurs  in  the  ex- 
treme position  of  the  reflector ;  this  admits  of  being  done 
when  the  reflector  is  small.  The  reflector  was  suspended  by 
vertical  cords  about  3  m.  long,  and  could  be  thus  moved 
backwards  and  forwards  practically  parallel  to  itself  with 
the  greatest  ease  even  in  the  dark,  the  amount  of  the  move- 
ment being  limited  by  stops.  The  advantage  of  this  arrange- 
ment is  that  the  adjustment  of  the  resonator  is  unaffected,  for 
when  it  is  the  resonator  that  is  moved  the  disturbance  is  very 
liable  to  alter  the  spark-gap. 

I  have  much  pleasure  here  in  thanking  Prof.  Fitzgerald 
for  his  advice  and  material  encouragement  on  many  occasions 
throughout  the  investigation. 

Note. — Since  sending  off  to  the  printers'  I  have  learnt  that 
MM.  Sarasin  and  De  la  Eive  (Phil.  Mag.  June  1891)  have, 
unlike  Hertz,  observed  no  inward  displacement  of  the  node 
towards  the  reflector.  Their  experiments  are  quite  in  agree- 
ment with  the  explanation  given  above,  for  their  reflector 
was  about  a  wave-length  in  the  direction  of  the  magnetic 
component. 


XV.  Mr.  Sydney  Lupton's  Method  of  Reducing  the  Results 
of  Experiments.  By  Spencer  Umfreville  Pickering, 
M.A.,  F.R.S* 

THE  conclusions  which  I  drew  from  an  examination  of 
various  properties  of  sulphuric-acid  solutions  (Chem. 
Soc.  Trans.  1890,  pp.  64  and  331  ;  Phil.  Mag.  xxix.  p.  427j 
have  recently  been  made  the  subject  of  an  adverse  criticism 
by  Mr.  Sydney  Lupton  in  the  pages  of  this  Magazine 
(vol.  xxxi.  p.  418). 

*  Comiiumicated  by  the  Author, 
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The  properties  examined  by  me  were  the  heat  of  dissolu- 
tion, electric  conductivity,  heat  capacity,  freezing-point, 
densities  (4  sets  of  determinations  at  different  temperatures), 
contraction  on  mixino-  and  expimsion  by  heat  (for  3  different 
intervals  of  temperature);  and,  as  I  repeatedly  insisted,  the 
whole  strength  of  my  conclusions  rested  on  the  fact  that  all 
these  different  properties,  forming  figures  differing  so  entirelv, 
as  they  did,  from  each  other  in  general  appearance  (see  Phil. 
Mag.  xxix.  pp.  430,  431),  yet  indicated  the  existence  of 
changes  of  curvature  at  the  same  points.  The  indications 
were  obtained  by  examining  both  the  experimental  figures, 
and  also  the  curves  representing  the  rate  of  change  of  the 
properties  with  change  of  composition  (the  direct  first  differ- 
ential), with  the  help  of  a  bent  ruler  ;  totally  different  methods 
of  plotting,  moreover,  were  adopted,  without  in  anv  way 
modifying  the  conclusions  drawn,  and  these  conclusions  were 
further  strengthened  by  the  fact  that  the  various  sections  in 
which  the  whole  figures  have  to  be  drawn  all  appeared  to  be 
curves  of  a  similar  nature — parabolas  of  a  certain  order — as 
was  proved  by  their  yielding  straight  lines  on  further  differ- 
entiation, and  also  by  the  fact  that  these  changes,  wherever 
it  was  possible  to  draw  any  conclusion  at  all  on  this  head, 
occurred  at  simple  molecular  proportions  of  the  acid  and 
water. 

Thus  the  main  feature  of  the  evidence  on  which  I  relied 
was  its  cumulative  character,  and  this  Mr.  Lupton  seems  to 
have  entirely  ignored.  My  determinations  numbered  1100  ; 
of  these  he  has  examined  10  :  the  indications  of  changes  of 
curvature  numbered  102  * ;  of  these  he  has  examined  one,  and 
by  disproving  this  one  he  thinks  he  will  discredit  the  whole 
work. 

This  Ijeing  the  character  of  my  work  and  of  the  criticism 
levelled  against  it,  it  is  rather  surprising  to  find  Mr.  Lupton 
opening  his  remarks  with  the  following  sentence  : — ''  In  the 
hurry  of  modern  life  expcnumentalists  are  a})t  to  omit  the  test 
of  accuracy  afforded  by  obtaining  the  same  results  by  several 
different  methods.  Thus  long  rows  of  figures  are  frequently 
given  which  have  in  reality  no  experimental  basis  to  rest 
upon." 

I  scarcely  think  that  I  shall  be  unfair  if  I  accuse  Mr. 
Lupton  of  attacking  my  work  before  he  has  made  himself 
master  of  the  description  of  it.  lie  complains  of  the  absence 
of  those  very  details  which  lie  might  ha^ c  found  by  looking 

*  Not,  however,  at  102  different  percentages,  as  Professor  Armstrong 
imagines  (see  Cheiu.  8oc.  Proc.  181)1,  p.  10(3). 
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through  my  papers  :  he  raises  numerous  minor  objeetions, 
nearly  all  of  which  I  have  fully  answered,  and  his  chief 
weapon  of  offence  is  the  representation  of  a  small  portion  of 
one  of  the  sets  of  my  density  results  by  a  parabola  deduced 
mathematically,  and  which,  if  strictly  applicable,  would  nega- 
tive the  existence  of  one  of  the  changes  of  curvature  which  I 
considered  probable,  in  ignorance  of  the  fact  that  I  myself 
had  applied  the  same  method  of  examination  to  the  same 
portion  of  all  but  the  same  curve,  and  had  shown  why  the 
results  obtained  did  not  negative  the  existence  of  the  change 
in  question  (Chem.  Soc.  Trans.  1890,  p.  78).  From  this  ex- 
amination Mr.  Lupton  arrives  at  a  similar  jjrovisioual  conclu- 
sion to  what  I  did,  "  if  the  limits  of  accuracy  are  57700,"  ^^^'^ 
this  small  portion  of  this  series  of  my  "  results  can  be  ex- 
pressed by  a  single  curve."  But,  apparently,  "  the  hurry  of 
modern  life  ^^  prevented  Mr.  Lupton  from  ascertaining  whether 
the  experimental  error  icas  ^qq,  and  whether,  therefore, 
this  result  led  to  any  argument  against  my  conclusions. 
But  r^  0*0  0  is  a  somewhat  large  quantity  when  it  refers  to  the 
weight  of  25  c.c.  of  strong  sul])huric-acid  solutions ;  it  is 
about  8  milligrams;  and  had  Mr.  Lupton  taken  the  trouble  to 
ascertain  from  the  numerous  values  available  for  this  purpose 
(Trans.  1890,  pp.  70,  71  ;  Phil.  Mag.  xxx.  p.  402)  what  the 
probable  experimental  error  really  was,  he  would  have  found 
that  it  was  not  ^oW?  ^^^  sooTTo^  ^"^1  scarcely  even  j^^wmrr 
As  Mr.  Lupton's  argument  depends  entirely  on  the  con- 
cordance between  the  values  calculated  from  his  equation  and 
the  experimental  values,  it  was  certainly  incumbent  on  him 
to  make  sure  that  his  calculations  were  correct ;  but  this  he 
did  not  do,  and  of  the  two  errors  which  he  made  one  was  a 
very  important  one  *.  I  therefore  take  the  liberty  of  giving 
the  following  amended  version  of  the  first  and  last  columns 
of  his  table,  in  wdiich  x  is  the  percentage  strength  of  the 
solution,  and  u  calc.  —  u  obs.  the  differences  between  the 
actual  densities  and  those  calculated  according  to  Mr.  Lupton's 
equation,  which  represents  these  results  as  forming  one  con- 
tinuous parabolic  curve.  In  two  cases  only  out  of  the  10 
results  which  Mr.  Lupton  investigated  (50  to  Q'^  per  cent.) 
does  the  difference  even  approach  to  500005  ^'^^il®  the  average 
difference  is  xo oTToj  ^^^  ^^  ^^  times  greater  than  the  probable 
error  mentioned  above,  and  23  times  greater  than  the  liberal 
maximum  which  I  allowed  as,  and  also  found  to  be,  the  limit 
of  error  in  the  majority  of  cases  (Chem.  Soc.  Trans.  1890, 
p.  71)  ;   but,  independently  of  this,  the  arrangement  of  the 

*  -  -000098  for  + -000218  in  tlie  last  columu. 
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differences  of  like  signs  into  separate  groups  would  show  quite 
clearly  to  the  most  superficial  observer  that  all  agreement 
between  the  calculated  and  observed  values  is  absent. 


45-71655 
48-02648 


u  calc.  —  M  obs. 
-•000717^ 
- -000404' 


50-06998 
52-02681 
54-00142 
56-00914 
57-85589 
(59-97052 
(61-91205 
64'04535 
66-02517 
68-00851 


•000139 
-000038  ^ 
-000218  ' 
-000274  ! 
-000299  f 
-000037)  I 
-000159)  j 
-000158  n 
•000257  I 
-000278    ! 


69-93139 
72-02232 
73-98643 


-•000187*J 

+ -000008*1 
+ -000597   J 


In  the  above  table  Mr.  Lupton  has,  somewhat  unfairly, 
included  two  results  (those  in  brackets),  which,  as  I  pointed 
out  (Chera.  Trnas.)  p.  70,  table  ii.  p.  43,  and  plate  2  f),  were 
evidently  erroneous  ;  it  is  immaterial,  however,  whether  they 
are  inserted  in  the  above  table  or  not  ;  but  I  have  omitted 
them  in  the  following  sketch  (p.  94),  which  gives  a  far  more 
striking  illustration  of  the  untenable  nature  of  Mr.  Lupton's 
contention  that  "  the  equation  expresses  the  results  with  far 
greater  accuracy  than  could  be  attained  by  even  the  most 
careful  drawing."  As  the  densities  themselves  are  unmanage- 
able for  diagrammatic  purposes,  I  have  had  to  take  the 
differentials  deduced  dirtictly  from  them. 

It  is  certainly  extraordinary  that  Mr.  Lupton  should  have 
imagined  that  he  could  disprove  by  such  means  not  only  the 
one  particular  break  in  question,  but  also  the  101  others 
described  in  my  paper,  and  most  of  which  were  far  better 
inarked  than  this  particular  one.  Indeed,  it  is  by  some  strange 
accident  that  Mr.  Lupton  was   led  to  attack  the   only  one 

*  These  values  are  not  given  in  Mr.  Lupton's  table. 

t  The  tables  {loc.  cit.),  not  the  plates,  must  be  taken  as  giviu!^  the 
correct  values.  The  cross  in  plate  2  at  ()2  per  cent,  is  misplaced,  and 
should  stand  for  the  three  diilerential  points  in  its  neighbourhood  show- 
ing the  accidentally  liwge  errors.  In  the  last  column  of  the  table  on 
p.  142  for  52-71  read  53-01,  and  for  46-05  read  40-87. 
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break  in  the  density-curves  which  I  mentioned  as  being  "  of  a 
very  doubtful  character;"  and  it  is  by  a  still  stranger  accident 
that  the  only  hydrate  on  which  his  investigation  "  seems  to 
throw  very  grave  suspicion,"  is  the  very  one  which  actually 
does  exist,  which  has  been  isolated  in  the  crystalline  con- 
dition (Chem.  Soc.  Trans.  1890,  p.  339),  and  to  the  isolation 
of  which  I  was  led  by  a  reliance  on  the  very  method  which 
Mr.  Lupton  considers  to  be  fallacious  and  worthless. 
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AB.  Direct  fiist  diftereutial  of  the  experimental  points,  and  Pickering's 

representation  of  tliem. 
CD.  First  differential  of  Lupton's  calculated  values. 

So  much  for  Mr.  Lupton's  main  argument ;  it  remains  but 
to  answer  the  minor  objections  which  he  raises. 

1.  Mr.  Lu})ton  (p.  420)  is  "astonished  "  to  find  that  I  give 
the  composition  of  the  solutions  to  the  fifth  decimal  place  ; 
but,  as  the  relative  composition  of  these  solutions  was  correct 
to  one  unit  in  the  fourth  place  Qoc.  clt.  p.  73),  I  was  only 
following  precedent  in  so  doing  ;  surely  Mr.  Lupton  would 
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not  quarrel  with  me  for  giving  accurate  tables  merely  because 
the  special  application  made  of  them  did  not  require  the  full 
degree  of  accuracy  attained. 

2.  Mr.  Lupton  is  then  "startled"  to  find  that  "in  the 
case  of  experiments,  the  whole  object  of  which  is  extreme 
accuracy/'  there  is  a  difference  of  yoqo  ^'^  Q^<2^  side  of  the 
mean  in  the  eight  analyses  made  of  the  stock  acid'^ — analyses, 
by  the  vvay,  which  were  not  nvy  own,  and  the  results  of  which 
I  did  not  take.  But  will  he  tell  me  how  the  accuracy  of  my 
results  would  have  been  affected  by  a  constant  error  of  even 
ToVo  i^  ^^^6  strength  of  all  the  solutions  used  ?  Or  how  my 
conclusions  would  have  been  affected  if,  for  instance,  I  had 
found  58*08  instead  of  58"14  per  cent,  as  the  position  of  a 
change,  when,  for  other  reasons,  this  position  could  not,  as  a 
rule,  be  correctly  ascertained  within  0*5  or  I'O  per  cent.  ? 

3.  Mr.  Lupton  complains  (p.  420)  that  I  have  given  no 
details  as  to  mv  method  of  drawing:  curves.  I  had  thouoht 
that  the  details  on  pp.  68,  69,  and  184,  loc.  cit.,  would  have 
been  sufficient,  and  the  only  important  omission  I  appear  to 
have  made  was  that  I  did  not  mention  that  the  flexible 
ruler  was  held  at  its  extremities,  the  middle  portion  only 
being  used  for  the  drawing  ;  but  this  omission  cannot  account 
for  Mr.  Lupton's  extraordinary  conclusion,  p.  421,  that  "  hence 
the  hydrates  of  sulphuric  acid  are  apparently  made  to  depend 
upon  the  flexibility  of  the  steel  lath  used.^^  Let  Mr.  Lupton 
convince  himself  of  the  fallacy  of  this  statement  by  a  little 
experimentation  on  the  curves  depicted  above  with  laths  of 
different  flexibility. 

4.  Mr.  Lupton  refers  to  Prof.  Lodge's  "  word  of  warning  " 
to  experimentalists  on  the  over-pressure  of  formulae  (' Nature,' 
July  18,  1889  ;  see  also  my  answer,  August  8,  1889).  It 
is  certainly  remarkable  that  Mr.  Lupton  should  consider  that 
this  warning  applies  to  me,  who  used  not  a  single  formula, 
and  not  to  himself,  who  is  relying  entirely  on  empirical 
formulae. 

5.  In  the  same  way  Mr.  Lupton  refers  to  Prof.  Arrhenius's 
prematui'e  criticism  of  my  work,  mentioning  with  approval 
that  Arrhenius  pointed  out  ''  that  my  equations  for  sulphuric 
acid  required  the  introduction  of  nearly  sixty  constants.''^ 
Mr.  Lui)ton  is  apparently  in  ignorance  of  my  answer  to 
Arrhenius  (Phil.  Mag.  xxix.  p.  435),  and  of  the  fact  that  since 
the  time  when  this  answer  and  the  details  of  my  results  were 
published  Arrhenius  has  never  made  good  his  criticism.     I 

*  Why  does  Mr.  Lupton  make  only  a  partial  quotation  from  my  table 
of  analyses  {loc.  cit.  p.  72)  ?  And  why  does  he  not  calculate  the  probable 
error  of  the  moan  ot  these  analyses  ?     It  is  only  i^oVoo- 
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need  only  answer  Mr.  Lupton,  as  I  did  Arrhenins,  by  chal- 
lenging him  to  point  out  one  single  equation  or  one  single 
constant  in  the  whole  of  my  papers. 

6.  Of  the  objections  which  Mr.  Lupton  considers  "  impugn 
the  extreme  accuracy  of  the  experimental  results  "  (p.  425),  but 
which  apparently,  "  even  if  admitted,  do  not  impugn  their 
great  accuracy"*  (p.  429),  the  first  is,  that  these  residts  do  not 
agree  with  those  quoted  by  Mendeleefft*  This  is  incorrect ; 
I  clearly  stated  that  the  latter  "  showed  such  a  very  good 
general  concordance  with  my  own  results  that  they  may  be 
taken  together  with  these  as  affording  a  further  illustration 
of  the  efiPect  of  temperature  on  the  figure"  (loc.  cit.  p.  79). 
It  was  only  in  my  interpretation  of  the  results  that  I  dif- 
fered from  MendeleefF;  and  if  Mr.  Lupton  will  but  compare 
together  the  two  figures  on  page  81,  loc.  cit.,  I  scarcely  think 
that  he  will  say  that  I  was  not  justified  in  doing  so,  or  that 
the  accuracy  of  my  results  is  impugned  by  the  expression  of 
this  diflterence  of  opinion. 

7.  Mr.  Lupton  alludes  to  the  well-known  objections  against 
the  piknometer.  I  have  nothing  to  say  in  favour  of  this 
instrument  in  its  usual  imperfect  form  :  the  only  question 
worth  considering  is  whether  the  particular  instrument  which 
I  used  gave  correct  results  or  not,  and  I  have  given  Mr. 
Lupton  ample  means  for  judging  for  himself  on  that  point. 
I  have  shown  that  the  error  was  less  than  that  which  might 
reasonably  be  attributed  to  the  errors  of  the  balance  and 
thermometer  used,  that  they  were  as  small  as  those  expe- 
rienced by  the  best  experimentalists  when  using  a  Sprengel 
tube,  and  moreover  that  the  actual  values  wliich  I  obtained 
with  water  at  different  temperatures  agreed  most  completely 
with  those  of  Kopp  and  Pierre  (loc.  cit.  p.  70,  and  Phil.  Mag. 
XXX.  p.  406).  It  may  be  worth  mentioning  that  the  only  one 
of  the  well-known  objections  to  the  ordinary  piknometer  which 
Mr.  Lupton  cites  is  a  mistaken  objection,  namely  "  that  the 
stopper  does  not  go  in  to  exactly  the  same  position  when  un- 
equally pressed."  Such  a  defect  would  cause  an  error  which 
would  be  greater  the  greater  the  density  of  the  liquid  used  ; 
whereas  the  reverse  is  the  case,  as  Mr.  Lupton  might  have 
ascertained  by  experiments  with  a  faulty  bottle.  The  real  source 
of  inaccuracy  in  density-bottles  is  the  fact  that  the  imperfect 

*  The  italics  are  Mr.  Lupton '8. 

t  Mr.  Lupton  quotes  me  as  having  said  "  Meudeleeffs  values ;  "  but  I 
was  careful  to  point  out  that  the  values  used  by  Mendeleett"  were  col- 
lected from  the  results  of  other  physicists  (pp.  66,  79).  It  would  ill 
become  me  to  impugn  the  accuracy  of  any  of  Mendeleefl's  own  deter- 
minations. 
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fitting  of  the  stopper  offers  other  capillary  openings  besides 
the  legitimate  one  through  the  stopper;  and  this,  from  its 
very  nature,  is  a  defect  which  may  be  absent  either  through 
accident  or  through  careful  manufacture  in  a  particular  bottle. 

8.  Mr.  Lupton  then  complains  that  1  do  "  not  mention  any 
precaution  taken  to  reduce  the  flask  and  weights  to  their  true 
weights  in  vacuo. '^  The  complaint  is  just,  and  my  only 
excuse  for  the  omission  must  be  that  every  text-book  on 
physics  contains  an  account  of  the  necessary  "  precaution." 

9.  The  next  complaint  is  that  I  mentioned  no  precautions 
taken  to  remove  the  air  dissolved  in  the  solutions,  or  that 
retained  between  the  liquid  and  the  glass.  Again  Mr.  Lupton 
is  right ;  I  mentioned  none,  and,  what  is  more,  I  took  none, 
because  I  did  not  see  how  they  could  be  taken  without  alter- 
ing the  composition  of  the  solution  in  the  one  case,  or  altering 
the  capacity  of  the  bottle  by  heating  it  to  redness  in  the  other. 
I  did  mention,  however,  that  I  had  satisfied  myself  that  the 
air  contained  in  the  water  used  was  iusvifficient  to  affect  its 
density  (p.  73),  and  a  fortiori  \i^\ov\(l  be  insufficient  to  affect 
the  density  of  the  solutions  made  with  it ;  while  the  numerous 
determinations  of  the  water-contents  of  the  bottle,  both  after 
it  had  been  left  dry  in  air  for  a  long  time,  and  also  after  it  had 
been  in  continuous  use  throughout  the  day,  were  sufficient  to 
assure  me  that  no  appreciable  error  was  introduced  by  any 
air-film  adhering  to  the  glass. 

Mr.  Lupton  seems  to  imagine  that  25  cubic  centim.  of  a 
liquid  in  which  "0007  gram  of  air  is  dissolved  will  weigh  '0007 
gram  more  per  25  cubic  centim.  Matters  are  not  quite  so 
simple  as  this,  for  the  volume,  as  well  as  the  weight,  is  altered 
])y  the  gas  ;  and  if  the  effect  of  the  air  is  similar  to  that  of, 
say,  hydrochloric  acid,  the  weight  of  the  25  cubic  centim. 
would  be  increased  by  only  '0001  gram. 

10.  Mr.  Lupton  then  attacks  me  for  applying  the  term 
differentiation  to  the  method  which  1  adopted  in  analysing 
curves,  on  the  ground  that  a  true  differential  (as  I  pointed 
out  myself  on  p.  67)  is  of  infinitesimal  magnitude.  As,  how- 
ever, I  explained  fully  the  nature  of  the  process  which  I 
adopted  (for  which  there  is  no  pro[)er  appellation),  the  name 
given  to  it  was  a  very  secondary  consideration. 

11.  Mr.  Lupton  then  says  that  "the  smoothing  process 
applied  to  my  first  differential  diagram  ought,  if  accurately 
performed,  to  get  rid  of  those  slight  changes  in  flrst  differences 
which  in  the  second  differences  mark  changes  of  curvature,  and 
therefore  changes  of  hydration.''^  But  why  "  ought "  ?  Surely 
only  on  the  strength  of  a  foregone  conclusion  that  there  are  no 
changes  of  curvature  or  of  hydration.     1  must  ask  Mr.  Lupton, 

Phil.  Mag.  S.  5.  Vol.  32.  No.  194.  July  1891.  H 


98  On  Tiediicincj  the  Results  of  Experiments. 

just  as  I  asked  Prof.  Arrhenius  (from  whom  he  seems  to  have 
borrowed  this  argument,  see  Phil.  Mag.  xxix.  p.  429),  to 
explain  what  he  means  by  "accurate"  or  '*  proper"  smoothing. 
Why  does  he  not  take  the  whole  of  one  of  my  first  differential 
density  diagrams,  and  show  how  it  may  be  accurately  smoothed 
so  as  to  obliterate  all  changes  of  curvature  ?  Surely  he  cannot 
think  that  he  has  sufficiently  illustrated  the  feasibility  of  this 
by  taking  only  a  small  portion  of  the  most  regular  part  of  one 
of  these  figures.  And  even  if  he  does,  I  scarcely  think  that 
any  one  who  glances  at  the  result  depicted  above  (woodcut, 
p.  94)  will  consider  that  he  has  succeeded  in  the  attempt. 

12.  Lastly,  Mr.  Lupton  says  that  I  am  self-condemned 
bv  having  dealt  with  second  differences  deduced  from  the 
smoothed  first  differential  curve,  while  1  admit  that  the  indi- 
vidual determinations  through  which  the  smooth  curve  was 
drawn  are  scarcely  accurate  enough  for  the  direct  deduction 
of  second  differences.  Mr.  Lupton  has  evidently  not  carefully 
read  p.  123  of  my  paper.  To  any  one  acquainted  with  phy- 
sical methods  it  must  seem  aljsurd  to  state  that  the  mean  of  a 
number  of  determinations,  or  the  straight  line  or  curve  drawn 
through  a  number  of  determinations,  is  not,  as  a  rule,  more 
exact  at  any  given  point  than  are  the  individual  experiments. 
Mr.  Lupton  might  as  well  say  that  no  statement  could  be 
made  as  to  the  inclination  of  a  bank  of  stones,  because  the 
lines  drawn  between  two  neighbouring  stones  showed  all  sorts 
of  different  inclinations. 

Mr.  Lupton  has  apparently  had  little  experience  in  the 
practical  manipulation  of  series  of  results  ;  and  if  I  have 
shown  any  deficiency  in  forbearance  towards  him,  I  must 
crave  his  forgiveness,  for  he  has  entered  on  a  task  which 
should  have  been  undertaken  in  no  light  mood,  and  only  after 
a  thorough  mastery  of  the  results  which  he  proposed  to 
demolish.  There  are  very  few  who  can  be  expected  to  enter 
into  the  details  of  work  such  as  that  now  under  discussion, 
and  the  majority  will  consent  to  be  led  by  the  opinion  of 
a  critic  who  has  presumably  made  himself  acquainted  with 
the  intricacies  of  the  subject,  especially  when  he  makes  an 
effective  bid  for  their  confidence  by  a  display  of  whole  pages 
of  equations.  If,  however,  Mr.  Lupton  can  for  a  moment 
place  himself  in  my  position  and  imagine  that  he  has  a 
thousand  and  more  determinations  of  a  most  tedious  cha- 
racter, the  constant  care  and  unremitting  labour  of  two  whole 
years,  which  are  in  danger  of  being  blown  to  the  winds  by  the 
breath  of  a  superficial  critic,  he  will  forgive  me  for  any 
warmth  of  expression  which  he  might  at  first  sight  be  inclined 
to  resent. 
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XVI.  A  Consideration  of  some  of  the  Ohjections  raised  by 
Mr.  Lupton*  to  Mr.  Pickering's  Methods  of  reducing 
E.vperimental  Residts.  By  Edward  Harold  Hayes, 
M.A.,  Fellow  of  Nexo  College,  Oxford  f. 

I  FEAR  tliat  it  may  appear  very  presumptuous  in  an  in- 
dividual whose  work  in  a  chemical  laboratory  has  been 
confined  to  the  simplest  cases  of  qualitative  analysis,  and 
who  has  had  no  practice  in  dealing  with  any  important  series 
of  experimental  results,  to  attempt  to  question  the  validity  of 
the  arguments  advanced  by  an  expert  like  Mr.  Lupton.  It 
chances,  however,  that  I  have  studied  with  considerable  care 
Mr.  Pickering^s  paper  on  the  Nature  of  Solutions  J  ;  and  have 
gradually  become  convinced  of  the  very  great  value  of  the 
methods  of  dealing  with  experimental  data  there  described, 
especially  as  regards  the  use  of  a  bent  lath  in  drawing  the 
curves.  Mr.  Pickering  would  be  the  first  to  admit  that 
mathematics  are  not  a  subject  in  which  he  is  deeply  versed, 
so  that  there  would  appear  to  be  a  danger  lest,  on  some  of 
the  points  raised  by  Mr.  Lupton,  judgment  may  be  allowed 
to  go  by  default,  and  an  impression  be  thereby  created  that 
there  is  something  essentially  unsound  from  a  mathematical 
point  of  view  in  Mr.  Pickering's  methods. 

When  a  uniform  naturally  straight  lath  is  acted  upon  by 
a  system  of  coplanar  forces,  the  form  of  the  curve  assumed 
by  a  portion  of  it  throughout  which  none  of  the  applied 
forces  act  is  such  that  the  product  of  the  radius  of  curva- 
ture at  any  point  and  the  distance  of  the  point  from  some 
fixed  straight  line  is  constant,  provided  that  the  radius  of 
curvature  is  very  great  compared  with  the  thickness  of  the 
lath§.  It  immediately  follows  that  the  general  differf^ntial 
equation  of  the  curve  is 

which  contains  three   arbitrary  constants.      Since  this  is  a 

*  Phil.  Ma^.  May  1891. 

t  Communicated  by  the  Author, 

\  Joimi.  Cliem.  Sue.  ]\rarcli  LS90. 

§  1  believe  that  Mr.  rickeriug-  held  tlie  lath  near  its  ends,  and  only 
used  the  intenuediiite  portion  for  drawinj^'  his  curves.  Hence  the  curves 
obtained  by  him  fuKil  the  above  condition. 

II  For  a  discussion  of  this  curve  see  Mincliin's  '  Statics,' vol.  ii.  pp.  20."!- 
20i).  Mr.  Picliering  is  not  justified,  matliematically  speakiiij?',  in  snyiiif,' 
that  the  bent  lath  "  does  not  form  a  curve  oi'any  particular  nature."  This 
statement,  however,  is  practically  equivakmt  to  a  recognition  of  the  \\y^\\ 
degree  of  generality  which  the  curve  possesses. 

H2 
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differential  equation  of  the  second  order,  the  equation  of  the 
curve  (which  can  be  expressed  in  terms  of  elhptic  integrals) 
contains  five  constants.  It  is  therefore  of  a  generality  equal 
to  that  of  the  conic 

ax^  +  lixy  +  %^  +  gx  •\-fy  =  1 , 
or  of  the  curve 

y=a  +  bx  +  cx^  +  dx^  +  ex'^ (1) 

In  the  bent  lath  therefore  we  possess  a  means  of  drawing  a 
curve  through  the  experimental  points,  which  is  of  a  more 
general  nature  than  those  usually  dealt  with  by  arithmetical 
methods,  and  in  which  there  can  be  no  abrupt  change  of 
curvature,  however  slight,  still  less  change  of  direction. 
To  the  former  change  corresponds  an  abrupt  change  of 
direction  in  the  first  differential  curve,  and  a  breaking  up  of 
the  second  differential  curve  into  two  curves  which  do  not 
meet ;  to  the  latter  a  breaking  up  of  the  first  differential 
curve  into  two  curves  which  do  not  meet*. 

Difficulties  of  accurate  drawing  excepted,  there  appears  to 
be  no  a  priori  reason  why  the  bent-lath  curve  should  represent 
the  actual  fiicts  less  faithfully  than  an  equation  such  as  (1) 
above,  the  arithmetical  treatment  of  wdiich  would  be  terribly 
laborious.  It  is  also  tolerably  obvious  that  a  single  equation 
of  this  nature  would  be  incapable  of  representing  within  the 
limits  of  experimental  error  the  results  of  a  single  series  of 
Mr.  Pickering^s  experiments  [e.  g.  one  of  the  direct  first 
differentials  of  the  densities):  so  that  more  than  one  equation, 
probably  three  at  the  very  least  if  the  number  of  constants  in 
each  was  five  or  thereabouts,  would  have  to  be  employed  ; 
and  their  precise  number,  as  well-  as  their  respective  ranges, 
would  be  a  mere  matter  of  individual  taste. 

If  it  were  possible  to  divide  the  experimental  results  into 
groups  in  all  sorts  of  ways,  calculate  the  constants  for  the 
equation  representing  each  group,  and  determine  in  every 
case  the  difference  between  the  observed  and  calculated 
values,  curves  fitting  the  experimental  points  as  closely,  if 
not  more  so,  than  Mr.  Pickering's  might  no  doubt  be  ob- 
tained, and  most  valuable  evidence  deduced  from  them  as  to 
the  presence   or   absence   of  breaks  f   at  particular   points. 

*  In  the  former  case  --^.„  in  the  latter  -~  is  discontinuous. 
ax-  ax 

I  The  word  break  is  used  to  denote  a  point  at  which,  in  an  ideal 

curve  which  gives  an  absolutely  correct  representation  of  the  facts,  the 

values  of  one  of  the  differential  coefficients  of  the  ordinate  with  respect  to 

the  abscissa  either  become  discontinuous  or  exhibit  a  rate  of  change 

enormously  great  as  compared  with  that  in  the  neighbourhood  of  the 

point. 
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But  Mr.  Lupton  has  not  done  this  ;  and  without  some  such 
process  of  trial  and  error,  which  might  occupy  years,  it  is 
difficult  to  see  how  any  evidence  bearing  on  this  question  of 
breaks,  which  is  the  pivot  of  the  whole  controversy,  can  be 
obtained  by  the  method  which  he  advocates.  If  we  decide 
with  Mr.  Lupton  to  represent  a  certain  arbitrarily  selected 
series  of  results  by  a  continuous  function,  any  break  which 
may  occur  within  the  range  of  the  function  will  necessarily 
be  smoothed  out.  This  is  "  excessive  smoothing  '^  *  with  a 
vengeance.  It  seems  clear  therefore  that  in  any  satisfactory 
investigation  as  to  the  real  existence  of  breaks  some  method 
ditfering  from  that  favoured  by  Mr.  Lupton  must  be 
employed. 

Now  with  a  bent  lath  the  process  of  trial  and  error  alluded 
to  above  can  be  carried  out  to  almost  any  extent ;  i.  e.  any 
number  of  continuous  curves  of  great  though  not  excessive 
generality  can  be  compared  with  the  experimental  points 
until  those  are  discovered  which  fit  best.  The  test  for  a  break 
consists  not  only  in  the  good  fitting  of  the  lath  throughout 
each  of  the  two  groups  formed  by  several  consecutive  points 
on  either  side  of  the  break,  but  also  in  the  impossibility  of 
getting  it  to  fit  to  an  extent  in  harmony  with  the  experi- 
mental errors  when  a  group  of  points  is  chosen  which  in- 
cludes the  break.  In  such  a  case  two  different  continuous 
curves  meeting  at  the  break  must  be  drawn,  if  the  experi- 
mental values  are  not  to  be  departed  from  to  an  unwarrant- 
able extent. 

It  is  obvious  that  breaks,  if  sufficiently  slight,  might  get 
smoothed  out  by  this  process,  and  that  the  method  is  far  more 
likely  to  cause  such  disappearances  than  to  introduce  a  break 
where  it  does  not  really  exist ;  a  consideration  which  explains 
why  a  particular  break  might  be  undetected  in  one  or  more  of 
the  different  series  of  experiments  dealt  with  by  Mr.  Pickering. 
The  extent  to  which  the  process  of  trial  and  error  was  carried 
by  him  may  be  gathered  from  the  following  quotation. 
"  Drawings  on  several  different  scales,  and  with  several 
different  points  as  origins,  were  made  in  all  cases,  and  the 
labour  entailed  in  the  treatment  of  the  results  has  by  far 
exceeded  that  of  the  determinations  themselves  "  f- 

Mr.  Lupton's  preference  for  a  process  "  which  will  give 
the  same  result  in  all  hands "  irresistibly  suggests  a  com- 
i)arison  })etween  a  barrel-orfjan  and  a  violin.  Th(>  latter  is 
undoubtedly  the  superior  instrument,  and  yet  it  can  neither 
))('  denied  that  in  the  mani[)n]ation  of  the  violin  "  a  strong 

*  "  Nature  of  Solutions,"  p.  104. 
t  "  Nature  of  .Solutions,"  p.  68, 
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personal  element  is  introduced,"  nor  that  "  considerable 
care  and  practice  are  requisite  before  it  can  be  safely  used.^' 
Uniformity  of  results  can  be  no  real  argument  in  favour 
of  a  method,  which,  as  I  have  above  endeavoured  to  show, 
would  seem  by  its  very  nature  incapable  of  being  applied 
in  practice  so  as  to  deal  effectively  with  the  question  at 
issue. 

Mr.  Lupton  attempts  to  clinch  his  argument  by  applying 
an  arithmetical  process  to  some  ten  or  a  dozen  density  deter- 
minations forming  only  a  small  part  of  one  of  Mr.  Pickering's 
series  of  experiments.  In  order  to  exhibit  the  value  of  the 
method,  he  is,  of  course,  compelled  to  take  them  so  that 
they  include  an  assumed  break,  but  minimises  this  disad- 
vantage by  choosing  them  in  a  region  where,  according  to 
Mr.  Pickering,  the  curve  "  is  of  a  very  doubtful  character."  * 
Although  under  the  circumstances  the  chances  in  favour  of  a 
very  fair  agreement  between  the  observed  and  calculated 
values  were  considerable,  the  result  is  most  unsatisfactory 
from  Mr.  Lupton's  point  of  view.  He  seems  to  have  been 
misled  by  a  statement  of  Mr.  Pickering  as  to  0*0002  gram 
being  a  safe  limit  of  error;  but,  since  the  piknometer  held 
25  c.c,  the  corresponding  error  in  the  density  is,  as  Mr.  Picker- 
ing says,  only  0*000008,  which  is  far  exceeded  by  evert/  otie 
of  the  differences  between  observed  and  calculated  values 
tabulated  by  Mr.  Lupton.  Even  if  the  limit  of  error  were 
ten  times  as  great  as  the  above,  it  would  only  mend  the 
matter  in  two  cases,  and  this  occurs  in  spite  of  the  fact  that 
his  equation  contains  three  arbitrary  constants.  Comment  is 
needless. 

There  are  several  minor  points  in  Mr.  Lupton's  paper 
which  call  for  some  remark.  After  making  an  assertion 
concerning  the  equation  of  the  second  degree  which  is  untrue 
unless  it  happens  to  represent  a  parabola  whose  axis  is 
parallel  to  the  axis  of  y,  he  proceeds  to  say,  "  Hence  the 
hydrates  of  sulphuric  acid  are  apparently  made  to  depend 
upon  the  flexibility  of  the  steel  lath  used."  f  It  is  extremely 
difficult  to  fathom  the  precise  meaning  of  this  statement,  still 
more  so  to  see  how  it  depends  upon  the  preceding  one.  It  may, 
however,  be  as  well  to  point  out  that  any  two  uniform  laths 
may  be  bent  so  as  to  form  identical  curves  (provided  of  course 
that  the  bending  does  not  exceed  a  certain  limit),  although  if 
the  flexural  rigidity  (stiffness)  were  too  great  the  operation 
might  be  trying  to  the  fingers. 

Mr.  Lupton  very  rightly  remarks  that  "  the  assumption 

*  "  Nature  of  Solutions,"  p.  76. 
t  P.  421. 
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that  ^(^x)  can  be  expanded  in  ascending  powers  of  x  is  by 
no  means  universally  true.''  *  This  fact  tells  to  a  certain 
extent  in  favour  of  methods  (such  as  Mr.  Pickering's)  in 
which  no  such  assumption  is  made. 

Exception  is  taken  to  Mr.  Pickering's  "  dealing  with  an 
abscissa  of  50*06998  ....  and  a  corresponding  ordinate  of 
1*404296  "  f.  It  may  be  freely  conceded  that  as  regards  the 
abscissa,  the  last  two  figures  cannot  affect  the  diagram,  but 
it  may  be  presumed  that  the  actual  experiments  have  some 
value  apart  from  the  present  application.  Mr.  Lupton  appears 
to  have  momentarily  forgotten  that  Mr.  Pickering's  chart 
refers  to  the  first  differential.     He  will  find  if  he  looks  again 

at  the  table  1,  that  in  the  values  of  -,-   the  figures  in  the 
*'  dp  *= 

sixth   decimal    place    have   been    deliberately  omitted.     The 

figures  in  the  fifth  place  would  tell,  even  on  the  small  scale 

of  the  published  diagram. 

It  is  a  little  hard  too  on  Mr.  Pickering  that  he  should  be 

attacked  for  his  use  of  the  term  "  differentiation,"  in  which 

he  is  only  following  others,  when  he  so   carefully  explains 

what  he  means  by  it  § .       He   notes  the   distuiction   between 

differences  and  differentials,  and  even  goes  so  far  as  to  call 

attention  to  the  fact  that  irregularities  will  be  caused  if  the 

intervals  are  not  equal.     It  is  interesting  to  notice  that  if  the 

curves  dealt  with  are  parabolas  whose  equation  is  of  the  form 

ij=.a-\-bx-\-  cx^,  the  value  of  — — —  (called  by  Mr.  Pickering 

a  differential)  is  actually  the  same  as  that  of  -j-^  (the  true  dif- 

ferential  coefficient)  at  the  point  whose  abscissa  is     ^     '  ^. 

Before  concluding  these  remarks  I  wish  to  call  attention  to 
what  is  really  the  strongest,  though  not  perhaps  the  most 
strikiiio;  argument  in  favour  of  Mr.  Pickerino-'s  conclusions  : 
the  general  agreement  of  the  results  obtained  from  the  study 
of  various  properties,  and  the  apparent  absence  of  any  in- 
explicable discrepancy  in  special  cases.  It  is  strange  that 
Mr,  Lupton  sliouM  not  only  have  ignored  this  aspect  of  the 
(piestion,  but  should  even  have  used  an  expression  ||  which 
would  seem  to  imply  that  there  was  an  absence  of  confirma- 
tory evidence  derived  from  different  sources.  The  importance 
of  the  omission  can  scarcely  be  overrated. 

*  P.  421.  t  r.  420. 

X  "  Nature  of  Solutious,"  p.  142.  §  Id.  p.  Q7. 

II  "In  the  hurry  of  modern  lifo  "  (experimentalists)  "arc  apt  to  omit 
the  test  of  accuracy  afforded  by  obtaining  the  same  results  by  several 
different  methods/'  p.  419. 
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[I  have  been  informed  that  a  very  high  authority  has 
l^roiight  forward  as  an  argument  against  Mr.  Pickering's 
methods  the  fact  that  a  spring  (or  lath)  may  he  pinned  down 
so  as  to  coincide  to  any  desired  degree  of  accuracy  with  any 
number  of  experimental  points,  and  trust  that  I  may  bo 
excused  if  I  attempt  to  answer  the  objection.  The  use  of  an 
unlimited  number  of  applied  forces  (one  at  each  pin)  is  open 
to  the  same  theoretical  objections  as  would  apply  to  an  equa- 
tion containing  an  unlimited  number  of  constants.  As 
Mr.  Pickering  used  for  drawing  his  curves  a  part  of  the  lath 
throughout  which  no  applied  forces  were  acting,  two  distinct 
curves  of  the  kind  used  by  him  would  meet  at  each  pin, 
and  a  discontinuity  would  exist,  which  can  be  shown  by 
mathematical  analysis  to  involve  an  abrupt  change  in  the 

value  of  -r^,  i.  e.  there  would  be  a  break  at  these  points.    Rapid 

changes  too  in  the  value  of -7^  might  take  place  if  the  applied 

forces  were  large,  or  the  flexural  rigidity  of  the  lath  small. 
Tn  fact  the  pinning-down  process  simply  masks  any  real 
breaks  which  may  exist  by  substituting  a  (probably  much 
larger)  number  of  others.  It  would  even  seem  to  be  theoreti- 
cally possible  that  experiments  as  to  the  minimum  number  of 
applied  forces  required  might  indicate  the  points  at  which  the 
breaks  occur. — E.  H.  H.J 


XVII.  On  the  Construction  of  Platinum  Tliermometers.  By 
H.  L.  CALliENDAK,  M.A.,  Fellow  of  Trinity  College,  Cam- 
bridge *. 

rriHE  great  superiority  of  the  platinum-resistance  thermo- 
-I-  meter  over  other  instruments  for  measuring  temperature 
lies  in  its  comparative  freedom  from  change  of  zero.  Provided 
that  the  wire  is  pure  to  start  with,  and  that  it  is  protected 
from  strain  and  from  contaminatioUj  its  resistance,  when  once 
annealed,  is  always  very  nearly  the  same  at  the  same  tem- 
perature. 

This  statement,  which  I  made  in  1886,  has  been  received 
in  some  quarters  with  surprise  and  incredulity.  The  evidence 
on  which  it  has  been  rejected  appears  to  rest  mainly  on  two 
well-known  facts.  Firstly,  that  the  Siemens  electrical  pyro- 
meters have  always  shown  large  and  continuous  changes  of 
zerot;  !^nd,    secondly,    that   platinum    wires    when    used  as 

*  Communicated  by  the  Autlior. 
t  British  Association  Report,  1874. 
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filaments  for  incandescent  lamps  undergo  more  or  less  rapid 
deterioration. 

The  Siemens  pyrometer  is  a  commercial  and  not  a  scientific 
instrument.  I  have  myself  examined  some  of  the  most  recent 
pattern,  and  I  should  have  been  surprised  if  they  had  not 
been  found  to  exhibit  changes  of  zero  when  used  at  high 
temperatures.  The  wire  is  wound  on  common  clay,  which  is 
apt  to  attack  it,  and  is  inclosed  in  an  iron  tube  without 
sufficient  protection  from  the  metallic  and  other  vapours 
which  are  sure  to  be  present. 

In  the  case  of  lamp-filaments  which  are  heated  by  a  cur- 
rent in  vacuo,  it  might  appear  at  first  sight  as  though  the  wire 
were  perfectly  protected  from  strain  or  contamination ;  but 
this  is  far  from  being  the  case.  The  sudden  heating  and 
cooling  of  the  wire  when  the  current  is  turned  on  or  otF,  and 
the  intense  radiation  which  keeps  the  surface  at  a  lower  tem- 
perature than  the  central  portions,  must  be  a  severe  strain  on 
the  wire.  It  is  also  evident  that  any  crack  or  flaw  in  the 
surface  will  tend  to  be  intensified  by  the  local  development 
of  greater  heat ;  and  if  the  wire  is  heated  to  a  temperature 
near  its  melting-point  where  it  begins  to  be  appreciably  vola- 
tile, this  action  must  inevitably  produce  serious  results.  If  a 
wire  which  has  been  thus  treated  be  examined  under  the 
microscope,  its  surface  will  generally  be  found  to  be  cracked 
and  scored  in  a  manner  which  is  of  itself  amply  sufficient  to 
account  for  the  increased  resistance  and  brittleness. 

The  wire  of  a  platinum  thermometer  which  is  properlv  pro- 
tected does  not  undergo  any  alterations  of  this  kind,  if  treated 
with  reasonable  care.  I  have  recently  succeeded  in  making 
these  thermometers  of  a  very  convenient  and  accurate  form  ; 
and  I  have  reason  to  believe,  from  inquiries  which  have  reached 
me  from  various  sources,  that  a  description  of  the  pattern 
which  I  have  found  to  give  the  best  results  would  be  useful 
to  other  observers  who  recjuire  a  sensitive  and  trustworthy 
thermometer. 

The  simplest  form  of  platinum  thermometer  is  made  by 
fusing  or  welding  a  coil  of  fine  wire  to  leads  of  relatively  low 
resistance.  The  coil  and  leads  must  be  suitably  insulated  and 
supported  ;  for  most  purposes  it  is  convenient  to  inclose  the 
instrument  in  a  tube  of  similar  dimensions  to  an  ordinary 
thermometer.  For  use  at  temperatures  below  700°  C.  the 
leads  may  be  of  copper  or  silver,  and  the  tube  of  hard  glass. 

For  rough  work  at  temperatures  below  1000°  C.  very  fair 
results  may  be  obtained  by  the  use  of  a  wrought-iron  tube. 
The  leads  should  also  be  made  of  iron.  Copi)er  and  silver  are 
too  volatile.     Their  vapours    will  attack  the  platinum,   and 
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very  small  traces  of  either  are  sufficient  to  ruin  the  wire  for 
thermometric  purposes. 

For  accurate  work  at  high  temperatures  it  is  necessary  to 
use  platinum  leads,  and  to  inclose  the  coil  in  a  tube  of  glazed 
porcelain  or  silica. 

For  insulating  the  coil  and  leads  I  have  found  nothing  that 
answers  so  well  as  mica.  Biscuit  porcelain  is  fairly  good, 
but  most  varieties  of  clay  are  apt  to  attack  the  wire  at  high 
temperatures.  If  the  wire  is  wound  on  a  clay  cylinder,  the 
relatively  large  mass  of  the  clay  has  also  the  effect  of  mate- 
rially reducing  the  sensitiveness. 

The  wire  is  preferably  doubled  on  itself  like  an  ordinary 
resistance-coil,  and  wound  on  a  thin  plate  of  mica.  The 
leads  are  insulated  by  being  made  to  pass  through  a  series  of 
mica  wads  cut  to  fit  the  tube  containing  the  instrument.  This 
method  has  the  advantage  of  giving  very  perfect  insulation, 
and  of  preventing  convection-currents  of  air  up  and  down  the 
tube. 

The  resistance  of  such  an  instrument  may  conveniently  be 
measured  by  means  of  an  ordinary  post-office  box.  If  the 
resistance-coils  are  of  German-silver  wire,  the  temperature  of 
the  box  must  be  taken  at  each  observation  and  a  correction 
applied.  It  is  better  therefore  to  use  a  box  with  coils  of 
copper-nickel-mangauese,  or  one  of  the  many  other  alloys 
that  do  not  change  appreciably  in  resistance  at  ordinary 
temperatures. 

With  the  above  simple  arrangement  it  is  not  difficult  to 
obtain  results  consistent  to  a  few  hundredths  of  a  degree  at 
500°  C,  provided  that  the  resistance  of  the  leads  is  relatively 
very  small  and  fairly  constant,  and  that  the  stem  of  the  ther- 
mometer is  always  immersed  to  nearly  the  same  extent.  There 
are  some  objections,  however,  to  the  use  of  thick  leads.  They 
are  necessarily  wanting  in  lightness  and  flexibility,  and  they 
tend  to  cool  the  bulb  of  the  thermometer  by  conduction  along 
the  stem. 

For  most  purposes  it  is  better  to  insert  in  the  stem  of  the 
thermometer  a  second  pair  of  leads  similar  to  those  of  the  coil 
itself,  so  that  their  resistance  can  be  measured  separately. 
It  is  then  possible  to  use  leads  of  any  convenient  length  and 
flexibility,  and  to  make  the  observations  of  temperature  inde- 
pendent of  the  length  of  stem  immersed. 

In  the  ordinary  method  of  measuring  a  resistance  with  a 
post-office  box,  it  is  necessary  to  observe  galvanometer- 
throws  in  order  to  find  the  last  two  figures  of  the  value  of  the 
resistance.  If,  however,  a  divided  bridge-wire  be  used  in 
conjunction  with  the  resistance-box  for  determioing  the  frac- 
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tions  of  an  ohm  in  the  manner  now  to  be  described,  the  appa- 
ratus can  at  the  same  time  be  arranged  so  that  the  variable 
resistance  of  the  leads  is  eliminated.  The  reading  of  the 
bridge-wire  scale  when  the  balance  is  found  is  then  independ- 
ent of  the  length  of  stem  immersed,  and  gives  the  temperature 
of  the  thermometer-coil  without  the  necessity  of  observing 
galvanometer-throws  or  of  measuring  the  resistance  of  the 
leads. 

The  annexed  figure  represents,  somewhat  diagrammatically, 
the  arrangement  of  the  apparatus. 
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A  B,  B  C  are  equal  resistances  forming  the  arms  of  the 
balance.  The  battery  is  connected  at  A  and  C,  and  one 
terminal  of  the  galvanometer  Gr  at  B.  D  E  represents  a  set 
of  resistance-coils,  which  together  with  A  B  and  B  C  may  be 
suiiplied  by  an  ordinary  post-office  box.  F  K  represents  a 
straight  bridge-wire  with  a  divided  scale  attached.  The  other 
terminal  of  the  galvanometer  is  connected  to  the  contact- 
piece  H,  which  slides  along  this  wire.  The  leads  AM,  K N, 
from  the  pyrometer-coil  P,  are  connected  to  A  and  K ;  and  the 
compensating  leads  C  L,  L  D,  the  resistance  of  which  is  equal 
to  AM,  KN,  are  connected  to  C  and  D.  These  four  leads 
may  be  of  any  convenient  length  ;  they  are  symmetrically 
arranged  so  that  corresponding  [)arts  are  always  at  the  same 
temperature.  When  the  balance  is  found  by  unplugging 
suitable  resistances  in  the  arm  D  E  and  sliding  the  contact- 
piece  H,  it  is  plain  that,  since  the  resistances  A  B,  B  C  are 
equal,  the  resistance  of  the  pyrometer  and  its  leads,  plus  that 
of  the  length  H  K  of  the  bridge-wire,  will  be  equal  to  the 
resistance  of  the  remaining  portion  F  H  of  the  bridge-wire 
together  with  that  of  the  coils  DE  and  the  compensator  CLU. 
Thus  the  changes  of  resistance  of  the  pyrometer-leads  A  M, 
KN  are  compensated  by  the  equal  changes  in  the  leads  C  L, 
L  D  ;  and  the  resistance  of  the  pyrometer-coil  itself  is  directly 
given  by  the  sum  of  the  coils  D  E  and  the  reading  of  the 
bridge-wire. 

It  is  convenient  to  graduate  the  bridge-wire  scale  so  that 
100  or  1000  divisions  are  equivalent  to  the  unit  coil  in  the 
ai'm  D  E.     It  is  also  convenient  to  adjust  the  resistance  of  the 


108  Mr.  H.  L.  Callendar  on  the 

pyrometer-coil,  so  that  the  change  of  its  resistance  between  0° 
and  100°  C.  may  be  equal  to  1,  10,  or  100  units.  The  divisions 
of  the  bridoe-wire  will  then  represent  degrees  of  temperature 
on  the  platinum  scale,  and  the  temperature  can  be  deduced 
from  the  observed  resistance  by  simply  subtracting  its  zero 
value. 

The  arrangement,  however,  will  work  equall}^  well  with  an 
arbitrary  scale.  The  really  important  point  is  that  an  obser- 
vation of  temperature  is  reduced  to  a  single  scale-reading, 
and  that  it  is  independent  of  the  length  of  stem  immersed. 

The  chief  errors  to  be  apprehended  with  this  form  of  appa- 
ratus are  changes  in  the  screw  and  plug  contacts,  especially 
the  latter.  Instead  of  the  ordinary  plug  for  short-circuiting 
the  terminals  of  a  resistance-coil,  1  prefer  to  use  a  flat  nut 
screwing  down  on  to  two  flat  plates.  I  find  that  better  con- 
tact may  thus  be  secured,  and,  what  is  more,  important,  that 
the  contact-surfaces  may  be  more  easily  kept  clean  and  good. 
It  is  almost  impossible  to  keep  a  plug-hole  free  from  grit  and 
grease,  even  if  the  plug  fits  perfectly  ;  whereas  the  screw-nut 
can  be  kept  screwed  down  when  not  in  use,  and  the  flat  sur- 
faces are  easily  cleaned  if  necessary.  Moreover  'the  wedge- 
like action  of  the  plugs  almost  invariably  loosens  the  blocks 
between  which  they  are  inserted,  so  that  taking  out  one  plug 
alters  the  contacts  of  its  neighbours.  This  cannot  occur  with 
the  screw-nuts.  Among  minor  advantages  it  may  be  men- 
tioned that  the  screw-nuts,  not  being  loose,  are  not  so  liable 
to  get  lost  or  soiled. 

Perhaps  the  best  way  to  make  the  sliding-contact  at  H  is 
to  connect  the  galvanometer  to  a  fixed  wire  of  the  same 
material  as  F  K  and  stretched  parallel  to  it.  Connexion  is 
made  between  the  two  wires  by  pressing  down  a  button  carry- 
ing a  short  cross-wire  fixed  to  a  spring  on  the  lower  side  of 
the  sliding  contact-piece.  The  advantages  of  this  arrange- 
ment are  that  the  wire  from  the  galvanometer  is  not  attached 
to  the  sliding-piece  itself  but  to  n  fixed  binding-screw,  and 
that  there  is  less  danger  of  thermoelectric  efl:ects  being 
produced  by  the  warmlh  of  the  hand  at  H. 

The  current  used  in  measuring  the  resistance  must  not  be 
too  large  or  the  fine  wire  will  be  heated.  It  appears  that  a 
platinum  wire  of  0*015  centim.  ('006  inch)  diam.,  which  is  a 
convenient  size  to  use  for  these  thermometers,  will  take  a 
current  of  one  hundredth  of  an  ampere  when  cooled  by  air 
contact,  without  heating  much  more  than  one  hundredth  of  a 
degree  C.  If  a  higher  order  of  accuracy  is  desired,  the 
current-heating  must  be  measured  and  allowed  for. 

The  degree  of  sensitiveness  and  accuracy  attainable  with 
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these  instruments  depends  largely  on  the  adjustment  of  the 
galvanometer  and  on  the  perfection  of  the  optical  means  for 
reading  its  deflexions.  A  convenient  method  is  to  use  a 
microscope  *  with  a  micrometer-eyepiece,  and  to  observe  the 
reflected  image  in  the  galvanometer-mirror  of  a  scale  attached 
to  the  objective.  The  power  of  the  microscope  in  magnifying 
the  deflexions  is  proportional  to  the  length  of  its  body  and  to 
the  power  of  the  eyepiece,  and  does  not  depend  on  the  focal 
length  of  the  objective.  A  telescope  does  equally  well,  but 
the  arrangement  is  then  less  compact.  Either  method  is 
superior  to  the  lamp  and  scale  in  point  of  accuracy  and  for 
other  reasons,  particularly  in  not  requiring  a  darkened  room. 
This  is  a  great  advantage,  because  a  good  light  is  preferable 
for  reading  the  scale  of  the  bridge-wire  and  noting  down  the 
observations. 

With  regard  to  the  formula  to  be  used  for  reducing  the 
observed  platinum-tem})erature  pt  to  the  temperature  t  by  air- 
thermometer,  the  very  careful  experiments  made  by  Grriffiths 
on  the  boiling-  and  freezing-points  of  various  substances  f 
seem  to  show  that  the  simple  parabolic  formula 

t-pt  =  B{iJmf-tllOO} (d) 

holds  over  a  wide  range  even  more  accurately  than  I  had 
previously  imagined.  The  values  of  t  for  various  boiling-  and 
freezing-points,  deduced  by  the  aid  of  this  formula  from 
observations  with  thermometers  of  very  different  patterns  and 
with  different  coefficients,  were  rarely  found  to  differ  from 
each  other  by  more  than  a  few  hundredths  of  a  degree  over 
the  range  0°-450°  C.  The  value  of  the  constant  5  for  any 
thermometer  may  be  readily  deduced  from  a  single  observation 
of  the  boiling-point  of  sulphur  or  mercury  as  described  in  the 
paper  above  referred  to  |. 

The  air-thermometer  experiments  §  on  which  this  formula 
was  founded  did  not  extend  beyond  650°  C,  but  I  have 
recently  succeeded  in  verifying  it  roughly  at  a  higher  tempe- 
rature by  an  observation  of  the  freezing-point  of  silver.  This 
point  appears  to  be  very  clearly  marked  and  well  adapted  tor 
a  high-temperature  standard.  Several  independent  observa- 
tions with  a  platinum  thermometer  gave  the  same  result, 
982°' 1  C,  within  a  small  fraction  of  a  degree.  The  specimen 
of  silver,  however,  was  not  perfectly  pure,  so  that  the  result 

*  I  owe  this  suggestiou  to  Mr.  Horace  Darwin  of  the  Instrumout  Co., 
Cambridge,  to  wlioin  I  am  also  much  indebted  I'or  the  care  and  akili 
bestowed  on  the  construction  of  mv  apparatus. 

t  Phil.  Trans.  18'.H,  A.  pp.  i'.i  k  Urf. 

t  Pliil.  Trans.  I8i)l,  A.  p.  14(i.  §  Phil.  Trang.  1887,  A.  p.  1(U. 
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is  probably  a  little  too  low.  Moreover,  on  account  of  the 
wide  discrepancies  at  present  existing  in  the  estimates  of  the 
temperature  of  the  freezing-point  of  silver  on  the  air- 
thermometer  scale,  according  to  different  authorities,  the 
result  would  in  any  case  serve  only  as  a  rough  verification  of 
the  formula  {d).  The  difficulties  in  the  way  of  making 
accurate  determinations  with  an  air-thermometer  at  this 
temperature  are  undoubtedly  considerable  ;  but  I  have 
recently  succeeded  in  devising  a  special  form  of  instrument 
with  which  I  hope  to  be  able  to  obtain  more  trustworthy 
results. 

Sir  Wm.  Siemens  was  the  first  to  attack  the  problem  of 
determining  the  variation  of  electrical  resistance  at  high 
temperatures.  He  showed  that  the  formula  given  by 
Matthiessen, 

'Ro/E,=  l-ut  +  /3t^ (m) 

was  entirely  inapplicable  except  between  the  limits  0°  and 
100°  C.  His  own  experiments  led  him  to  suggest  the 
formula 

R=aTi-|-yST  +  7 (S) 

This  formula  has  been  very  widely  quoted  and  adopted, 
but  it  does  not,  so  far  as  my  experience  goes,  represent  the 
results  of  observation  so  well  as  the  simpler  formula 
R/E.()=l  +  «^  +  /3^^,  which  was  used  by  Benoit,  and  which  is 
equivalent  to  formula  {d). 

1  have  only  recently  succeeded  in  finding  a  published 
account  of  Sir  "Wm.  Siemens's  experiments  *.  It  appears 
from  this  that  they  were  undertaken  rather  with  a  view  of 
o-raduating  a  commercial  pyrometer  than  of  investigating  the 
law  of  change  of  electrical  resistance.  Temperatures  u})  to 
350°  were  determined  %  mercury  thermometers  in  an  air-  or 
oil-bath,  and  it  does  not  appear  that  any  corrections  were 
applied  to  their  readings.  The  individual  observations  are 
somewhat  irregular,  and  often  show  divergencies  amounting  to 
2  per  cent,  and  over.  Only  three  observations  at  higher  tem- 
peratures are  given  ;  they  show  a  mean  deviation  of  about 
30°  C.  A  copper  ball-pyrometer  was  used  to  determine  the 
temperatures,  which  are  given  as  810°,  835°,  and  854°  C. ; 
the  corresponding  temperatures  deduced  by  formula  (S)  from 
the  observed  resistances  of  the  platinum  pyrometer  were 
772°,  811°,  and  882°  C. 

The  formula  Siemens  gives  for  iron  makes  the  rate  of  in- 
crease of  its  resistance  diminish  considerably  with  rise  of 
temperature.  The  formula  given  by  Benoit  makes  it  increase 
*  '  Transactions  of  the  Society  of  Telegraph  Engineers/  1875. 
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very  largely.  All  the  specimens  I  have  tried  agree  very 
closely  vi'ith  Benoit^s  formula.  I  am  inclined  to  think  that 
the  Siemens  formula  must  be  wrong.  It  is  at  least  note- 
worthy that  two  of  his  observations  diifer  by  6  and  3^  per 
cent,  respectively  from  his  formula  in  the  direction  of  agree- 
ing with  Benoit^s,  and  that  if  allowance  is  made  for  the 
probable  errors  of  the  mercury  thermometers  at  350°  the 
discrepancy  may  be  still  further  reduced.  The  resistances  appa- 
rently were  only  measured  to  about  1  per  cent,  in  most  cases, 
and  the  temperatures  are  given  only  to  the  nearest  degree. 
The  Siemens  formula  is  undoubtedly  superior  to  that  given 
by  Matthiessen,  but  the  evidence  in  its  favour  is  hardly  suffi- 
cient to  justify  its  continued  use  in  preference  to  the  much 
simpler  and  more  convenient  formula  (d). 

The  superior  capabilities  of  platinum  thermometers  as 
compared  with  instruments  in  general  use  do  not  appear  as 
yet  to  be  sufficiently  appreciated.  It  will  perhaps  help  to 
bring  out  more  clearly  several  of  the  points  mentioned  in 
their  construction,  if  I  give  a  brief  summary  of  some  of  the 
advantages  which  they  present  in  point  of  range^  constancy, 
and  sensitiveness,  as  compared  with  the  best  mercury 
thermometers. 

The  range  of  a  mercury  thermometer  is  ob\dously  limited 
to  temperatures  between  —40°  and  +400°  C.  That  of  a 
platinum  thermometer  may  extend  from  absolute  zero  to  above 
1500°  C. 

The  superiority  of  the  platinum  thermometer  is  still  greater 
in  point  of  constancy.  It  is  a  fact  familiar  to  those  who  have 
studied  mercury  thermometers,  that  if  a  new  thermometer  be 
kept  at  a  temperature  of  350°  (J.  for  a  week  or  so,  its  zero 
will  be  found  to  rise  by  10'^  or  20°  owing  to  the  contraction 
of  the  glass.  After  a  time  this  rise  reaches  a  limit  ;  but  if  a 
thermometer  which  has  been  thus  annealed  and  allowed  to 
cool  slowly  be  again  heated  to  350^  for  a  few  minutes  and 
allowed  to  cool  rapidly  by  free  exposure  to  the  air,  its  zero 
will  be  found  to  b(^  depressed  by  a  quantity  which  varies  with 
ditferent  thermometers,  but  which  generally  amounts  to 
about  2°.  A  similar  depression,  but  less  in  amount,  is  ob- 
served if  the  thermometer  is  heated  to  some  intermediate 
point  of  the  scale.  The  extent  of  depression  also  depends  on 
the  time  during  which  the  thermometer  is  heated,  and  on  the 
rate  at  which  it  is  cooled.  Thus  (;ven  in  the  best  mercury 
thermometers,  which  have  been  carefull\  amiealed  bv  a 
special  process,  the  position  of  the  zero  is  constantly  .shiftinf 
in  a  manner  which  depends  on  the  i)ast  history  of  the  instru- 
ment.    It  is  consequently  very  difficult,  and  in  many  cases 
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impossible,  to  attain  an  accuracy  of  the  order  of  a  tenth  of  a 
degree  even  at  temperatures  as  low  as  200°  C. 

On  the  other  hand,  when  a  platinum  thermometer  has  once 
been  annealed  (a  process  which  can  be  completed  in  a  few 
minutes),  its  zero  will  not  be  found  to  vary  even  by  a 
hundredth  of  a  degree — if  it  is  properly  constructed — when 
used  at  any  temperatures  up  to  500°  C.  ;  and  in  some 
thermometers  which  I  have  used  at  temperatures  as  high  as 
1300°  C,  I  have  not  found  any  changes  of  zero  amounting  to 
more  than  a  tenth  of  a  degree. 

Sensitiveness  and  rapidity  of  observation  are  often  of  con- 
siderable importance.  A  mercury  thermometer  with  an  open 
scale  must  necessarily  contain  a  relatively  large  mass  of 
mercury,  since  there  are  objections  to  unduly  diminishing  the 
bore  of  the  tube.  Thus  it  cannot  be  made  so  sensitive  as  a 
platinum  thermometer  in  which  the  actual  mass  of  metal  may 
be  very  small.  A  still  more  important  point  is  that,  owing  to 
the  imperfect  elasticity  of  the  glass,  it  is  desirable  to  allow 
the  mercury  thermometer  some  time  to  settle  before  taking 
a  reading.  Tliis  is  of  course  unnecessary  in  the  case  of  the 
platinum  thermometer. 

In  ordinary  work  with  mercury  thermometers  it  is  gener- 
ally necessary  to  expose  some  portion  of  the  stem  to  the  air. 
If  a  volume  of  mercury  corresponding  to  any  considerable 
number  of  degrees  be  thus  exposed,  the  error  becomes  serious. 
It  may  amount  to  as  much  as  10°  at  350°  C.  This  correction 
is  so  uncertain  that  it  is  now  generally  considered  inexpedient 
to  attempt  to  apply  it.  The  only  way  to  avoid  it,  and  at  the 
same  time  to  secure  a  sufficiently  open  scale  for  accurate  work 
without  unduly  increasing  the  length  of  the  stem,  is  to  use  a 
series  of  thermometers  of  "  limited  scale. '^  Each  of  these 
must  have  at  least  two  points  of  its  scale  specially  determined. 
It  has  hitherto  been  the  custom  to  graduate  such  thermo- 
meters by  means  of  substances  of  known  boiling-  and  freezing- 
points  ;  but,  as  Griffiths  *  has  shown,  the  graduation  may  be 
much  more  easily  and  accurately  effected  by  comparison  with 
a  single  platinum  thermometer,  a  method  which  has  the 
further  advantage  of  saving  the  trouble  of  calibrating  the 
stem. 

It  is  easy  to  construct  a  platinum  thermometer  with  a  scale 
of  1  centim.,  or  even  10  centim.,  to  the  degree,  whose  reading- 
shall  be  entirely  independent  of  the  length  of  stem  immersed. 
The  divided  wire  on  which  the  readings  are  taken  need  not 
be  more  than  20  centim.  in  length,  and  can  be  made  to  corre- 
spond to  any  part  of  the  scale  by  simply  unplugging  a  few 
♦  B.  A.  Report,  1890. 
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resistances.  Thus  a  single  platinum  thermometer  will  do  the 
work  of  a  whole  series  of  mercury  thermometers,  and  that 
with  far  greater  accuracy  and  without  the  necessity  of 
applying  any  troublesome  and  uncertain  corrections. 

It  may  be  objected  that  the  use  of  a  platinum  thermometer 
requires  electrical  apparatus  and  some  knowledge  of  electrical 
measurement.  I  quite  admit  that  it  requires  some  special 
skill  and  experience  to  make  a  good  thermometer,  but  the 
rest  of  the  apparatus  required  is  obtainable  in  almost  any 
laboratory,  and  it  is  easy  to  take  the  readings  quickly  and 
accurately  after  a  little  practice.  The  great  superiority  of 
the  platinum  thermometer  in  range,  accuracy,  and  durabihty, 
will  be  found  in  the  end  to  save  so  much  time  and  expense  as 
will  more  than  compensate  for  the  small  trouble  of  learning 
to  use  it. 


XVIII.  On  a  probable  Relationship  between  Specific  Inductive 
Capacity  and  Latent  Heat  of  Vaporization.  By  EuGENE 
Oback,  Ph.D.,F.C.S.* 

THE  discovery  of  a  near  relationship  between  physical 
constants  hitherto  considered  independent  of  each  other 
seems  of  sufficient  interest  to  merit  a  place  in  the  Philosophical 
Magazine,  notwithstanding  that  the  experimental  data  which 
can  be  brought  forward  in  support  of  such  relationship  are 
somewhat  meagre  and  not  particularly  accurate. 

I  have  recently  been  led  to  investigate  whether  specific 
inductive  capacity  and  latent  heat  of  vaporization  of  a 
liquid  are  in  any  way  related  to  each  other,  and  I  find  this 
actually  to  be  the  case,  at  least  as  far  as  certain  series  of 
chemically  related  organic  compounds  are  concerned,  viz.  the 
esters  of  formic,  acetic,  and  benzoic  acid,  and  the  monatomic 
alcohols.  For  these  bodies,  as  will  be  shown  hereafter, 
inductive  capacity  and  latent  heat  are  directly  proportional. 

The  numerical  values  of  these  two  physical  constants  ob- 
tiiined  by  diff"erent  observers  are  in  many  cases  very  discordant ; 
and  it  was  therefore  considered  desirable  to  adhere  as  far  as 
possible  to  the  figures  given  by  one  and  the  same  authority, 
and  to  introduce  those  of  others  only  where  absohitely 
necessary. 

The  specific  inductive  capacities  here  adopted  are  those 
published  by  S.  Tereschinj  in  1889,  and  the  latent  heats  of 

*  Communicated  by  the  Author. 

t  Wiecl.  Annal.  vol.  xxxvi.  pp.  792-804  (1889). 

riilL  Mag.  S.  5.  Vol.  32.  No.  194.  July  1891.  I 
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vaporization  those  found  by  R.  Schiff*  in  188(3.  The  latent 
heats  of  the  alcohols  and  acids  are  those  obtained  by  Favre 
and  Silbermann  t,  whereas  for  methyl  formate  |,  propylic 
alcohol,  and  the  benzoic  esters  they  had  to  be  calculated  by 
Trouton's§  relation  from  the  molecular  weight  and  the 
absolute  boiling-temperature.     This  relation  can  be  expressed 

T 
by  the  formula  V  =  C:jrj,  where  X'  is  the  latent  heat  of  vapori- 
zation, T  the  absolute  boiling-temperature  ||,  M  the  molecular 
weight,  and  C  a  constant ;  and  since  it  has  been  entirely  con- 
firmed by  Schiff 's  subsequent  researches,  it  can  confidently  be 
applied  to  the  calculation  of  the  latent  heat  of  most  bodies, 
especially  that  of  intermediate  members  of  a  series  of  chemically 
related  compounds.  The  average  value  of  the  constant  0, 
found  by  Schiff,  is  20*8  ;  but  for  the  alcohol  series  I  adopted 
the  figure  25*86,  deduced  from  Favre  and  Silbermann's  de- 
termination of  the  latent  heat  of  water,  which  gave  practically 
the  same  result  as  that  found  by  Regnault,  Andrews,  and 
Berthelot.  This  constant  is  not  very  different  to  that  deduced 
directly  from  the  alcohols,  viz.  26' 14. 

In  the  following  Tables  I.  and  IV.  the  calculated  values  of 
the  latent  heats  are  enclosed  in  brackets  in  order  to  distinguish 
them  from  those  actually  found  by  experiment. 

Table  I.  gives  the  latent  heat  of  vaporization  X.,  the  specific 

inductive  capacity  K,  and  the  quotient  ^  for  the  principal 

esters  of  formic  acid.  Table  II.  similarly  gives  these  values 
for  the  esters  of  acetic  acid,  and  Table  III.  for  the  ethyl  esters 
of  the  principal  monobasic  fatty  acids  ;  the  esters  of  formic 
acid  being  represented  by  the  general  formula  H .  CO2 
(C„H2„+i),  those  of  acetic  acid  by  CH3 .  C02(C„H2„+i),  and 
the  ethylic  esters  of  the  fatty  acids  by  (C»H2,i_iO)OC2H5. 
Since  no  experimental  data  for  the  latent  heat  of  the  benzoic- 
acid  esters  CeHg .  C02(C»H2n+i)  are  available,  this  series  of 
compounds  will  be  referred  to  later  on  [vide  Table  V.). 

Table  IV.  gives  the  experimental  results  for  the  saturated 
monatomic  alcohols  (C,iH2,i+i)0H.     In  Tables  I.,  II.,  and  IV. 

*  Liebig's  Annal.  vol.  ccxxxiv.  pp.  338-350  (1886)  ;  also  Beihl'dtter  zu 
Wied.  Annal.  vol.  x.  pp.  689-692  (1886). 

t  Laudolt  Bornstein's  Tables,  pp.  189-190  (1883). 

\  The  values  given  for  methyl  formate  by  Andrews  and  Berthelot 
seem  too  high. 

§  Phil.  Mag.  [5]  xviii.  pp.  54-57  (1884). 

II  The  boiling-temperatures  are  mostly  taken  from  the  latest  edition  of 
Beilstein's  Handbuch  der  organischen  Chemie,  and  nearly  all  refer  to 
the  normal  »ressui'e  of  760  milJim. 


Inductive  Capacity  and  Latent  Heat  of  Vaporisation.     115 

the  complete  series  are  given  from  n  =  0  to  n  =  h,  the  first 
members  being  formic  acid,  acetic  acid,  and  water  respectively, 
and  the  last  the  amyl  compounds  *.  For  the  acids  the  specific 
inductive  capacity  is  not  known,  but  I  have  calculated  it  from 

the  mean  ratio  p  of  each  particular  series.    If  these  calculated 

values  of  K  should  in  future  be  compared  with  those  found 
by  direct  observation,  it  must  be  borne  in  mind  that  the  values 
found  by  Favre  and  Silbermann  for  the  latent  heat  of  tljese 
acids  are  probably  not  quite  accurate.  For  the  specific  in- 
ductive capacity  of  water,  E.  B.  Rosa'sf  value,  viz.  75'7,  is 
adopted,  Tereschin's  figure,  83*8,  being  notably  higher  ; 
whilst  the  results  obtained  by  the  same  observers  for  ethylic 
alcohol  are  almost  identical,  viz.  25" 7  and  25*8  respectively. 

It  will  be  seen  from  Tables  I.,  II.,  and  IV.  that  the  devia- 
tions of  the  individual  values  of  the  quotient  =j^  from  the 

mean  are  no  greater  than  one  would  expect,  considering  that 
the  two  constants  were  obtained  by  ditferent  observers  and 
with  entirely  different  samples  of  liquid.  In  the  case  of  the 
acetates  and  alcohols^  which  form  two  almost  complete  scrieSj 

the  constancy  of  the  quotient  ^^  is  particularly  satisfactory  ; 

and  when  the  observed  values  are  plotted  out,  taking  the 
latent  heats  as  abscissae  and  the  inductive  capacities  as 
ordinates  {vide  the  diagram),  the  points  of  intersection  are 
nearly  equally  distributed  on  both  sides  of  a  straight  line, 
thus  unmistakably  showing  the  linear  dependency  of  the  two 
])hysical  constants.  Returning  to  Table  III.,  which  embodies 
the  results   for  five  different  ethyl  esters,  it  will  be  noticed 

that  the  ratio  ^  is  not  quite  so  constant,  but  rather  seems  to 

increase  with  the  molecular  weight ;  however,  if  the  first 
member  of  tliis  group,  viz.  ethyl  formate,  is  disregarded,  the 
deviations  from  the  mean  are  by  no  means  very  great. 

In  order  to  show  the  legitimacy  of  employing  calculated 
values  of  latent  heat,  where  no  direct  determinations  are 
available,  ^.(7.  for  the  benzoic-acid  esters,  I  have  also  calculated 
them  for  those  bodies  where  experimental  values  actually  do 

•  Schiffs  determinations  of  the  latent  heat  refer  to  the  isoaniyl  esters, 
but  it  is  doubtful  if  this  is  also  the  case  with  Tereschin's  specific  inductive 
capacities.  The  normal  amyl  formate  is  not  mentioned  iu  Beilsteiu's 
Handbook. 

t  rhil.  Mag.  [O]  xxxi.  p.  200  (1891). 

I  2 
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exist,  viz.  for  the  various  esters  of  fatty  acids  and  for  the 

alcohols. 

Tables  l.a,  II. a,  III. a,  and  IV. a  contain  the  results  of  these 

X' 
calculations^  they  show  that  the  constancy  of  the  quotient  ^ 

is  quite  as  good  as  in  the  corresponding  tables  containing  the 
observed  values  of  X.  We  are,  therefore,  justified  in  regarding 
the  results  obtained  for  the  benzoic-acid  esters  given  in 
Table  V.  with  the  same  degree  of  confidence  as  those  of  the 
other  series,  and  to  conclude  that  these  compounds  also  show  the 
direct  relationship  between  inductive  capacity  and  latent  heat. 
This  is  the  more  interesting,  as  the  benzoic  esters  belong  to 
the  entirely  distinct  class  of  aromatic  compounds. 

It  will  be  observed  from  Tables  I.  a  and  II.  a  that  the  latent 
heats  of  the  free  acids,  calculated  with  Schitf's  constant  20'8, 
differ  widely  from  those  actually  found,  and  in  order  to 
obtain  a  better  agreement  the  constant  would  have  to  be 
reduced  to  15"1 ;  but  if  in  place  of  the  boiling-temperatures 
actually  observed,  those  which  would  follow  from  the  position 
of  the  acid  in  the  particular  ester  series  were  employed,  viz, 
283°  for  formic  and  311°  for  acetic  acid,  the  resulting  latent 
heats  of  vaporization  would  become  128  and  108  respectively*, 
which  is  in  better  accordance  with  the  experimental  results, 
and  gives  for  K  the  more  probable  values  13*1  and  8'8.  How- 
ever, the  higher  members  of  the  series,  ^dz.  butyric  and  valeric 
acid,  also  examined  by  Favre  and  Silbermann,  do  not  conform 
to  this  rule.     Table  VI.  gives,  for  direct  comparison,  the  mean 

\  X' 

values  of  the  ratios  ^  and  ^  for  all  five  series  hitherto  cou- 
K  K 

sidered,  and  it   will  be   seen  that    there   is  practically  very 

little    difference    between    them.      There    is    also    only   little 

difference  between  the  mean  ratios  of  the  formic  and  benzoic 

esters,  and,  aijain,  between  those  of  the  acetic  esters  and  the 

esters  of  the  higher  acids,  whereas  the  alcohols  give  a  notably 

lower  ratio. 

*  Trouton  (/.  c.  p.  5)  increases  the  theoretical  vapour-density  of  formic 
acid  hi  the  ratio  2"68  :  1'62,  and  that  of  acetic  acid  in  the  ratio  3'19  :  2'OS, 
for  the  calcuhition  of  his  constaut.  If  tlie  molecular  weights  are  .similarly 
increased,  the  latent  heats,  calculated  Irom  the  actual  boiling-temperatures 
with  Schitf's  mean  constant,  are  about  20  per  ceut.  below  the  observed 
values  ;  but  if  the  constaut  derived  from  water,  Avhich  I  applied  to  the 
alcohol  series,  is  taken,  the  results  are  practically  the  same  as  those  given 
above,  viz.  127  and  110  respectively. 
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Table  I. 

Formic-Acid  Esters,  H  .  C02(C„H2«+i). 


Carbon    atoms  in  Alcohol ' 
radical  («) / 

0 

(Acid.) 

1 

2 

3 

4 

5 

Name  of  Radical 

(Hydrogen) 

Methyl. 

Ethyl, 

Propyl. 

Isobutyl. 

Amyl. 

Latent  beat  of  vapor.  (X)     ... 
Spec.  Induct.  Capacity  (K)... 

120-7* 

[12-3] 

(105-8) 
9-9 

10-7 

92-2 
9-1 

85-2 
[8-7] 

77-0 
8-4 

Iso.71-7 

7-7 

Eatio^      

— 

10-1 

— 

9-2 

9-3 

K 

Mean 

=9-83+0-35. 

*  Favre  and  Silbermann. 


Table  I.  a. 
Formic-Acid  Esters,  H  .  C02(C„H2„+i). 


Carbon   atoms    in  Alcohol  [ 
radical  (jt) J 

0 

(Acid.) 

1 

2 

3 

4 

5 

Name  of  Radical  

(Hydrogen) 

Methyl. 

Etliyl. 

Propyl. 

Isobutyl. 

Amyl. 

Absol.  boiling-temp.  (T) 

Molecular  weight  (M) 

374 

46 

305 
GO 

327 
74 

354 

88 

371 

102 

Iso.  396 
llf) 

Calcul.  latent  lieat  of!  ,.,, 
vaporization J  '^    '' 

(1(;9-1)* 

105-8 
9-9 

91-9 
9-1 

83-7 
[8-6] 

75-7 
8-4 

71-0 

7-7 

Spec.  Induct.  Capacity  (K)... 

Ratio—     

— 

10-7 

nil 

— 

9-0 

9-2 

K 

Meal 

1=9-75  + 

0-4O. 

*  This  would  give  [17'3]  for  K,  which  is  undoubtedly  (oo  high. 
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Table  II. 
Acetic-Acid  Esters,  CH3 . 

>  hetween  Specific 

Carbon   atoms    in  Alcohol"! 
radical  (?i) J 

0 

(Acid.) 

1 

2 

3 

4 

5 

1 

Name  of  Radical 

(Hydrogen) 

Methyl. 

Ethyl. 

Propyl. 

Isobutyl. 

Amyl. 

1 

Latent  heat  of  vapor.  (A)    ... 
Spec.  Induct.  Capacity  (K)... 

101-9* 

[8-2] 

94-0 

7-8 

83-0 
6-5 

77-3 
6-3 

69-9 

5-8 

I.so.66-3 
5-2 

Ratio         

— 

120 

12-8 

12-3 

12-1 

12-8 

j 

K 

Mean  =  I2-40+0-17. 

*  Favre  and  Silbermann. 

Table  II.  a. 
Acetic-Acid  Esters,  CH3 .  COgCaHo^+i). 

Carbon   atoms    in  Alcohol  | 
radical  {)/) J 

0 

(Acid.) 

1 

2 

3 

4 

5 

Name  of  Radical 

(Hydrogen) 

395 
60 

Methyl. 

Ethyl. 

Propyl. 

Isobutyl. 

Amyl. 

Iso.  412 

1301 

1 

Absol.  boiling-temp.  (T) 

Molecular  weight  (M) 

330 
74 

350 

88 

374 
102 

389 
116 

Calcul.   latent  heat  1  ,-.,. 
of  vaporization...  |  ^    ^   '" 

Spec.  Induct.  Capac.  (K)    ... 

(136-9)« 

92-8 
7-8 

82-7 
6-5 

76-3 
6-3 

69-8 

5-8 

65-9 
5-2 

Ratio^'     

— 

11-9 

12-7 

121 

12-0 

12-7 

K 

Mean  =  12-28+0  17. 

*  Tliis  would 

give  [ll-l]  f 

or  K,  whi 

^h  seems  a 

Iso  too  hi 

^h. 
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Table  III. 
Ethyl  Esters,  (C„H2„-iO)  OC2H5. 


Carbon     atoms     in     Acid  1 
radical  (») J 

1 

2 

3 

4 

5 

Name  of  Radical 

Formyl. 

Acetyl. 

Propionyl. 

Butjryl. 

Valeryl. 

Latent  beat  of  vapor.  (X)    ... 
Spec.  Induct.  Oapac.  (Jv)    ... 

92-2 
91 

83-0 
6-5 

77-1 
6-0 

71-5 
5-3 

64-6 
4-9 

Ratio         

101 

12-8 

12-8 

13-5 

13-2 

K 

Mean 

=  12-48  ±0-61. 

Table  III.  a. 
Ethyl  Esters,  (C„H2„-iO)OC2H5. 


Carbon     atoms    in     Acid ' 
radical  (?;) _ 

1 

2 

3 

4 

5 

Valeryl. 

Name  of  Radical 

Formyl. 

Acetyl. 

Propionyl. 

Butyryl. 

Absol.  boiling-temp.  (T) 

Molecular  weigbt  (M) 

327 
74 

350 

88 

372 
102 

392 
116 

407 
130 

Calcul.    latent    beat"!  ,^,< 
of  vaporization...  J  ^    '  "■ 

Spec.  Induct.  Capacity  (K)... 

91-9 
91 

82-7 
6-5 

75-9 
GO 

70-3 
5-3 

G51 
4-9 

Ratio           

101 

12-7 

127 

13-3 

13-3 

K 

Mean  =  1 2-42 +0G0. 
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Table  IV. 
Alcohols,  (C„H2„+,)0H. 


Carbon    atoms  in  Alcohol  I 
radical  («) J 

0 

(Water.) 

1 

2 

3 

4 

5 

(Hydrogen) 

Methyl. 

Ethyl. 

Propyl. 

Butyl. 

Amyl. 

Latent  heat  of  vapor.  (\)    ... 
Spec.  Induct.  Capacity  (K)... 

535-8* 

75-7t 

263-9* 
32-7 

208-9* 
25-8 

(159-5) 
22-8 

(135-2) 
[17-9] 

121-4* 
15-9 

Eatio         

7-1 

8-1 

8-1 

,7-0 

— 

7-6 

K 

1 

Mean  =  7-58  ±0-24 

*  Favre  and  Silbermann. 


t  E.  B.  Eosa. 


Table  IY.  a. 
Alcohols,  (C„H2„4-i)0H. 


Carbon   atoms  in   Alcohol  1 
radical  (w) / 

0 

(Water.) 

1 

2 

3 

4 

5 

!Name  of  Eadical 

(Hydrogen) 

Methyl. 

Ethyl. 

Propyl. 

Butyl. 

Amyl. 

Absol.  boiling- temp.  (T) 

Molecular  weight  (M) 

373 

18 

339 
32 

351 

46 

370 

60 

387 
74 

410 

88 

120-5 
15-9 

Calcul.  latent  heat]  ,,,. 
of  vaporization...  /  ^    ' 

Spec.  Induct.  Capacity  (K) . . . 

635-8 
75-7 

273-9 
32-7 

197-3 
25-8 

159-5 
22-8 

135-2 
[17-9] 

Eatio ''^'      

7-1 

8-4 

7-7 

70 

—              7-6 

K 

Mean =7-56  ±0-32. 
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Table  Y. 
Benzoic-Acid  Esters,  CeHj .  COsCC^H^,^^  J. 


Carbon    atoms  in  Alcohol  1 
radical  (m)     J 

1 

2 

3 

4 

5 

Name  of  Radical 

Methyl. 

Ethyl. 

Propyl. 

Isobutyl. 

Isoamyl. 

Absol.  boiling-temp.  (T) 

Molecular  weight  (M) 

468 
136 

484 
150 

503 
164 

510 
178 

535 
192 

Calcul.  latent  heat  of]  ,j.,v 
'    -vaporization J^    '' 

71-6 
7-2 

67-1 
6-5 

63-8 
[6-2] 

59-6 
60 

580 
6-2 

Spec.  Induct.  Capacity  (K)... 

9-9 

10-3 

— 

9-9 

11-2 

K     

Mean  =10-33 +  0-31. 

Table  VI. 

\  A,' 

Summary  of  the  mean  ratios  ^  and  ^r^. 

•'  Iv  K 

(From  preceding  Tables.) 


Description  of  Series...  j 

Formic 

Esters. 

Acetic 
Esters. 

Ethyl 
Esters. 

Mon  atomic 
Alcohols. 

Benzoic 

Esters. 

Vide  Tables  

I.  &  I.  a. 

II.  &  IT,  a. 

TTT  ,<;•  TTT  a 

IV.  k  IV.  a. 

V. 

Observed  Latent  Heat 

9-83 

12-40 

12-48 

7-58 

— 

Calculated  Latent  Heat 

975 

12-28 

12-42 

7-56 

10-33 
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W 


If    for  a   series  of    chemically  related   bodies    ff  =y,   or 

T 

V=7K,  it  follows  from  Trouton's  relation  that  7K  =  Cvt,  or 


M' 


C 


KM  =  C'Tj  when  C'=  — ,  i.  e.  tJie  ahsolute  holling-temperature 
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of  any  member  of  a  senes  is  proportional  to  the  product  of 
molecular  iceight  and  specific  inductive  capacity,  or,  in  other 
words,  to  the  inolecidar  inductive  capacity.  The  numerical 
value  of  the  constant  C  for  any  given  series  of  compounds 
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depends  solely  upon  the  units  chosen.     For  instance,  when 

the  latent  heat  is  based,  as  usual,  on  the  specific  heat  of  water, 

the   gramme  weight,   and    the   Centigrade   scale,   and    when 

the  inductive  capacity  is  compared  with  that  of  air  taken  as 

C 
unity,  the  ratio  C'=  —  becomes  e.g.  for  the  acetic-acid  series 

In  place  of  the  molecular  weights,  Trouton  originally  used 
the  vapour-densities  D  based  on  H2  as  unity  ;  the  value  of 
his  constant  consequently  lies  between  10  and  13.  It  will  be 
noticed  that  these  figures  are  not  very  different  to  the  con- 
stant 7  obtained  for  the  various  ester  series.  In  those  cases 
where  the  two  happen  to  be  identical,  the  relation  between 
specific  inductive  capacity,  vapour-density,  and  absolute 
boiling-temperature,  can  be  expressed  by  the  extremely  simple 
formula  KD  =  T. 

De  Heen  has  shown  "^  that  the  absolute  boiling-temperature 
T  at  7 GO  millim.  pressure  and  the  coefficient  of  expansion  a^ 
at  0°  are  inversely  proportional,  or  aQT  =  constant  ;  it  there- 
fore follows  that  aQKM  =  constant,  i.  e.  the  coefficient  of  expan- 
sion at  0°  is  inversely  'proportional  to  the  molecular  inductive 
capacity.  The  product  a^KM  is  perfectly  analogous  to  the 
first  term  "oPo-^  ^^  ^^  Heen^s  equation  for  intramolecular 
work,  which  represents  that  part  of  the  heat  spent  for  physical 
dissociation  as  contradistinguished  from  chemical  dissociation 
forming  the  second  term,  and  to  which  electrolytical  decom- 
position would  here  correspond. 

Tereschin  has  already  tried  if  there  is  any  direct  connexion 
between  the  specific  inductive  capacity  of  the  various  boilies 
which  he  examined  and  their  molecular  weight,  and  found 

that    the   two    formulae    lL  =  a  +  h^^  and  K  =  ?i^M-|-A^), 

where  a,  h,  and  A  are  constants,  a  the  specific  gravity,  and 
n  the  refractive  index,  fairly  represent  his  observations. 
These  formulae  are   more  complicated  than  the  one  which  I 

T 

have  proposed,  viz.  K  =  C'^,  without  affording  a  notably 

better  agreement  with  the  experimental  results,  as  will  be 
seen  on  com])aring  Tereschin's  calculated  values  given  in  the 
Annalen  with  those  in  the  followin<>:  Table  VII. : — 


*  Vide  abstract  of  Scbiff's  article  in  the  Bcibliitter,  1.  c.  p.  091. 
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Table  VII. 

Comparison  of  Specific  Inductive  Capacities  calculated  Ijy  the  formula 

T 
K  =  C'^  with  those  observed  by  Tereschin. 


Description  of  Series. 

Alcohol  radical. 

Methyl. 

Ethyl. 

Propyl. 

Isobutyl. 

Amyl. 

r  Calculated 

10-8 
9-9 

9-4 
91 

8-6 

7-8 
8-4 

Iso.  7-3 

7-7 

Iso.  5-3 
5-2 

Formates  \. 

[  Observed  

C  Calculated 

7-6 

7-8 

6-7 
6-5 

6-2 
6-3 

5-7 

5-8 

Acetates    •! 

[  Observed   

C  Calculated 

6-9 

7-2 

G-5 
6-5 

6-2 

6-8 
60 

Iso.  5-6 
5-2 

Beuzoates  \ 

y  Observed  

("Calculated 

36-2 
32-7 

26-1 
25-8 

21-1 
22-8 

17-9 



15-9 
15-9 

Alcohols   -j 

1  Observed   

The  series  of  chemical  compounds  so  far  considered  are  all 
characterized  by  the  fact  that  the  alcohol  radicals  are  indi- 
rectly linked  to  the  carbon  through  the  interposition  of  an 
oxygen  atom;  but  if  the  radicals  are  directly  bound  to  the 
carbon,  which,  for  instance,  is  the  case  with  the  benzene 
hydrocarbons,  proportionality  between  specific  inductive 
capacity  and  latent  heat  of  vaporization  no  longer  holds  good. 
This  is  evident  on  comparing  the  latent  heats  of  these  hydro- 
carbons found  by  Schiif  with  the  inductive  capacities  obtained 
by  Isegreano  * ,  where,  with  increasing  molecular  weight  of 
the  series,  the  former  diminish  and  the  latter  slowdy  rise. 

Besides  the  compounds  which  have  already  been  mentioned 
only  a  few  more  remain,  for  which  fairly  reliable  values  of 
both  specific  induction  and  latent  heat  exist :  these  are  ethylic 
ether,  carbon  tetrachloride,  carbon  disulphide,  and  oil  of  tur- 
pentine ;  but  even  for  these  bodies  the  inductive  capacities 
are  by  no  means  certain,  as  the  results  obtained  by  different 
investigators  and  ditferent  methods  show  considerable  varia- 
tions.    Carbon  tetrachloride  has  been  examined  by  Tereschin, 

*  Comptes  Rendus,  vol.  civ.  pp.  423-425  (1887). 
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and  the  three  other  compounds  by  Gr.  Quincke"^.  I  consider 
the  latter's  values  obtained  by  the  balance-inetliod  to  be  the 
most  suitable  for  comparison  with  Tereschin's  figures.  The 
results  are  given  in  the  following  Table  : — 

Table  VIII. 
Various  Liquids. 


Name  and  Formula  of  f 
Liquid \ 

Ethylic 

Ether. 

C^HjO .  C^Hj. 

Carbon 
tetrachloride. 

CCl,. 

Carbon 

disulphide. 

OS2. 

Oil  of  Tur- 
pentine. 
0,oHi8. 

Latent  heat  of  vapor.  (X)     . . . 
Spec.  Indue.  Capacity  (^K)  ... 

89-9* 
4-32 

46-2* 
2-20 

84-8* 
2-57 

68-7t 
2-21 

Eatio  /^    

20-8 

210 

330 

31-1 

Mean  =  20-90. 

Mean =3205. 

*  Eegnault. 


t  Favre  and  Silbermann. 


It  will  be  seen  from  the  above  table  that  the  quotient 


F?     IS 


totally  different  to  that  obtained  previouslv,  but  it  is  not  im- 
possible that  the  four  bodies  may  belong  to  two  distinct  groups 
as  indicated  in  the  table  ;  however,  before  trustworthy  con- 
clusions in  this  and  other  directions  can  be  drawn,  considerably 
more  experimental  data  would  be  required. 

There  is  no  doubt  that  a  better  agreement  between  the  two 
constants  could  be  obtaincnl  if  the  same  samples  of  liquid  were 
used  for  both  determinations  on  account  of  the  almost  un- 
avoidable presence  of  foreign  bodies,  especially  of  water,  wdiich 
in  this  case  would  affect  both  measurements  in  the  same  di- 
rection. More  uniform  results  might  also  be  expected  if  the 
s[)(icific  induction  and  latent  heat,  which  are  known  to  vary 
with  the  temperature,  were  determined  at  the  same  or  corre- 
sponding temperatures. 

If  the  present  communication  should  in  any  way  tend  to 
induce  others  to  take  up  this  interesting  subject  and  pursue  it 
in  a  systematic  and  exhaustive  manner,  my  object  will  have 
been  accomplished. 

Woolwich,  June  3rd,  1891. 


*  Wied.  Annal.   vol.   xi.\. 
pp.  52'J-038  (1680). 


pp.  705-729  (1833)  ;  and  /.  c.  vol.  xxviii. 
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XIX.  An  Instrument  for  Measuring  Chronograph  Traces. 
By  Frederick  J.  Smith,  M.A.^  Millard  Lecturer,  Mech.  et 
Fhijs.,  Trinity  College,  Oxford^. 

WHEN  a  tuning-fork  is  used  to  determine  the  period  of 
time    between    two    chronograph    markings,    traces 
such  as  A  B,  Si,  S2  (fig.  1)  are  produced  on  a  sheet  of  smoked 


glass,  which  is  carried  in  contact  with  the  points  of  electro- 
magnetic styli  and  the  stylus  of  a  tuning-fork.  In  the 
figure^  Si  S2  are  the  markings  of  the  electromagnetic  styli, 
they  show  the  beginning  and  ending  of  a  time  period  : 
parallel  lines  ruled  through  S^  S2  cut  the  fork  trace  at  M,  N. 
The  central  line  A  B  is  ruled  through  the  curved  trace 
C  D  E  F  by  the  stylus  of  the  fork  when  at  rest,  in  its  position 
of  equilibrium.  Hitherto  I  have  measured  a  length  such  as 
t,  which  is  made  up  of  one  whole  vibration  M  L  and  a  frac- 
tion of  a  vibration  L  N,  by  means  of  a  traversing  micrometer- 
microscope,  furnished  with  a  spider's  web,  or  a  quartz  fibre, 
in  the  eye-piece.  This  method  of  determining  the  length  of 
LN  in  terms  of  a  vibration-length,  though  very  accurate,  has 
the  disadvantage  of  taking  a  considerable  time  to  go  through. 
By  means  of  a  device  which  I  have  called  the  Wedge-Divider, 
this  value  may  be  accurately  and  quickly  determined.  A 
triangle  (fig.  2)  of  which  the  sides  A  G,  B  C  are  equal  is 
ruled  on  a  piece  of  plate-glass  ;  the  base  A  B  is  divided  into 
any  number  of  equal  parts,  and  each  division  is  joined  to  C  by 
straight  lines.  I  usually  divide  A  B  into  100  parts,  and  each 
tenth  line  is  dotted  as  well  as  ruled.  To  use  the  wedge-divider, 
the  trace  is  removed  from  the  chronograph,  and  after  being 
ruled,  is  varnished  with  very  thin  photographic  varnish.  The 
divider  is  then  placed  upon  the  trace  with  its  ruled  side  in  con- 
tact with  the  trace,  and  moved  at  right  angles  to  the  trace  till 
A  C  and  B  C  cut  the  trace  in  N  and  M,  the  ends  of  a  vibration 

*  Commuuicated  by  the  Author. 
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or  a  half  vibration-length.  Thus  by  similar  triangles  the  length 
M  N  is  divided  into  the  same  number  of  equal  parts  as  A  B. 
This  being  the  case,  any  length  such  as  N  P  can  be  at  once  com- 
pared with  a  length  N  M,  and  consequently  the  time  value  of 
the  length  NP.  I  find  that  for  accuracy,  the  method  compares 
very  favourably  with  the  micrometer  method,  while  the  advan- 
tage in  time  of  working  is  as  about  four  to  one.  When  a  large 
number  of  determinations  have  to  be  reduced  the  question  of 
time  is  important.     If  a  well-made  aluminium  stylus  draws  a 


trace  on  a  smoked-glass  surface,  the  trace  when  examined  by 
a  microscope  appears  to  have  a  bright  line  situated  midway  in 
the  cutting  excavated  by  the  stylus,  this  line  is  always  used 
to  measure  from  ;  the  edge  of  the  trace  is  of  no  value,  as  its 
outline  is  usually  rather  like  the  teeth  of  a  mason's  saw.  For 
many  determinations,  such  as  those  of  wave-motions  in  solids, 
it  has  been  found  convenient  to  use  a  fork  having  a  period  of 
555  second  ;  by  using  the  wedge-divider,  the  -^^  second  may 
be  at  once  read.  The  surface  velocity  of  the  glass  is  arranged 
so  that  each  vibration  is  about  0*8  centim,  long.  My  first 
experiment,  which  led  up  to  the  wedge-divider  used  in  con- 
junction with  a  microscope,  was  to  put  a  trace  into  a  projec- 
tion lantern,  and  measure  the  image  on  a  cardboard  screen 
carrying  a  triangle,  di-vided  as  I  have  described.  By  using 
the  wedge-divider  in  close  contact  with  the  trace,  in  the 
field  of  a  microscope,  the  distorsion  inherent  in  the  lantern 
method  is  eliminated. 
Oxford,  June  12,  1891. 
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Telescopic  Worl-  for  >Stiirli;/ht  EvenUujs.    Bi/  WiLLIAM  F.  DElfNINO, 
F.li.A.S.     (Taylor  and  Francis.) 

TTNIVERSALLY  recognized  as  one  of  the  greatest  Hvingauthor- 
^  ities  on  the  subject  of  Meteoric  Astronomy,  Mr.  Denning 
has  also  discovered  two  comets,  and  made  numerous  and  accurate 
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observations  and  drawings  of  planetary  details  and  other  celestial 
phenomena.  For  many  years  he  has  been  a  prolific  writer  in 
astronomical  serials  and  the  Proceedings  of  learned  societies.  A 
work  from  his  facile  pen  will  therefore  be  read  with  much  interest 
and  expectation  by  all  lovers  of  the  "  sublime  science."  And  his 
readers  will  not  be  disappointed.  This  is  a  very  interesting  and 
valuable  work.  Emanating  as  it  does  from  a  distinguished  astro- 
nomer, and  founded  as  it  is  on  the  results  of  the  author's  practical 
experience,  it  is  of  course  worthy  of  more  attention  and  confidence 
than  books  which  are  merely  compilations  from  the  writings  and 
observations  of  others. 

The  book  opens  with  an  interesting  chapter  on  the  invention 
and  development  of  the  telescope.  The  second  chapter  discusses 
the  relative  merits  of  large  and  small  telescopes,  in  which  it  is 
clearly  shown  that  the  utility  of  small  instruments  is  not  to  be 
despised.  The  author  thinks  that  future  development  in  telescopes 
will  take  place  in  the  size  of  reflectors  rather  than  in  refractors, 
which  have  now  nearly  reached  their  limit  of  aperture,  and  in  this 
conclusion  he  is  most  probably  correct.  In  Chapter  iv.  most 
useful  hints  are  given  to  the  amateur  observer  on  telescopic  obser- 
vations, and  the  best  methods  of  arriving  at  useful  results.  Mr. 
Denning  very  justly  says  (p.  78),  "  Some  amateurs  take  an  in- 
credible amount  of  pains  to  look  up  an  object  for  the  simple  satis- 
faction of  seeing  it.  But  seeing  an  object  is  not  observing  it.  The 
mere  view  counts  for  nothing  from  a  scientific  standpoint,  though 
it  may  doubtless  aiford  some  satisfaction  to  the  person  obtaining 
it";  and  again  (p.  81),  "It  need  hardly  be  said  that  every  difficulty 
may  be  surmounted  by  perseverance,  and  that  a  man's  enthusiasm 
is  often  the  measure  of  his  success,  and  success  is  rarely  denied  to 
him  whose  heart  is  in  his  work." 

Interesting  chapters  follow  on  the  Sun,  Moon,  Planets,  and 
Comets,  and  contain  much  information  and  many  useful  practical 
hints.  The  chapter  on  "  Meteors  and  Meteoric  Observations  "  is, 
as  might  be  expected  from  Mr.  Denning,  especially  good. 

The  concluding  chapters  of  the  work  treat  of  the  Stars,  Nebulae, 
and  Clusters.  These  include  some  useful  tables  of  some  remarkable 
objects  ;  but  the  list  of  variable  stars  is  rather  short,  some  interest- 
ing objects — for  instance  E  Leonis — being  omitted.  In  a  second 
edition  this  list  might  with  advantage  be  extended  to,  say,  two 
pages  instead  of  one. 

It  is  the  duty  of  a  reviewer  to  look  for  misprints  and  errors  in 
the  book  he  reviews.  Mr.  Denning"s  book  has  passed  through  this 
ordeal  very  satisfactorily.  Of  misprints  none  have  been  detected. 
Of  inaccuracies  there  are  very  few.  On  p.  114  the  moon's  mean 
distance  is  given  as  237,000  mdes.  This  should  be  238,800  miles. 
Mann's  orbit  for  Sirius,  referred  to  on  p.  307,  is  now  known  to  be 
incorrect.  The  companion  has  certainly  not  yet  passed  through 
the  periastron,  and  probably  will  not  do  so  for  a  few  years  to  come. 
In  the  List  of  Variable  Stars,  p.  311,  the  minimum  of  o  Ceti  is 
given  as  0,  or  complete  invisibility  even  with  a  telescope.     This  is 
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incorrect,  as  the  star  never  descends  below  magnitude  9|,  and  in 
fact  always  remains  visible  in  a  telescope  of  3  inches  aperture,  or 
even  2  inches.  The  minimum  of  n  Argus  is  given  as  6  magnitude; 
but  the  star  has  been  seen  as  faint  as  7k  (in  ly86),  and  is  at  present 
about  the  7th  magnitude.  Its  period,  if  it  has  one,  has  not  yet 
been  satisfactorily  determined.  These  are  trivial  matters,  however, 
and  do  not  detract  from  the  value  of  a  book  which  it  is  to  be  hoped 
will  meet  with  the  success  it  deserves.  All  telescopists  should 
procure  a  copy  of  the  work  without  delay.  The  book  is  well  printed 
and  bound,  and  contains  numerous  excellent  illustrations. 

J.  E.  GOKE. 

A  Treatise  on  Anah/tical  Statics,  with  numerous  examjiles.  By  E. 
J.  EouTH,  Sc.D.,  F.R.S.  Vol.  I.  (Cambridge :  University 
Press,  1891 ;  pp.  xii+407.) 

We  approach  this  new  work  by  Dr.  Eouth  as  if  it  were  the  work 
of  a  "  blessed  Grlendoveer  "  ("  'tis  mine  to  speak,  and  yours  to  hear  "). 
AVe  never  had  the  good  fortune  to  sit  at  his  feet  and  so  have  had 
a  more  thorough   enjoyment  in  reading  it  than  any  one  of  his 
numerous  "sons"   who  are  familiar  with  his  methods  can  have. 
He  liimself  opens  his   preface  with  the   words :    "  During  many 
years  it  has  been  my  duty  and  pleasure  to  give  courses  of  lectures 
on  various    mathematical    subjects   to    successive   generations   of 
students.     The  course  on  Statics  has  been  made  the  groundwork 
of  the  present  treatise.     It  has,  however,  been  necessary  to  make 
many  additions ;  for  in  a  treatise  all  parts  of  the  subject  must  be 
discussed  in  a  connected    form,   while    in  a  series  of    lectures   a 
suitable  choice   has  to  be  made."'     We  trust  that  Dr.  Eouth  will 
not  only  complete  his  work  on  Statics,  of  which   this  is  a  first 
instalment,  but  also,  in  due  time,  give  students  the  results  of  his 
many  years'  labours  in  other  parts  of  the  mathematical  curriculum. 
Our  author's   mode    of  procedure  is  to  "  examine  first  how   the 
elementary  principles  of  statics  are  connected  with   the  axioms 
required  for  the  more  general  problem  of  dynamics,  and  secondly 
how  they  may  be  made   to  stand  on  a  base  of  their  own."     j. 
Walsh  wrote  to  De  Moi^gan :   "  In  mecliauics  the  parallelogram  of 
forces  is  quackery,  and  is  dangerous  ;  for  nothing  is  at  rest,  or  in 
uniform,  or  in  rectilinear    motion,  in    the   universe.      Laplace's 
demonstration  of  the  parallelogram  of  forces  is  a  begging  of  the 
question"*.      Dr.  Eouth   gives    both    Xewton's   and  Duchayla's 
proofs.     We  do  not  intend,  however,  to  go  through  the  treatise  in 
detail.     The  matter  and  the  manner  happily  call  for  Jio  comments 
of  ours,  we  propose  only  to  indicate  what  facts   are   taken   up  in 
this  first  instalment.     Chapters  i.  to  iv.  take  us  through  the  ele- 
mentary portions,  such  as  forces  acting  at  a  point,  parallel  forces 
(theory  of  couples),  forces  in  two  dimensions,  illustrated  by  a  store 
of  carefully  selected  examples,  many  worked  out  and  others  with 
pregnant   hints  for  their  solution.     Chapter  v.  discus.:«cs  friction ; 

*  'Budget  of  Paradoxes,'  p.  ir)o. 
Phil  May.  S.  5.  Vol.  i]2.  No.  194.  July  1891.  K 
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Chapter  vi.  the  principle  of  work,  here  we  have  an  account,  with 
examples,  of  Rocking  Stones,  which  it  will  be  remembered  the 
author  has  also  treated  in  his  Rigid  D^ynaniics.  In  Chapter  vii., 
on  forces  in  three  dimensions,  we  have  an  account  of  much  that 
is  given  in  Sir  E.  S.  Ball's  work  on  screws,  and  which  will  put 
the  student  into  a  position  to  profit  by  a  study  of  that  treatise. 
Chapter  viii.  is  devoted  to  graphical  statics  and  the  consideration 
of  Maxwell's  and  Cremona's  theorems.  Centres  of  gravity  fill  up 
Chapter  ix. ;  and  the  fullest  treatment  we  have  met  with  of  strings 
occupies  Chapter  x.  The  machines  are  rapidly  gone  through  in 
Chapter  xi.  The  fact  of  the  text  being  grounded  on  successiA^e 
annual  courses  of  lectures  readily  accounts  for  Dr.  Eouth's  great 
skill  in  meeting  the  difficulties  which  occur  to  students,  and  the 
result  is  a  work  which  few  will  be  able  to  pass  over  without  loss. 
The  practice  has  been  kept  up  of  referring  "each  result  to  its 
original  author."  It  is  a  pity  one  cannot  do  this  for  so  many  of 
the  beautiful  problems  in  which  the  College  papers  abound.  The 
printing  matches  the  text,  but  two  figures  (pp.  58  &  275)  are 
incorrectly  drawn.  We  have  noticed  only  five  small  mistakes 
besides  the  few  pointed  out  in  the  errata.  The  only  evidence  of 
haste  appears  to  be  in  the  numerous  cases  towards  the  end  of  the 
book  where  after  questions  we  have  "May  Exam.,''  "  Coll.  Exam.," 
"  Tripos  Exam.,"  and  the  like,  whereas  in  the  greater  part  of  the 
work  we  have,  as  we  ought  to  have,  the  '•  year ''  or  the  name  of 
the  College. 

T7ie  Foundations  of  Geometry/.     B>/  Edward  T.  Dixon. 
(Cambridge:  Deightou,  Bell,  &  Co.',  1891 ;  pp.  viii +  143.) 

Mr.  Dixon  in  the  treatise  befoi'e  us  does  not  provide  milk  for  babes, 
but  strong  meat  for  adult  geometers.  So  he  does  not  enter  upon 
"the  question  whether  beginners  could  readily  be  brought  to  under- 
stand his  book  or  not."  This  inferior  matter  is  postponed  until  his 
present  reasoning  is  admitted  to  be  sound.  We  have  read  all 
with  great  interest  and  can  certainly  commend  the  "  foundations  " 
to  authors,  teachers,  and  all  other  students  of  geometry,  bar  the 
babes,  for  in  it  they  will  find  many  Aaluable  suggestions  and  acute 
criticisms.  The  author  has  rightly  stated  that  "  the  crux  of  my 
theory  lies  in  my  definition  of  direction,  for  it  has  been  chiefly 
owing  to  the  want  of  such  a  definition  that  all  previous  attempts 
to  make  use  of  direction  in  Elementary  Greometry  have  failed." 
We  give  here  the  implicit  definition  of  Direction  :  "(«)  a  direction 
may  be  conceived  to  be  indicated  by  naming  two  points,  as  the 
direction  '  from  one  to  the  other.'  (h)  If  a  point  move  from  a 
given  position  constantly  in  a  given  direction,  there  is  only  one 
path,  or  series  of  positions,  along  which  it  can  pass.  (Such  a  path  is 
called  a  '  direct  path,'  and  a  continuous  series  of  points  occupying 
all  positions  in  it,  is  called  a  '  sti'aight  line.')  (c)  If  the  direction 
from  A  to  B  is  the  same  as  that  from  B  to  C,  the  direction  from 
A  to  C  is  also   that  same   direction.      (d)  If   two  unterminated 
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direct  paths,  which  intersect,  are  each  intersected  by  a  third 
direct  path  in  two  separate  points,  any  unterminated  direct  path 
extending  in  the  same  direction  as  the  last  one,  which  intersects 
one  of  the  two  former,  will  also  intersect  the  other."  There  are 
besides  three  axioms :  on  the  possible  transference  of  geometrical 
figures,  the  possible  extension  of  a  straight  line  and  the  three-way 
extension  of  space,  but  the  implicit  definition  we  have  quoted 
above  in  extenso  is  the  crucial  point  in  the  theory.  Our  readers 
are  now  furnished  with  the  key  to  Mi\  Dixon's  method,  and, 
whether  they  agree  with  him  or  not,  they  will  find  much  of 
interest  in  this  elaboration  of  his  argument.  In  Part  i.  he  writes 
on  the  Logical  Status  of  the  Science  of  Geometry.  In  Part  ii.  we 
have  a  subjective  Theory  of  Geometry  deduced  from  the  two 
fundamental  Concepts,  Position  and  Direction.  Herein  the 
student  is  carried  through  the  equivalent  of  great  part  of  Euclid's 
books  i.  and  xi.  with  the  exceptions  of  those  propositions  in  book  i. 
which  deal  with  plane  areas.  Part  iii.  dilates  on  the  appHcability 
of  the  foregoing  subjective  geometry  to  tlie  geometry  of  material 
space.  This  contains  some  very  interesting  remarks  upon  what 
Mr.  Dixon  prefers  to  call  "  Geometry  of  four  independent  direc- 
tions "  in  place  of  the  common  "  Geometry  of  four  dimensions," 
and  an  account  of  a  method  of  forming  diagrams  in  material  space 
which  are  "  orthogonal  projections  of  the  true  figures  "  (p.  101). 
The  printing  is  very  well  done  and  the  figures  are  good  and  clear. 
We  have  detected  only  three  typographical  errors,  one  being 
"  Paucoult's "  pendula  (p.  22) ;  and  on  p.  53  occurs  the  funny 
expression  '•  a  cornery  path." 


Ex]_)lication  de  Tepocli  Quaternaire  sans  Hypotlieses. 
Par  H.  Hermite.    IS'euchatel,  Attinger  Freres,  Editeurs.    1891. 

To  anyone  who  has  speculated  on  the  causes  of  geological  epochs 
the  title  of  this  work  is  calculated  to  raise  an  incredulous  smile. 
That  a  period  the  characteristics  of  which  are  themselves  more  or 
less  matters  of  suz'mise  can  be  explained  \^•ithout  recourse  to  hypo- 
theses seems  impossible.  A  careful  perusal  has  not  shown  us  that 
]\I.  llermite  performs  his  promise,  for  a  greater  collection  of 
unsupported  assumptions  it  would  be  diflicult  to  find  put  together. 

The  author  commences  by  attempting  to  show  that  the  figure 
of  the  earth  is  not  an  ellipsoid  of  re\olution  on  the  assumption  of 
homogeneity,  and  that  Newton's  calculations  give  a  larger  equatorial 
diameter  compared  to  the  polar  diameter  than  measurement  has 
proved  to  exist. 

By  what  he  calls  "  tlie  principle  of  the  Equilibrium  of  the  Seas,'' 
he  thinks  that  this  difference  between  theory  and  observation  can 
he  ex])lain(>d.  AVo  confess  our  inability  to  follow  the  reasoning  by 
which  he  arrives  at  this  conclusion  ;  but  it  is  connected  with  the 
greater  salinity,  and,  as  he  thinks,  consequent  density  of  the  seas 
at  the  Equator  than  at  the  Poles.     But  he  takes  no  account  of  the 
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difference  of  temperature  which  acts  in  the  opposite  direction.  He 
even  sugi^ests  that  the  pronounced  flattening  of  the  poles  of  the 
planet  Jupiter  may  be  caused  by  the  excess  of  salinity  of  its  equa- 
torial water.  His  conclusions  on  the  Equilibrium  of  the  Seas  are 
summed  up  in  these  words  : — "  We  see  then,  without  sti'iviug  at 
too  much  precision,  that  to  a  diminution  of  the  density  of  the 
seas  corresponds  a  lotverinr/  of  their  surface."  This  is  certainly  the 
opposite  of  what  we  should  expect,  but  how  there  could  exist  any 
great  permanent  difference  of  level  in  a  fluid  having  free  com- 
munication it  is  diflicult  to  understand.  This  great  principle  of 
the  equilibrium  of  the  seas  being  established  to  the  author's  satis- 
faction, he  goes  on  to  explain  the  origin  of  the  Quaternary  Eains. 
Most  English  geologists  are  disbelievers  in  the  excessive  rainfall 
supposed  by  some  to  have  distinguished  the  Quaternary  climate, 
but  the  author  takes  the  great  precipitation  as  an  established  fact, 
and  proceeds  to  explain  it,  as  he  seems  to  imagine,  "  without 
hypothesis." 

The  explanation  is  the  greater  prevalence  of  Volcanic  energy 
from  the  Tertiary  period  gradually  diminishing  to  the  present  time. 
These  Tertiary  and  Quaternary  volcanoes  emitted  vast  quantities 
of  steam  saturating  the  atmosphere  with  vapour,  which,  being  con- 
densed by  admixture  of  air  from  the  seas,  supplied  the  enormous 
rainfall  M.  Hermite  considers  necessary  to  hollow  out  the  river- 
valleys  as  they  now  exist.  These  great  rains  were  the  cause  of  vast 
detrital  deposits,  which,  collecting  in  basins,  pressed  down  the 
Earth  by  their  weight,  as  supposed  by  many  other  geologists  of  the 
present  day.  M.  Hermite,  who  disbelieves  in  central  heat,  is,  how- 
ever, singidar  in  accounting  for  the  increase  of  heat  downwards 
in  the  Earth's  crust  by  the  mechanical  work  done  on  the  lower 
beds  by  the  bulging  caused  by  these  sedimentary  loads.  Another 
and  important  efllect  of  this  bulging  is  to  create  faults  and  fissures, 
which  allow  the  sea-water  to  penetrate  to  and  ignite  hypothetical 
beds  of  iron  pyrites,  creating  volcanoes,  which  again  are  the  cause 
of  the  immense  Quaternary  Rainfall,  and  so  on  ad  infinitum,  in  a 
sort  of  cycle  of  perpetual  motion.  The  later  phenomena  of 
Quaternary  times,  such  as  parallel  terraces  or  raised  beaches,  are 
accounted  for  by  the  author's  great  principle  of  the  equilibrium  of 
the  seas.  The  Quaternary  precipitation  being  excessive  reduced  the 
density  of  the  polar  water.  Every  such  variation  made  itself  felt 
by  the  surface  of  the  sea  sinking  when  the  water  was  fresher,  and 
therefore  less  dense,  or  rising  when  or  where  more  saline  and 
denser.  The  parallel  terraces,  which  are  frequent  at  the  poles  and 
absent  at  the  equator,  are  supposed  to  be  records  of  the  changes  in 
the  equilibrium  of  the  seas. 

The  whole  plan  and  scope  of  the  work  is  so  at  variance  with 
what  English  geologists  have  been  taught  to  consider  the  true  prin- 
ciples of  Geology,  that  it  would  be  a  waste  of  space  to  give  further 
examples  of  what  the  author  perhaps  is  alone  in  thinking  is  an 
explanation  of  the  Quaternary  Epoch  without  hypothesis. 
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March  11,  1891. — Dr.  A.  Geikie,  E.R.S.,  President,  in  the  Chair 

^PHE  following  communications  were  read  : — 

-*-      1.  "  Manod  and  the  Moelwyns."     By  A.  V.  Jennings,  Esq., 

E.L.S.,  E.G.S.,  and  G.  J.  Williams,  Esq.,  F.G.S. 

The  area  described  by  the  authors  is  on  the  jN^.  side  of  the 
Merionethshire  anticlinal  of  Lower-Cambrian  rocks,  and  contains 
Lingula  Flags,  Tremadoc  and  Arenig  rocks.  The  authors  correct 
what  they  think  is  an  inaccuracy  of  some  importance  in  the  correla- 
tion of  beds  in  different  parts  of  the  range,  as  interpreted  in  the  map 
and  memoir  of  the  Geological  Survey,  and  trace  with  greater  com- 
pleteness the  position  and  constancy  of  the  beds  of  slate  in  the  Arenig 
series — a  point  of  considerable  local  and  practical  importance  to  those 
engaged  in  slate-quarrying.  They  offer  also  what  seems  to  them  to 
be  conclusive  evidence  to  show  the  intrusive  nature  of  the  great  crys- 
talliue  mass  known  as  the  syenite  of  TaTi-y-Grisiau,  and  to  its  intrusion 
are  due,  in  their  opinion,  the  peculiar  physical  characteristics  of  the 
surrounding  country.  Though  in  the  immediate  neighbourhood  of 
Eestiniog  there  is  no  direct  evidence  of  unconformity  between  the 
Tremadoc  and  Arenig  series,  it  seems  probable  that  an  imconformity 
does  exist ;  for  when  traced  toward  the  west  the  Tremadoc  beds  thin 
out  and  the  Lingula  Elags  are  overlain  by  graptolite-bearing  slates  of 
Arenig  age,  while  eastward,  near  Llyn  Serw,  the  grit  comes  close  ixpon 
Upper-Lingula  Flags.  The  division  of  the  Arenig  volcanic  rocks  into 
Lower  Ashes,  Felstone,  and  Upper  Ashes,  while  true  of  some  districts 
and  useful  as  a  generalization,  conveys  an  idea  of  uniformity  of  strata 
all  round  the  Anticlinal  which  more  detailed  examination  of  different 
districts  does  not  support. 

2.  "  The  Tudor  KSpecimen  of  Eozoon:'  By  J.  W.  Gregory,  Esq., 
F.G.S.,  F.Z.S. 

March  25.— Dr.  A.  Geikie,  F.R.S.,  President,  in  the  Chair. 
The  following  communications  Avere  read  : — 

1.  ''Notes  on  Nautili  and  Ammonites."  By  S.  S.  Buckman, 
Esq.,  F.G.S. 

2.  "  On  the  Drifts  of  Flamborough  Head."  By  G.  W.  Lamplugh, 
Esq.,  F.G.S. 

The  author  describes  in  detail  the  characters  and  distribution  of 
the  glacial  deposits  on  Flamborough  Head,  and  classifies  them  as 
follows  : — 

Alluvial  wash,  freshwater  uiarls,  &c Recent. 

Late  placial  gravels  "1 

Upper  Eoultler  Clay I 

Intcrnirdiate    Series.      Stratified    beds  with   bands   of  I     ^,     -i 
li,.„h^..  r\..„  r   Glacial. 


lioulder  Clay 
senieiit  I'ouldc 
iilky  riihhlo    .. 
"  Inira-glueial  "  beds  of  Sewerby  and  Speelon 


Basement  I'oulder  Clay  1 

Chalky  riihhlo    j 
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He  discusses  their  relationship  with  other  drifts,  and  arrives  at 
tlie  following  concluBions : — 

1.  The  glacial  deposits  are  divisible  into  Upper  and  Lower 
Eoulder  Clay,  with  an  Intermediate  series. 

2.  The  Lower  Clay  is  a  continuation  of  the  Basement  Clay  of 
Holderness,  and  is  the  product  of  the  first  general  glaciation  of  the 
area.  The  Intermediate  scries  passes  laterally  into  the  Purple  Clays 
of  Holderness,  and  has  been  deposited  at  the  edge  of  the  ice-sheet. 
The  Upper  Clay  includes  the  Hessle  Clay  of  Holderness,  and  marks 
the  latest  glaciation  of  this  region. 

3.  The  fossiliferous  beds  of  Sewerby  ("  Buried-cliff  Beds  '')  and 
Speeton  ("  Estuarine  shell-bed  ")  are  older  than  the  Basement  Clay, 
and  therefore  than  the  earliest  glaciation. 

4.  The  glaciation  was  eftccted  by  land-ice  of  extraneous  origin, 
which  moved  coastwise  down  the  North  8ea,  and  did  not  overflow 
the  greater  part  of  the  Yorkshire  "Wolds. 

5.  Neither  the  Boulder  Clays  nor  the  Intermediate  gravels  are  of 
marine  origin,  the  shells  which  occur  in  them  being  derivative. 

G.  The  ice-sbeet  seems  to  have  filled  the  North-Sea  basin  in  this 
latitude  from  the  commencement  of  the  glaciation  until  its  close. 
There  is  no  clear  evidence  here  for  a  mild  interglacial  period,  but 
only  for  extensive  fluctuations  of  the  margin  of  the  ice. 

',^.  "  On  a  Phosphatic  Chalk  with  Belemnitella  i£iiadrata  at 
Taplow."     By  A.  Strahan,  Esq.,  M.A.,  E.G.S. 

Two  beds  of  brown  chalk  in  an  old  pit  near  Taplow  Court  owe 
their  colour  to  a  multitude  of  brown  grains.  These  grains  are  almost 
entirely  of  organic  origin,  foraminifera  and  shell-prisms  forming  the 
bulk  of  them.  Mr.  Player  has  analysed  specimens  of  the  brown 
chalk,  and  finds  that  it  contains  from  16  to  35  per  cent,  of  phos- 
jihate  of  lime.  The  tests  as  well  as  the  contents  of  the  forami- 
nifci'a  seem  to  have  been  phosphatized,  the  phosphate  appearing  as 
a  translucent  film  in  the  former  case,  and  as  an  opaque  mass  in 
the  latter.  In  the  case  of  the  prisms  of  molluscan  shells,  the  whole 
of  tlie  phosphate  appears  to  be  in  the  opaque  form.  Minute 
coprolites  also  occur,  together  M'ith  many  small  chips  of  fish-bone, 
in  which  Dr.  Hinde  has  recognized  lacunar,  while  some  have  been 
identified  by  Mr.  E.  T.  Newton  as  portioiis  of  fish-teeth. 

Mr.  Player  observes  that  the  phosphate  occurs  in  such  a  con- 
dition that  it  would  not  improbably  serve  as  a  valuable  fertilizer, 
without  conversion  into  superphosphate.  This  condition  is  probably 
due  to  the  partial  replacement  of  carbonate  of  lime  by  phosphate 
in  the  organisms.  The  removal  of  the  remaining  carbonate  leaves 
the  phosphate  in  a  honeycombed  state,  peculiarly  favourable  for 
attack  by  the  acids  in  the  soil. 

The  author  comments  upon  the  resemblance  of  the  deposit  to  the 
phosphatic  chalk  with  BelemmteUa  quadntta  which  is  largely  worked 
in  Northern  France,  and  upon  a  less  striking  resemblance  with  that 
of  Ciply,  which  is  at  a  higher  horizon. 


On  the  Igneous  Rocks  of  the  South  of  the  Isle  of  Man.     I'dij 
April  8.— Dr.  W.  T.  Blanford,  F.ll.S.,  Vice-President,  in  the  Chair. 
The  following  communications  were  read : — 
1.  "  The  Cross  Fell  Inlier."     By  Prof.  H.  A.  Nicholson,  M.D., 
D.Sc,  F.G.S.,  and  J.  E.  Marr,  Esq.,  M.A.,  Sec.G.S. 

The  tract  of  Lower-Palaeozoic  rocks  lying  between  the  Carboni- 
ferous rocks  of  the  Cross-Fell  range  and  the  New  Red  Sandstone 
of  the  Eden  Valley  is  about  sixteen  miles  in  length,  and  little  more 
than  a  mile  in  average  breadth  ;  the  Inlier  extends  in  a  general 
N.jS'.W.  and  S.S.E.  direction,  and  the  normal  strike  of  the  rocks  is 
about  N.W.  and  S.E.  The  tract  is  divided  along  its  entire  length 
by  a  fault,  which  separates  the  Skiddaw  Slates  (with  the  EUergill 
Beds  of  one  of  the  authors  and  the  Milburn  Series  of  Mr.  Goodchild) 
from  higher  beds  on  the  west.  A  detailed  classification  of  the 
Skiddaw  Slates  is  not  attempted,  but  the  authors  describe  the  suc- 
cession of  the  rocks  in  the  faulted  blocks  of  the  western  portion. 
Their  classification  is  as  follows  : — 

Coniston  Grits = Ludlow. 
Coniston  Flags  (lower  portion)  =  Wenlock. 
Stockdale  Shales =Llandovery-Tarannon. 
Ashgill  Shales.  ^ 

Stauroceplialus  Limestone.  | 

Duf ton  Shales  and  Keisley  Limestone.   )>■  =Bala. 
Corona  Beds.  j 

Bhyolitic  Group.  J 

A  brief  comparison  of  these  rocks  with  those  of  other  regions  is 
made  by  the  authors. 

Two  Appendices  are  added.  One  by  Mr.  Alfred  Harker,  M.A., 
F.G.S.,  contains  petrogruphical  notices  of  certain  sedimentary  and 
volcanic  rocks  in  the  Skiddaw  Slates,  of  the  volcanic  rocks  of  the 
Eycott  and  Bhyolitic  groups,  and  of  the  principal  varieties  of 
intrusive  rocks.  The  second,  by  Mr.  A.  H.  Foord,  F.G.S.,  contains 
a  description  of  some  Cephalopods  from  the  rocks  of  the  Inlier. 

2.  "  On  the  Igneous  Rocks  of  the  South  of  the  Isle  of  Man." 
By  Bernard  Hobson,  Esq.,  M.Sc,  F.G.S. 

Omitting  the  Foxdale  Granite,  the  oldest  igneous  rocks  of  the 
island  appear  to  be  the  diabase  dykes  of  Langness  ttc,  intrusive  in 
Lower-Siluiian  slates.  The  Crosby  microgranite  dyke  is  also 
intrusive  in  these  beds,  and  though  its  age  is  difficult  to  fix, 
it  is  proba1)ly  newer  than  the  Foxdale  Granite,  which  appears  to  be 
of  post-Lower  Silurian  and  pro-Carboniferous  age. 

Next  come  the  volcanic  rocks  of  Lower-Carboniferous  age — an 
augite-porphyrite  series  consisting  of  tufi",  breccia,  agglomerate, 
bedded  lava,  and  intrusive  masses  exposed  in  a  narrow  strip 
extending  from  Poolvash  to  Scarlet  Point.  A  vent  seems  to 
have  been  opened  during  or  after  the  deposition  of  the  Poolvash 
limestone,  from  which  fine  volcanic  ashes  were  ejected  to  form 
marine  tuff.  At  intervals  between  the  eruptions  the  Poolvash 
marble  was  deposited,  and  became  intcrstratificd  with  the  tuft". 
The  vent  then  probably  became  plugged  up,  and  a  violent  explosion 
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following  supplied  material  for  the  agglomerate  orerlj'ing  the  tuff. 
Lava  then  welled  forth,  and  linally  the  volcano  became  extinct,  and 
the  intrusive  mass  of  the  Stack,  regarded  by  the  author  as  a 
volcanic  neck,  was  exposed  by  denudation.  It  was  probably  at  the 
close  of  volcanic  activity  that  a  melaphyre  dyke  was  formed 
resembling  the  porphyritic  olivine-basalt  of  the  Lion's  Haunch, 
Edinburgh, 

At  Poortown  an  intrusive  mass  occurs,  provisionally  termed 
augite-picrite-porphyrite,  and  considered  by  Mr.  J.  G.  Gumming 
to  be  of  post-Carboniferous  age. 

Numerous  dykes  of  ophitic  olivine-dolerite  occur  between  Bay-ny- 
Carrickey  and  Castletown  Bay,  at  Langness,  &c.  Thej'  are  post- 
Lower  Carboniferous,  and  possibly  of  early  Tertiary  age. 

Full  details  with  regard  to  the  development  and  the  macroscopic 
and  microscopic  characters  of  the  various  igneous  rocks  are  supplied 
by  the  author,  who  acknowledges  his  indebtedness  to  Prof.  IJoyd 
Dawkins  for  the  use  of  his  geological  map  and  notes. 

April  22. — Dr.  A.  Geikie,  F.R.S.,  President,  in  the  Chair. 
The  following  communications  were  read  : — 

1,  "  Eesults  of  an  Examination  of  the  Crystalline  Rocks  of  the 
Lizard  District."  Bv  Professor  T,  G.  Bonney,  D.Sc,  LL,D.,  F,E,S., 
Y.P.G.S.,  and  Major-General  C.  A.  McMahon,  F.G.S. 

The  authors,  in  company  with  the  Piev.  E.  Hill,  spent  a  consi- 
derable part  of  last  August  in  examining  anew  those  sections  in  the 
Lizard  district  which  had  any  bearing  upon  the  questions  raised 
since  the  publication  of  Professor  Bonney 's  second  paper  in  1883. 
They  had  also  the  advantage  of  occasional  conference  with  Mr.  Teall 
and  Mr.  Fox,  whose  valuable  contributions  to  the  knowledge  of  the 
crystalline  rocks  of  this  district  are  well  known. 

That  the  Lizard  serpentines  are  altered  peridotites  may  be  regarded 
as  settled,  but  doubts  have  been  expressed  as  to  their  relation  to 
other  associated  rocks,  and  as  to  the  meaning  of  a  streaky  or  banded 
structure  exhibited  by  certain  varieties. 

The  authors,  after  re-examination  of  a  large  number  of  sections, 
feel  no  doubt  of  the  accuracy  of  their  original  view  that  the  peridotite 
was  intruded  into  the  hornblende  schists  and  banded  "granulitic" 
rocks,  after  these  had  assumed  their  present  condition.  In  it  they 
find  no  signs  of  any  marked  pressure-metamorphism,  either  prior  or 
posterior  to  serpentinization.  The}'  have  failed  to  connect  the 
streaky  or  banded  structure  w'ith  any  foliation  or  possible  pressure- 
structure  in  the  schists,  and  they  can  only  explain  it  as  a  kind  of 
fluxion -structure,  viz.  as  due  to  an  im])erfect  blending  of  two  magmas 
of  slightly  different  chemical  composition,  anterior  to  the  crystal- 
lization of  the  mass. 

The  Porthalla  sections  have  been  examined  with  especial  care,  not 
only  because  the  serpentine  is  nowhere  so  conspicuously  banded,  but 
also  because  its  intrusive  character  has  been  denied,  both  it  and  the 
hornblende  schists  being  ascribed  to  the  alteration  of  a  series  of 
sedimentary   rocks   of  suitable    composition.      For   this   view  the 
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authors  have  failed  to  discover  any  evidence,  and  consider  it 
contrary  to  stratigraphical  and  petrographieal  facts. 

In  regard  to  the  genesis  of  the  crystalline  schists,  which  for  pur- 
poses of  reference  were  divided  by  Prof.  Bonney  into  a  "  granulitic," 
a  "  hornblendic,"  and  a  "  micaceous"  group,  the  authors  show  that 
in  parts  of  the  first  the  more  acid  rock  breaks  through  the  more  basic, 
as  if  intrusive,  in  others  they  appear  to  be  perfectly  inters'cratified, 
the  one  passing  backwards  and  forwards,  though  rapidly,  into  the 
other.  But  between  these  extremes,  intervals  can  be  found  where 
the  two  rocks  seem  as  if  partially  drawn  out  together.  The  authors 
are  agreed  that  certainly  one,  probably  both,  of  these  rocks  are 
igneous,  that  when  the  basic  rock  was  solid  enough  to  be  ruptured 
the  acid  magma  broke  into  it,  and  sometimes  softened  it  sufficiently 
to  allow  of  the  two  flowing  for  some  little  distance  together,  after 
which  crystallization  took  place.  In  regai'd  to  the  hornblende  schists, 
the  authors  are  noc  yet  satisfied  that  either  flvixion  or  mechanical 
crushing  will  account  for  every  structure  which  they  have  examined, 
and  prefer  to  leave  the  question,  in  certain  cases,  an  open  one.  The 
most  distinctive  features  of  the  micaceous  group  appear  due  to  sub- 
sequent earth- movements,  so  that,  though  it  exhibits  some  special 
characteristics,  the  authors  are  doubtful  whether  it  is  any  longer 
worth  while  separating  it  from  the  hornblende  schists. 

Of  the  igneous  rocks  newer  than  the  serpentine,  the  gabbro  has 
received  the  closest  attention.  It  exhibits  in  places  (especially  in 
the  great  dyke-like  mass  at  Carrick  Luz)  a  very  remarkable  foliation 
or  even  mineral  banding,  which  has  been  claimed  as  a  result  of 
dynamo-metamorphism.  The  authors  bring  forward  a  number  of 
instances  to  establish  the  following  conclusions  : — (a)  That  this  folia- 
tion occurs  most  markedly  where  the  adjaceiit  serpentine  does  not 
show  the  slightest  sign  of  mechanical  disturbance  ;  (h)  that  it  must 
be  a  structure  anterior  to  the  consolidation  of  the  rock  ;  (c)  that  it 
Bets  in  and  out  in  a  very  irregular  manner;  (d)  that  when  it  was 
produced  the  rock  was  probably  not  a  perfect  fluid.  Hence  they 
explain  it  also  as  a  kind  of  fluxion  structure,  produced  by  differential 
movements  in  a  mass  which  consisted  of  crystals  of  felspar  and 
pyroxene,  floating  thickly  in  a  more  or  less  viscous  magma. 

The  authors'  investigations  tend  to  prove  that  (a)  structures 
curiously  simulative  of  stratification  may  be  produced  in  fairly 
coarsely  crystalline  rocks  by  fluxioual  movements  anterior  to  crys- 
tallization ;  and  that  (b)  structures  which  of  late  years  have  been 
claimed  as  the  result  of  dynamo-metamorphism  subsequent  to  con- 
solidation must  have,  in  many  cases,  a  like  explanation.  This  is 
probably  the  true  explanation  of  a  large  number  of  banded  gneisses 
which  show  no  signs  of  crushing  and  are  holocrystalline,  but  in  their 
more  minute  structures  differ  from  iiormal  igneous  rocks. 

The  authors  have  seen  }iothing  which  has  been  favourable  to  tlio 
idea  that  jjrcssure  has  raised  the  temperature  of  solid  rocks  suffi- 
ciently to  soften  them. 

2.  "  On  a  Spherulitic  and  Perlitic  Obsidian  from  Pilas,  Jalisco, 
Mexico."     By  Frank  Uutlcy,  Esq.,  F.G.S. 

The  specimen  described  is  a  Icck-grecu  rock  witli  waxy   lustre. 
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The  sequence  of  the  structures  developed  in  it  is  made  out  to  be  as 
follows: — First,  the  development  of  fluxion-banding;  next,  the 
formation  of  spherulites ;  and  then  the  setting  up  of  a  perlitic 
structure,  the  fissures  of  which  were  finally  sealed  by  the  intro- 
duction of  clialccdonic  matter. 

A  wavy  transverse  banding  in  the  spherulites  is  apparently  due 
to  a  temporary  check  which  the  Huxion-bands  have  exerted  on  the 
development  of  the  crystalline  bundles  of  the  spherulites.  In  one 
case  a  sphei'ulite  has, been  developed  prior  to  the  formation  of  a 
similar  but  larger  one  which  encloses  it.  Some  of  the  spherulites 
envelop  small  crystals  of  triclinic  felspar. 

The  author  considers  it  very  probable  that  the  obsidian  has  been 
sulxjccted  to  hydrothermal  agency  since  its  solidification,  and  sub- 
sequent to  the  development  of  its  perlitic  structure,  and  gives 
reasons  for  this  view. 

May  6. — Dr.  A.  Geikie,  F.R.S,,  President,  in  the  Chair. 
The  following  communications  were  read  : — 

1 .  "  On  a  Rhsetic  Section  at  PyDe  Hill  or  Totter  Down,  Bristol." 
By  E.  Wilson,  Esq.,  F.G.S. 

In  a  deep  railway-cutting  at  Pylle  Hill,  the  Rhajtic  beds,  having  a 
thickness  of  not  more  than  seventeen  feet,  are  exposed  between  the 
Tea-Green  Marls  and  the  Lower  Lias.  There  is  no  doubt  as  to  the 
division  between  the  Rhoetic  and  Keuper  beds  in  this  section,  but 
the  line  of  demarcation  between  the  Rhaetic  and  the  Lias  has  always 
been  a  matter  of  uncertainty  in  the  West  of  England.  In  con- 
nexion with  this  subject  the  term  "  White  Lias,"  as  applied  to  beds 
some  of  which  are  Rhajtic  and  others  Liassic,  is  held  to  be  unsatis- 
factory. The  author  takes  a  limestone  which  is  the  equivalent  of 
the  Gotham  Marble  as  the  highest  Rhaetic  bed  in  the  section  described. 
He  divides  the  Rhaetic  beds  of  the  cutting  into  an  Upper-Rhoetic  Series 
and  AviciiJa-contorta  Shales.  The  intimate  connexion  betwixt  the 
Tea-Green  Marls  and  the  Red  Marls  of  the  Upper  Keuper  is  well 
displayed,  whilst  there  is  a  sharp  line  of  demarcation  between  the 
former  and  the  Avicida-contorta  Shales.  Most  of  the  characteristic 
fossils  of  the  British  Rhajtic  are  met  with  at  Pylle  Hill,  together 
with  a  few  forms  which  are  new  to  England,  and  some  of  these 
possibly  to  science. 

A  detailed  section  of  the  subdivisions  of  the  Rhaetic  and  adja- 
cent beds  and  a  list  of  Rhaetic  fossils  found  in  the  section  arc 
given  by  the  author. 

2.  "  A  Microscopic  Study  of  the  Inferior  Oolite  of  the  Cotteswold 
Hills,  including  the  Residues  insoluble  in  Hydrochloric  Acid."  By 
Edward  Wethered,  Esq.,  F.G.S.,  F.C,S..  F.R.M.S. 

The  author  gives  the  following  main   divisions  of  the  Inferior 
Oolite  of  the  Cotteswold  Hills  in  descending  order  : — 
Ragstones. 
Upper  Freestones. 
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Oolitic  Marl. 

Lower  Freestones. 

Pea  Grit. 

Transition  Beds  resting  on  Upper  Lias. 

The  strata  are  described,  and  the  results  of  microscopic  examination 
of  the  different  beds  given.  These  latter  confirm  the  author's 
views  as  to  the  important  part  which  Girvanellce  have  taken  in  the 
formation  of  oolitic  granules  ;  whilst  an  examination  of  the  borings 
referred  to  by  Prof.  Judd  in  the  discussion  of  Mr.  Strahan's  paper 
"  On  a  Phosphatic  Chalk  "  convinces  the  author  that  these  have  no 
connexion  with  the  genus  Girvanella. 

In  the  second  part  of  the  paper  the  insoluble  residues  left  after 
treating  the  various  deposits  with  acid  are  considered.  They  contain 
chiefly  detrital  quartz,  felspars,  zircons,  tourmaline,  chips  of  garnet, 
and  occasionally  rutile.  In  the  argillaceous  beds  silicate  of  alumina 
was  found  to  occur  plentifully.  The  detrital  material  is  considered 
to  bo  due  to  denudation  of  crystalline  felspathic  rocks,  and  not  of 
stratified  ones.  This  view  seems  to  be  supported  by  the  quantity 
of  felspar  and  its  good  state  of  preservation. 

The  paper  concludes  with  a  consideration  of  the  quantity  of 
residue  and  the  size  of  the  quartz-grains  in  the  different  deposits, 
which  are  summarized  in  the  following  table  : — 

Percentage  Size  of 

of  Residue.         quartz-grains, 
in  millim. 

Ragstones   ...       2*8  -17 

Upper  Freestones 1"1  '12 

Oolitic  Marl    3-2  -09 

Lower  Freestones 1*8  '13 

Pea-Orit  Series 5*0  '14 

Transition  Beds 38-3  -13 

This  shows  a  great  falling-off  in  the  percentage  of  residue  above 
the  Transition  Beds.  That  of  the  Freestones  is  remarkably  low,  and 
it  would  appear  that  these  rocks  were  formed  under  conditions  which 
allowed  of  very  little  sediment  being  deposited. 

May  27. — Dr.  A.  Geikie,  F.11.8.,  President,  in  the  Chair. 
The  following  communications  were  read : — 

1.  "  On  the  Lower  Jaws  of  i^yocoj;<rt(^o/i."  By  Jt  Lydekker,  Esq., 
B.A.,  F.G.S. 

2.  "  On  some  recently  exposed  Sections  in  the  Glacial  Deposits 
at  Hendon."     ]iy  Henry  Hicks,  M.D.,  F.ll.S.,  Sec.  Geol.  Soc. 

In  this  paper  tlie  author  brings  forward  evidence  obtained  from 
sections  exposed  in  gravel-pits  and  deep  cuttings  made  for  the  pur- 
pose of  laying  down  the  main  sewers,  to  show  that  Glacial  deposits 
had  been  spread  out  to  a  much  wider  extent  over  the  Hendon 
l)lateau  than  had  hitherto  been  supposed,  and  tliat  tliey  had  i-cached 
down  the  slopes  to  below  the  ordnance-datum  lino  of  200  feet.     He 


140  Geological  Society. 

further  mentions  that  there  is  evidence  to  show  that  these  deposits 
have  extended  in  a  S.  and  S.W.  direction  across  the  Brent  and  Silk 
Valleys,  and  now  occur  on  most  of  the  heights  in  the  parishes  of 
Kingsbury  and  Willesden.  As  the  sands,  gravels,  and  Boulder-clay 
which  cover  the  Hendon  plateau  and  the  neighbouring  heights  are 
found  to  rest  on  an  undulating  floor  of  London  Clay,  and  to  follow 
the  contours  of  the  hills  and  valleys,  the  author  considers  that  it  is 
clear  that  the  main  physical  features  of  this  portion  of  N.W.  Mid- 
dlesex were  moulded  at  a  very  early  stage  in  the  Glacial  period,  and 
before  the  so-called  Middle  sands  and  gravels  and  overlying  Upper 
Boulder-claj'  with  Northern  erratics  were  deposited.  He  believes 
that  at  this  time  there  could  have  been  no  barrier  of  any  import- 
ance to  prevent  these  deposits  from  extending  into  the  Thames 
Valley,  and  that  the  evidence  clearly  points  to  the  conclusion  that 
the  implement-bearing  deposits  on  the  higher  horizons  in  the  Thames 
Valley  should  be  classed  as  of  contemporaneous  age  with  the  un- 
doubted glacial  deposits  at  Hendon,  Finchley,  and  on  the  slopes  of 
the  Brent  Valley,  which  they  so  closely  resemble.  The  author  is 
therefore  satisfied  that  man  lived  in  the  neighbourhood  of  the 
Thames  Valley  in  the  early  part  of  the  Glacial  period ;  probably,  he 
thinks,  in  pre-Glacial  times. 

June  10. — Sir  Archibald  Geikie,  LL.D.,  F.E.S.,  President, 
in  the  Chair. 

The  following  communications  were  read  : — 

1.  "Note  on  some  Eecent  Excavations  in  the  Wellington  College 
district."     By  the  Rev.  A.  Irving,  B.A.,  D.Se.,  F.G.S. 

This  paper  furnishes  new  facts  of  Bagshot  stratigraphy  obtained 
from  open  sections  since  the  author's  last  paper  was  read  on  Nov. 
12th,  1890.  The  whole  sequence  of  the  beds,  as  given  in  the 
published  section  of  the  College  Well,  has  now  been  verified  at  their 
respective  outcrops ;  percentages  of  clay  in  the  beds  laid  open  in 
excavations  in  March  last  along  the  critical  portion  of  the  ground 
are  given  as  results  of  mechanical  analyses  of  samples  of  them  ;  and 
the  northerly  attenuation  of  the  green-earth  series  and  of  the  quartz- 
sand  series  is  reduced  to  a  question  of  mere  measurement,  for  which 
the  requisite  data  are  now  to  hand. 

The  author  claims  to  have  demonstrated  that  the  mapping  of  the 
Geological  Survey  contradicts  itself:  that  later  workers  in  adoj^ting 
this  as  the  basis  of  their  work  along  the  S.E.  Railway  have  fallen 
into  serious  error;  and  that  a  complete  contradiction  is  given  by  the 
facts  to  the  adverse  criticisms  offered  on  his  corrected  section  along 
the  railway,  which  was  exhibited  in  November  last,  and  is  repro- 
duced for  the  present  paper. 

2.  "  Notes  on  some  Post- Tertiary  Marine  Deposits  on  the  South 
Coast  of  England."  By  Alfred  Bell,  Esq.  Communicat;ed  by  R. 
Etheridge,  Esq.,  E.R.S.,  E.G.S. 

The  author's  object  in  this  paper  is  to  trace  the  successive  stages 
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iu  the  development  of  the  present  coast  of  the  north  side  of  the 
English  Channel,  and  to  ascertain  the  sources  of  the  diversified 
faunas. 

The  first  traces  of  marine  action  on  the  South  Coast  in  Post- 
Tertiary  times  are  found  on  the  foreshore  in  Bracklesham  Bay.  The 
author's  reading  of  the  section  is  somewhat  different  from  that  of 
the  late  Mr.  Godwin-Austen ;  and  he  divides  the  marine  series  into 

(1)  an  estuarine  clay  with  MoUusca  common   to  estuarine  flats  ; 

(2)  a  compact  hard  mud  ;  and  {'6)  a  bed  of  fine  sandy  silt  with  many 
organisms.  These  beds  indicate  a  change  from  estuarine  to  deep- 
water  conditions.  A  full  list  of  the  Selsey  fossils  is  given,  including, 
amongst  other  animals,  upwards  of  200  iloUusca.  Of  35  species  of 
Mollusca  not  now  living  in  Britain,  the  majority  exist  in  Lusitauian, 
Mediterranean,  or  African  waters  ;  furthermore,  nearly  4-5  per  cent 
of  the  MoUusca  are  common  to  the  older  Crags  of  the  Eastern 
counties.  The  author  considers  the  fauna  of  the  Portland  liill 
shell-beds  to  indicate  the  further  opening  of  the  Channel  subsequent 
to  the  formation  of  the  Severn  Straits,  and  believes  that  this  fauna 
represents  the  deposits  wanting  between  the  Selsey  mud-deposits 
and  the  erratic  blocks  which,  according  to  him,  overlie  the  mud  ; 
these  Portland  shells  indicate  an  intermediate  temperature  "  rather 
southern  than  northern  "  according  to  Dr.  Gwyn  Jeffreys. 

In  conclusion,  details  concerning  still  newer  l)eds  are  given,  and 
lists  of  fossils  found  therein ;  and  the  author  observes  that  there  is 
no  evidence  to  show  when  the  English  Channel  finally  opened  up, 
beyond  the  suggestion  of  Mr.  Godwin-Austen  that,  if  the  Sangatte 
beds  and  the  Coombe  Ilock  are  of  the  same  period,  it  must  have  taken 
place  after  their  formation. 


XXII.  Intelligence  and  Miscellaneous  Articles. 

ON  THE  ANALYSIS  OF  THE  LIGHT  DIFFUSED  BY  THE  SKY. 
BY  A.  CKOVA. 

IN  a  preceding  communication  I  gave*  the  results  of  my  first 
researches  on  this  subject,  explained  the  method  of  observation, 
and  discussed  the  curves  obtained ;  in  this  note  I  resume  the  dis- 
cussion of  the  results  to  which  the  method  of  calculation  adopted 
has  led  me,  and  the  comparison  of  the  1S90  observations  with  those 
made  before  both  in  France  and  abroad. 

The  formula  of  Lord  Rayleigh,  deduced  from  Stokes's  theory t, 
is 

iu  wliich  t  is  the  intensity  of  the  light  difTracted  by  a  point  of  the 

*  Coinptes  Hcndits,  xix.  p.  4!)."!;  Ann.  de  Chiin.  ct  de  Phi/s.  scr.  G,  xx. 
p.  480. 

t  Phil.  Mag.  ser.  4,  xli.  p.  107  (1871). 
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sky,  IS!"  tbe  number  of  diffracting  ])artiele.s  contained  in  unit  volume 
of  air,  a  the  amplitude  of  the  incident  vibration  of  wave-length  A, 
and  p  a  factor  constant  for  all  values  of  X. 

As  the  greater  part  of  my  observations  could  not  be  calculated 
by  this  formula,  I  have  sought  the  reason  for  the  disagreement. 

The  formula  —  is  based  on  the  hypothesis  that  the  number  N  of 

A 

particles  contained  in  unit  volume  of  air  is  sensibly  the  same  for 
all  dimensions  of  these  ;  it  will  therefore  not  be  verified  unless  this 
hypothesis  is  realized. 

If  we  compare  the  particles  to  spherical  globules  of  density  D 
and  with  different  radii  r,  falling  in  a  medium  of  density  p,  they 
will  take,  at  the  end  of  a  very  short  time,  a  constant  velocity  of 
fall  in  the  resisting  medium  given  by  the  formula 


■=\/^ 


V/Dr 

7  being  a  factor  which  depends  on  the  nature  of  the  medium. 
In  air  we  should  have 

V=AVr. 

If,  at  the  beginning,  the  diffracting  particles,  equal  in  number 
for  all  dimensions  of  the  same  order  as  the  X's  of  the  incident  light, 
are  uniformly  distributed  in  the  unit  volume  of  air  and  left  to  them- 
selves, they  will  take  different  velocities  according  to  their  dimen- 
sions, and  we  may  assume  that,  when  the  permanent  state  is 
established,  the  number  contained  in  unit  volume  varies,  for  each 
dimension  of  the  particles,  in  the  inverse  ratio  of  the  velocity ;  in 
this  case  we  should  have 

Giving  to  r  the  extreme  relative  values  1  and  2  ^^•hich  correspond 
sensibly  to  the  dimensions  of  the  particles  which  diffract  more 
especially   the   extreme  wave-lengths   of   the  spectrum  ;    for  the 

B' 

extreme  red  N=  —tit  nnd  for  the  extreme  violet  N'  =  B'. 
V/- 

N 
We  must  then,  in  the  preceding  formula,  replace  X  bv  — -_  or 

N'  "    V  /• 

by  — -^,  and  the  formula  becomes 

^   N^  D  ^  K 

In  reality  we  might  found  several  hypotheses  on  this  mode  of 
TV' 
distribution ;   — -  might  be  replaced  by  'N'f(X),  the  function  of  X 

Vx 

depending  on  a  certain  power  of  the  velocity,  and  consequently  of 
the  dimensions  of  the  particles. 
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I  have  accordiugly  arbitrarily  modified  the  exponent  of  \  in  such 
manner   as   to   make  the  results   of  observation  agree  with  the 

formula  — 

Let  B  be  the  intensity  of  the  blue  light  diffused  by  the  sky  and 
S  the  intensity  of  the  incident  solar  light ;  then,  putting  the  value 

T) 

of  —  for  A. =565  equal  to  100,  we  shall  have 

?=1^,     100=  JL,     whence  ?=  100  f^Y, 
S       A"'  565"'  S  \  K  J 

n  being  a  coefficient  which  is  calculated  by  means  of  the  values  of 
—  corresponding  to  fixed  values  of  \. 
On  differentiating  we  obtain 

tana=  — 100« , 

and  for  the  common  ordinate  =  100  which  corresponds  to  A  =  565 

100 
tana^=  --—n; 
boo 

n  being  therefore  proportional  to  the  angular  coefficient  at  the 
point  of  intersection  of  all  the  curves  which  are  obtained  by  making 
n  vary,  that  is  to  say,  to  the  inclination  of  the  curve  at  that  point. 

I  have  compared  the  results  calculated  from  the  formulae  7-5  and 

1  . 

-jTT  with  those  of  the  observations  of  Lord  Eayleigh  in  England  * 
A 

and  of  Vogelf  at  Potsdam,  as  well  as  with  some  of  the  results  of 
my  observations  at  Montpellier. 

In  the  former  case,  I  have  constructed  the  curves  of  these  obser- 
vations and  have  determined  the  values  of  the  ordinates  corre- 
sponding to 

A   ....   635     600     565     530     510, 

and  traced  a  new  curve  for  which  the  ordinate  corresponding  to 
A  =  565  has  been  arbitrarily  made  =100. 

For  the  series  of  M.  Yogel,  who  gives,  not  — ,  but  p ,  that  is  to 

say  the  ratio  of  the  intensity  of  skylight  to  that  of  petroleum,  i 

have  divided  the  ratios  -  by  those  of  ^y  or  of  the  intensity  of  solar 

light  to  that  of  petroleum  foi-  the  different  A's  found  by  M.  Vogel, 

which  gives  the  corresponding  values  of:  — „  and  I  have  reduced  the 

*  Phil.  ISIag.  ser.  4,  xli.  p.  U)7. 
t  Bert.  Moiiafsbcr.  pp.  801-81 1. 
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curve  to  that  which  corresponds  to  au  ordinate  =100  for  X=565. 
AU  these  curves  are  therefore  comparable  : 

\. 

100  Ti^'^^^ 


\  ^  J 

ioo(^y' 

100  ^  (England) 58 


100  ?  (Potsdam) 63-00 

-,  ^^  B  /Montpellier,  N 

^^^  S   (^mean  of  Jan.  ISQOj 

^00  /  Montpellier    \ 

\^meau  ot  IbUOy 


635. 

GOO. 

565. 

530. 

510. 

62-68 

78-63 

100 

128-1 

150-6 

49-73 

69-73 

J) 

146-7 

180-7 

58-59 

78-55 

5) 

130-3 

151-4 

63-00 

76-00 

It 

126-0 

146-0 

58-30 

55 

76-47 
71-31 

55 

141-1 

130-0 

lSO-8 

5» 

We  see,  by  a  simple  inspection  of  this  table : — 

(1)  That  in  England  the  blue  of  the  sky  observed  by  Lord 
Eayleigh    is    more   saturated    than   that   which    \\a.s   observed  at 

Potsdam  by  M.  Vogel :  it  agrees  sufficiently  with  the  formula  —^ 

while  giving  a  little  deeper  blue. 

(2)  That  the  blue  of  the  sky  observed  at  Montpellier,  during  tlie 
month  of  January  1890,  is  deeper  than  those  observed  in  England 
and  in  Germany,  and  that  it  approaches  more  nearly  the  formula 
J_ 

I  give  below,  as  an  example  of  the  application  of  this  method, 
the  formulae  which  give  the  value  of  100-^  for  three  observations 
made  by  M.  Houdaille  and  myself  at  the  summit  of  Mt.  Ventoux  -. 

h      m  Tl  /565N^'^ 

Aug.  3,  1889,  10  40   . .   -  =100  {  —  \     .     Sky  of  a  clear  blue. 

Aug.  3,  1889,  10  20   ..   :^  =  100  (_j      .     Sky  of  a  clear  blue. 

Sept  3,  1889,     9  40   . .   ~  =100  (^r£j     .     Sky  of  a  deep  blue. 

The  differences  between  the  values  found  and  calculated  are  of 
the  order  of  errors  which  might  be  made  in  photometric  observa- 
tions ;  they  are  sometimes  augmented  in  consequence  of  the 
extreme  variability  of  the  blue  tint  of  the  sky  under  the  influence 
of  causes  most  insignificant  in  appearance. — Comptes  liendus, 
May  25,  1891,  p.  1176. 


THE 
LONDON,  EDINBURaH,  and  DUBLIN 

PHILOSOPHICAL    MAGAZINE 

AND 

JOURNAL    OF    SCIENCE. 

[FIFTH   SERIES.] 


AUGUST   1891. 


XXIII.  Chemical  Actionat  a  Distance.  5j/Prof.W.OsTWALD*. 

APIECE  of  amalgamated  zinc,  as  is  well  known,  is  not 
attacked  by  dilute  acids  ;  if,  however,  a  platinum  wire 
be  wound  about  it,  solution  in  the  acid  takes  place  at  once 
with  evolution  of  hydrogen.  Zinc,  armed  with  platinum, 
cannot  be  dissolved  in  solutions  of  neutral  salts,  as,  for 
instance,  potassium  sulphate  ;  if  a  few  drops  of  acid,  as  sul- 
phuric acid,  be  added  to  the  liquid,  solution  again  ensues. 

For  the  platinum  to  exercise  its  action,  it  is  only  necessary 
that  it  remain  in  contact  with  the  zinc  at  a  single  point.  If 
zinc  and  platinum  be  made  into  a  curved  piece,  with  its  arms 
some  slight  distance  a]iart.  and  these  be  so  placed  in  a. 
potassium-sulphate  solution  that  the  portions  of  the  liquid 
surrounding  each  arm  are  separated  by  a  wall  of  porous 
material,  such  as  unglazed  earthenware  or  parchment-paper, 
then  the  question  can  be  decided  which  metal,  zinc  or  pla- 
tinum, must  come  in  contact  with  the  acid  that  solution  may 
result. 

At  first  sight  the  question  seems  absurd  ;  for  since  the  zinc 
is  to  be  dissolved,  it  seems  self-evident  that  the  acid  belonfvs 
with  the  zinc.  However,  if  the  experiment  be  tried,  one 
finds  (exactly  the  reverse  :  the  zinc  does  not  dissolve  (with  the 
exception  of  traces  which  would  go  into  solution  in  any  event) 
when  the  potassium-sulphate  solution  about  it  is  acidified ;  it 

*  From  the  Sitzwufsberidde  der  K;//.  >Sachxisrhen  Geselhchaft  der 
fri.s.sfc7m7<«y?«i  for  185tl,  comraunicati-d  by  tlie  Autlmr.  Tninslated  bv 
.1.  E.  Trevor. 
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is  rapidly  dissolved^  on  the  contrary,  with  evolution  of  hy- 
drogen, when  the  liquid  about  the  platinum  is  acidified.  The 
hydrogen  appeai-s  on  the  platinum,  as  it  always  does  when 
these  two  metals  are  in  contact.  In  order,  under  the  de- 
scribed conditions,  to  bring  the  zinc  into  solution,  the  solvent 
must  be  allowed  to  act,  not  upon  the  metal  to  be  dissolved, 
but  upon  the  platinum  which  is  connected  with  it. 

Zinc  behaves  in  a  solution  of  common  salt  in  exactly  the 
same  way  as  in  one  of  potassium  sulphate  ;  cadmium  shows 
the  same  behaviour.  Tin  is  quite  easily  dissolved  in  a  solu- 
tion of  common  salt  when  the  metal  is  connected  with  platinum 
and  the  liquid  about  the  latter  is  acidified.  Yet  in  a  solution 
of  potassium  sulphate,  tin  armed  with  platinum  is  dissolved, 
even  with  the  aid  of  sul})huric  acid,  but  very  slowly,  just  as 
this  metal  alone  is  attacked  only  in  slight  degree  by  dilute 
sulphuric  acid.  The  behaviour  of  aluminium  is  similar  to 
that  of  tin  ;  yet  the  experiments  therewith  are  not  so  striking, 
because  with  a  neutral  solution  of  common  salt  it  develops 
bubbles  of  hydrogen  upon  its  own  surface  (which  is  pre- 
sumably to  be  referred  to  the  carbon  contained  in  the  metal); 
still,  at  least,  solution  takes  place  far  more  rapidly  when  the 
solution  of  salt  is  acidified  at  the  2)latinum.  In  potassium 
sulphate  also  there  ensues  almost  no  solution  upon  acidifying 
at  the  platinum,  just  as  dilute  siilphuric  acid  scarcely  acts 
upon  aluminium. 

The  })henomena  described  agree  in  this,  that  the  metals  in 
question  when  brought,  in  contact  with  platinum,  into  neutral 
salt-solutions,  are  dissolved  when  the  ordinary  solvents  of 
these  metals  are  allowed  to  act  upon  the  platinum.  It  may 
be  asked  whether  the  metals  which  are  dissolved,  not  with 
evolution  of  h^^drogen,  but  only  with  the  accompanying  action 
of  an  oxidizing  agent,  may  be  brought  into  solution  according 
to  the  same  fundamental  principle.  Experiment  answers  this 
question  affirmatively  ;  even  the  more  resisting  metals,  when 
connected  with  platinum,  upon  which  their  specific  solvent  is 
allowed  to  act,  are  dissolved  in  liquids  which  otherwise  never 
attack  them. 

So,  for  instance,  after  a  few  minutes  one  finds  considerable 
amounts  of  silver  dissolved  in  dilute  sulphuric  acid,  when  the 
metal  has  been  connected  with  a  platinum  wire  near  which  a 
few  drops  of  chromic-acid  (or  potassium-bichromate)  solution 
have  been  added  to  the  sulphuric  acid.  At  the  same  time 
every  caution  may  be  employed  to  protect  the  silver  from 
contact  with  the  chromate,  and  yet  the  action  will  be  found  : 
the  experiment  decides  unequivocally  that  the  contact  of  the 
platinum  with  the  oxidizing  agent  conditions  the  dissolving 
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action.     Similarly  silver  can   be  dissolved   in   a  solution  of" 
sodium  acetate. 

In  the  same  way  gold  may  be  dissolved  in  a  solution  of 
common  salt,  when  the  platinum  is  brought  in  contact  with 
chlorine  (with  a  salt-solution  saturated  with  chlorine).  After 
but  two  or  three  minutes^  in  the  solution  which  surrounds  the 
gold,  the  characteristic  reactions  of  this  metal  with  ferrous 
sulphate  or  stannous  chloride  may  be  obtained. 

I  have  for  the  most  part  carried  out  the  experiments  briefly 
described  here  by  bringing  into  a  small  beaker  an  open  short 
tube  of  about  2  centim.  diameter,  closed  below  with  parch- 
ment-paper, and  then  filling  both  with  the  indifferent  liquid, 
taking  care  at  the  same  time  to  have  the  level  in  the  tube 
always  above  that  in  the  beaker.  In  the  tube  was  placed  the 
metal  to  be  dissolved,  the  platinum  wire  connected  therewith 
went  to  the  bottom  of  the  beaker.  The  solvents  added  were 
so  chosen  that  they  were  heavier  than  the  indifferent  liquid; 
when  a  few  drops  thereof  were  brought  with  a  pipette  upon 
the  bottom  of  the  outer  vessel  they  remained  lying  there 
without  approaching  the  parchment-paper  partition,  which 
remained  in  the  upper  part  of  the  liquid.  After  the  close  of 
the  experiment  the  contents  of  the  glass  could  then  be  easily 
investigated. 

These  phenomena,  which  were  in  part  already  known,  I 
have  termed  chemical  action  at  a  distance  ;  because  the  ap- 
pearance in  every  ease  is  as  if  the  specific  solvent  of  the 
the  metals,  when  applied  at  the  platinum,  exercises  its  action 
at  a  distance  upon  the  metal  in  question.  As  concerns  the 
explanation,  therefore,  there  can  plainly  be  no  doubt  that  the 
electrolytic  relations  play  here  the  decisive  role.  In  fact  the 
simplest  means  of  d('ci<ling  whether  solution  ensues  or  not  is 
to  switch  a  moderately  sensitive  galvanometer  into  the  circuit 
between  the  metal  and  the  platinum.  While  compounds 
which  exert  no  action  give  a  current  of  only  short  duration, 
which  falls  at  once  to  a  very  slight  amount,  addition  of  the 
acting  substance  (acid  or  oxidizing  agent)  to  the  platinum 
causes  at  once  a  strong  deflexion  of  the  needle.  No  deflexion, 
on  the  contrary,  is  observed  wdien  the  acting  substance  is 
brought  into  contact  with  the  metal  to  be  dissolved. 

As  before  mentioned,  certain  phenomena  of  this  kind  are 
already  known.  Thoinsen,  thirty  years  ago*,  described  a 
galvanic  element  wliich  consists  of  cop})er  in  dilute  sul- 
phuric acid  and  carbon  in  a  chromate  mixture  ;  on  closing 
the  connexion  by  means  of  a  conductor  between  the  copper 
and  the  carbon,  the  metal,  which  alone  is  not  solu])le  in  sul- 
*  I'oggeiulorirs  Aitiialeu,  exi.  \\.  l'.»i'  (IHIO). 
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phiiric  acid,  goes  into  solution  as  sulphate.  It  is  also  known 
that  the  solution  of  zinc  and  similar  metals  in  dilute  acids  is 
extremely  accelerated  by  the  presence  of  ''  electroneo-ative  " 
metals,  and  the  text-books  with  the  mention  of  this  fact  do 
not  neglect  to  emphasize  the  "'  galvanic  contrast"  which  con- 
ditions the  effect.  Yet  I  do  not  know  that  an  attempt  at  a 
closer  analysis  has  been  made,  an  effort  in  the  direction  of  an 
explanation  of  the  way  in  which  the  "■  galvanic  contrast "  can 
produce  such  action.  In  fact  these  actions,  like  so  many 
others,  seem  to  belong  with  those  for  which  a  satisfying 
explanation  can  be  first  gained  on  the  ground  of  the  Theory 
of  free  ions,  of  Arrhenius.  They  then  assume  the  following 
form. 

Assume  a  metal,  as  zinc,  to  be  in  contact  with  the  solution 
of  an  electrolyte,  as  potassium  sulphate.  The  zinc  may  only 
go  into  solution  by  its  atoms  becoming  loosened  from  the 
metal  in  the  form  of  ions  with  their  corresponding  charges 
of  electricity.  In  what  manner  this  charging  with  electricity 
takes  place,  and  in  what  it  consists,  are  questions  wdiich  we 
cannot  at  |)resent  answer  ;  but  since  by  taking  positive  elec- 
tricity from  the  ions  of  the  metals  we  can  get  the  latter 
with  their  familiar  properties  again,  we  are  justified  in  looking 
upon  the  taking  up  of  positive  electricity  as  the  characteristic 
of  the  transition  of  a  metal  into  the  condition  of  ions. 

As  })0sitive  ions  leave  the  originally  neutral  zinc,  the  latter 
becomes  charged  negatively  and  the  solution  ])Ositively.  This 
lasts  until  a  certain  definite  difference  of  potential  has  been 
establishetl  between  the  metal  and  the  solution,  according  to 
which  just  as  many  positive  ions  are  attracted  out  of  the 
solution  l)y  the  negative  charge  of  the  metal,  as  go  into  the 
solution  as  a  result  of  the  "  solution-tension  "  of  the  zinc"^ ; 
tlien  equilibrium  occurs.  On  account  of  the  very  great  qtian- 
tities  of  electricity  carried  Ijy  the  ions  the  necessary  quantities 
of  metal  are  extremely  slight,  in  general  too  slight  to  be 
shown  by  analytical  tests. 

The  zinc  is  accordingly  hindered  from  further  solution  by 
the  excess  of  positive  ions  which  exists  in  the  liquid,  and  in 
order  to  make  further  solution  possible  these  ions  must  be 
removed.  If  another  metal,  for  example  platinum,  be  con- 
nected with  the  zinc,  this  assumes  the  same  negative  charge 
as  the  zinc.  If  the  platinum  be  dipped  into  the  liquid  tliis 
negative  charge  acts  electrostatically  upon  the  excess  of 
positive  ions,  and  these  collect  at  the  platinum. 

Now  the  facts  of  galvanic  polarization  show  that  the  elec- 

*  Eefer  to  W.  Neriist,  Zeitfichrift  fin-  pkysikalische  Chemie,  iv.  p.  150 
(1869). 
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trical  charge  can  only  be  directly  removed  from  the  ions  when 
they  come  into  contact  with  electrodes  of  the  same  nature. 
According  to  the  present  condition  of  our  knowledge  this 
occurs  only  in  cases  of  positive  ions,  which  consist  of  metal 
atoms,  in  contact  with  electrodes  of  the  same  metal.  A 
system,  for  example,  of  two  zinc  plates  in  zinc-sulphate  solu- 
tion allows  ihi'  weakest  galvanic  cun-ent  to  pass  through  and 
takes  up  no  charge  (not  considering  the  secondary  actions 
from  alterations  in  concentration,  which  do  not  concern  us 
here) ;  while,  for  example,  a  system  of  two  platinum  plates  in 
dilute  sulphuric  acid  allows  a  continuous  current  to  pass  only 
upon  the  application  of  electromotive  forces  of  definite  amount 
(over  1*8  volt),  after  a  not  inconsiderable  quantity  of  elec- 
tricity has  gathered  upon  the  plates  in  the  form  of  a  charge. 
We  must  conclude  from  this  that,  for  the  transfer  of  electricity 
from  an  ion  to  a  heterogeneous  electrode,  a  definite  difference 
of  potential  is  in  general  requisite,  which  is  to  be  regarded  as 
dependent  upon  the  nature  of  the  ion  as  well  as  upon  that  of 
the  electrode. 

To  return  to  the  above-mentioned  case,  it  will  depend  upon 
the  nature  of  the  positive  ion  and  of  the  electrode  whether 
the  former,  under  the  influence  of  the  difference  of  potential 
caused  by  the  presence  of  the  zinc,  will  give  up  to  the  platinum 
its  electricity  or  not.  If  the  ion  be  the  potassium  of  potassium 
sulphate,  which  holds  the  electricity  very  firmly  and  only  gives 
it  up  under  the  action  of  potential  differences  of  between  two 
and  three  volts,  no  transfer  of  the  electricity  will  take  place. 
If,  however,  the  potassium  sulphate  at  the  platinum  wire  be 
replaced  by  sulphuric  acid,  the  difference  of  potential  then  at 
hand  is  sufficient  to  force  the  hydrogen  ions  thereof  to  part 
with  their  (dectrical  charges,  whereu})on  they  escape  in  the 
form  of  ordinary  hydrogen.  By  the  combination  of  this  posi- 
tive electricity  with  the  negative  of  the  metal  the  latter  is 
partially  neutraHzed,  the  zinc,  in  consequence  of  its  lowered 
negative  potential,  becomes  able  to  send  out  more  positive 
ions,  and  the  action  continues  as  long  as  metallic  zinc  or 
hydrogen  ions  remain  at  disposal. 

This  explanation  makes  apparent  why  in  this  case  the 
acid  must  be;  at  the  platinum  and  not  at  the  zinc  ;  it  throws 
light  at  the  same  time  upon  all  the  peculiarities  which  are 
manifested  when  zinc  is  dissolved  in  acids,  and  which  have 
till  now  remained  insufficiently  explained.  It  forms  at  the 
same  time  the  starting-point  towards  an  understanding  of  the 
phenomena  connected  with  the  dissolving  of  the  metals  in 
general. 

Pure   zinc  does  not  dissolve  in  acids,  as  was  found  liv  De 
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la  Rive ;  well  amalgamated  zinc  has  the  same  property.  The 
metal  does  not  have,  in  this  case,  less  tendency  to  go  into 
sohition  than  when  impure  ;  for  if  it  be  connected  with  pla- 
tinum, copper,  or  any  other  similarly  acting  metal,  solution 
at  once  ensues.  The  difficulty  lies,  therefore,  plainly  not  in 
the  dissolving  of  the  zinc,  but  in  the  evolution  of  the  hydrogen; 
when  this  latter  action  is  assisted  the  solution  takes  place,  in 
the  case  of  either  pure  or  amalgamated  metal.  That  the 
hydrogen  is  evolved  with  difficulty  at  the  zinc,  more  readily 
at  th(^  so-called  negative  metals,  lies  in  the  differences  of 
potential  towards  the  electrolyte.  Zinc  has  a  strong,  positive 
solution-tension,  that  is  it  sends  positive  ions  readily  into 
the  liquid  and  opposes  correspondingly  the  reverse  action, 
the  reception  of  positive  hydrogen  ions  and  the  removal  of 
their  charges.  Ihe  other  metals  in  contact  with  the  same 
electrolyte  develop  a  far  less  difference  of  ])otential,  or  pos- 
sibly one  of  opposite  sign,  and  either  offer  far  less  resistance 
to  the  discharging  of  the  hydrogen  or  even  assist  it. 

This  is  the  reason  why  zinc  dissolves  in  acids  when  in  con- 
tact with  other  metals  ;  it  is  clear  that  the  usual  form  of 
expression,  that  solution  takes  place  i/;  consequence  0/ galvanic 
currents  between  the  zinc  and  the  other  metals,  does  not 
entirely  correspond  to  the  facts  of  the  case.  The  galvanic 
currents  are  indeed  inseparably  connected  wdth  the  act  of 
solution  ;  they  are,  however,  not  the  primary  agent  which 
effects  solution,  but  are  produced  by  the  act  of  solution  which 
they  must  necessarily  accompany,  because  the  question  is  one 
of  the  formation  and  disjdacement  of  ions.  Solution  ensues 
when  the  possibility  is  present  that  the  positive  ions  in  the 
solvent  may  in  any  way  be  removed  therefrom. 

Differing  from  the  simple  displacement  of  positive  ions,  as 
in  the  case  of  zinc  (as  also  magnesium,  cadmium,  and  a 
few  other  metals),  the  dissolving  of  such  metals  as  are  not 
able  to  effect  this  displacement  is  accomplished  by  means  of 
the  destruction  of  positive  ions,  or  what  has  the  same  effect, 
the  creation  of  negative  ions.  Both  are  accomplished  by  the 
action  of  oxidizing  agents,  the  first  by  means  of  reactions 
which  produce  non-electrolytes,  the  second  by  such  as  produce 
electrolytes. 

An  example  of  the  first  case  is  the  dissolving  of  copper  in 
dilute  sulphuric  acid,  which  takes  place  slowly  under  the 
action  of  free  oxygen.  Here  the  hydrogen  ions  of  the  acid 
combine  wdth  the  oxygen  atoms  to  form  the  non-electrolyte 
water,  and  thereby  it  becomes  possible  for  a  corresponding 
number  of  copper  ions  to  be  formed,  that  is  for  the  copper  to 
2,0  into  solution. 
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An  example  of  the  second  case  is  the  dissolving  of  gold  in 
chlorine-water.  In  order  that  gold  ions  may  enter  the 
liquid  there  must  be  formed  there  a  corresponding  number 
(three  times  greater)  of  chlorine  ions;  this  takes  place  by  the 
splitting  up  of  the  chlorine  molecules  of  the  chlorine-water 
into  negatively  charged  chlorine  ions. 

The  closer  analysis  of  these  reactions  leads  us  consequently 
to   conclusions  by   which   certain   assumptions  in   regard  to 
the  electrical  charges  of  the  atoms  suffer  not  inconsiderable 
changes.     Since  the  time  of  the  electrochemical   theory  of 
Berzelius  the  idea  has  been  held  that  the  holding  together  of 
the  atoms  in  molecules  is  conditioned  by  the  opposed  electrical 
charges  of  the  former,  and  this  representation  has  been  also 
applied   to   the   case   of  the  combination  of  the  .^^ame  atoms, 
which   Berzelius  looked  upon  as  im])ossible.     According  to 
this  a  neutral  chlorine  molecule  would   have  to  yield  a  posi- 
tive and  a  negative  chlorine  atom  when  split  up.     But  such 
an   assumption    stands   in   complete    contradiction  with    ex- 
perience, which   has   hitherto  made  us  acquainted  Avith  nega- 
tively charged  chlorine  atoms  exclusively,  and  we  have  not  the 
slightest  indication  that  positive  chlorine  ions  can  exist.     We 
must,  on  the  contrary,  in  the  face  of  the  entirely  general  fact 
of  the  formation  of  dissociated  chlorides  out  of  the  metals 
and  free  chlorine,  make  the  assumption  that  with  the  break- 
ing down  of  the  chlorine  molecules  CI2  into  chlorine  ions  (not 
cldorinc  atoms,  as  are  formed  at  white  heat)  both  parts  of  the 
molecule  assume  the  same  negative  charge.     This  seems  to 
stand  in  opposition  to  the   general   experience  that,  with  the 
formation  of  electrical  charges,  equal  quantities  of  positive 
and  negative  electricity  must  always  be  produced.     Still  this 
principle   is  also  confirmed  here,  for  from  ordinary  chlorine 
negative  chlorine^  ions  are  formed  only  under  such  cireum- 
stances  that,  at  the  same  time,  the  same  number  of  positive 
ions  is  produced.     The  great  activity  of  free  chlorine  in  its 
action  upon  metals  is  conditioned  by  the  great  inclination  of 
chlorine  to  pass  over  into  the  condition  of  ions  ;  iodine,  which 
presents  this  inclination  in  a  far  less  degree,  and  has  accord- 
inglv  no  such  great  affinity  to  negative  clectricitij,  if  I  may  be 
allowed  the  expression,  has  correspondinglra  far  less  capacity 
for  transferring  metals  into  the  condition  of  ions,  or,  accord- 
ing to  the   customary  but  ill-chosen   expression,  to  combine 
with  them. 

These  considerations  give  us  the  explanation  for  the  action 
which  oxidizing  agents  show  u])on  contact  with  platinum 
whi('h  is  connected  with  the  '•'  nobler  "  mchils.  If  we  iiave, 
for  example,  gold  in  a   solution   of  connnon  salt,  it   has  an 
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extremely  slight  tendency,  if  any  at  all,  to  form  ions  ;  it  is 
far  removed  from  th(!  possibility  of  taking  from  the  sodium 
ions  the  necessary  positive  electricity.  The  entire  action  will 
then  be  limited  to  the  gathering  of  a  few  chlorine  ions  upon 
the  surface  of  the  gold,  and  of  a  corresponding  slight  excess 
of  sodium  ions  upon  the  platinum.  But  if  now  chlorine 
molecules  be  present,  they  find  here  o[)portunity  to  go  over 
into  negatively  charged  ions  ;  the  corresponding  quantity  of 
positive  electricity,  Mliich  must  be  produced  at  the  same  time, 
passes  through  the  [)latinuni  to  the  gold,  and  the  latter  is  put 
in  position  to  send  out,  or  one  may  say  is  directly  forcetl  to 
send  out,  a  corresponding  number  of  positively  charged  atoms, 
or  ions. 

I  wish  to  emphasize  here  that,  without  in  any  way  altering 
the  final  result,  the  explanation  may  be  also  given  somewhat 
diiTerently.  Instead  of  recognizing  the  direct  cause  of  the 
action  in  the  tendency  of  chlorine  to  form  negative  ions,  the 
active  role  may  be  ascribed  to  the  gold,  and  to  it  be  referred 
a  positive  tendency,  though  slight  yet  at  hand,  to  the  forma- 
tion of  ions.  Chlorine  would  then  [)lay  the  more  passive  role 
by  opposing  to  its  transfer  into  negative  ions  a  very  small 
resistance,  which  is  overcome  by  the  positive  tendency  of  the 
gold.  At  present  it  may  not  be  entirely  easy  to  decide 
finally  between  these  views  ;  yet,  without  a  closer  discussion 
of  the  question,  for  which,  however,  some  material  already  is 
at  hand,  I  believe  that  the  preference  is  due  to  the  first. 

This  presentation  brings  out  under  all  circumstances  the 
fact  that  the  great  significance  which  the  positive  ion  of  the 
electrolyte  has  in  cases  of  metals  of  the  character  of  zinc,  com- 
pletely disappears  in  this  case  of  the  nobler  metals.  In  fact, 
under  the  given  conditions,  gold  dissolves  as  well  when  sodium- 
chloride  solution,  as  when  hydrochloric  acid,  both  saturated 
with  chlorine,  is  present  at  the  platinum,  which  proves  that 
the  positive  ion  present,  which  suffers  no  change  at  all  by  the 
action,  is  not  concerned,  but  instead  only  the  substance  which 
is  able  to  furnish  negative  ions.  Weaker  oxidizing  agents, 
that  is  such  with  less  tendency  towards  the  formation  of 
negative  ions,  as  for  example  bromine,  are  ineffective,  as  I 
have  convinced  myself  by  making  the  experiment. 

It  is  perhaps  fitting,  at  this  place,  to  say  a  few  words  in 
regard  to  the  expressions  "  Tendency  "  and  "  Inclination,"^  of 
which  use  has  here  been  made.  Expressions  of  this  kind  are 
properly  looked  upon  in  exact  science  as  suspicious,  so  long 
as  they  are  not  accompanied  by  satisfying  explanation  in  the 
form  of  a  controllable  definition.  On  the  other  hand,  there 
manifests   itself  everywhere  the  need  of  expressions  of  this 
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kind  for  the  representation  of  natural  occurrences,  and  the 
cause  thereof  hes  in  the  following. 

The  different  forms  of  energy  may  be,  as  is  known,  always 
resolved  into  two  factors,  one  of  which  possesses  the  pro- 
perty that,  in  a  system  with  a  definite  kind  of  energy,  a  con- 
dition independent  of  the  time  may  obtain  only  when  this, 
which  Helm  calls  the  intensity  factor,  has  the  same  value 
everywhere  in  the  system.  Conversely,  anything  happens 
in  the  system  only  under  the  condition  that  the  values  of  this 
factor  at  two  places  thereof  are  different.  Difference  of  the 
intensity-ftictor  is  therefore  the  cause  that  anything  happens, 
and  every  difference  of  this  kind  re|)resents  a  "  Tendency  " 
or  "•  Inclination  "  of  the  system  to  equalize  the  difference. 
Now  there  are  possibilities,  as  shall  in  another  place  be  more 
fully  explained,  of  hindering  this  equalization  by  the  bringing 
to  bear  of  appropriate,  opposing  intensity-differences  of  another 
form  of  energy  ;  these  are  exactly  the  cases  in  which  the 
above-mentioned  expressions  "  Tendency  ■"  and  "  Inchnation  " 
clearly  present  themselves,  because  the  action  is  ready  to 
take  place  at  any  time  when  the  hindrance  present  is  re- 
moved. In  this  sense,  that  the  system  of  metals,  electrolytes, 
&c.  at  hand  contains  differences  of  intensity  of  chemical 
energy,  which  are  compensated  by  corresponding  opposing 
differences  of  electrical  intensity,  or  of  potential,  and  which 
assert  themselves  first  when,  b}-  establishment  of  the  electric 
conduction,  the  latter  are  made  to  vanish, — in  this  sense  have 
tendency  and  inclinatio/i.  been  used  in  the  preceding,  and,  after 
this  explanation,  the  further  use  of  these  terms  may  well 
appear  permissible. 

If  we  now  turn  back  to  the  subject  under  consideration,  we 
see  that  the  dissolving  of  metals  is  in  all  cases  in  so  far  electric, 
as  it  depends  upon  the  changing  of  the  metals  into  (electri- 
cally charged)  ions.  The  marked  activity  of  the  metals  in 
the  development  of  electric  currents  depends,  on  the  one  hand, 
upon  their  capacity  to  undergo  this  change,  on  the  other 
upon  their  capacity  of  *'  metallic "  conduction.  Further, 
when  currents  cannot  be  developed  because  the  necessary 
conductors  are  wanting,  the  quantity  of  energy  corresponding 
to  the  change  may  assume  the  form  of  heat ;  as  occurs,  tor 
example,  with  the  dissolving  of  metals  which  do  not  separate 
hydrogen,  such  as  copper,  silver,  bismuth,  &c.,  in  nitric  acid 
or  acpia  regia.  In  this  case  the  question  is  also  one  of  tlie 
replacem(!nt,  by  metal  ions,  of  the  hydrogen  ions  present  ; 
but  since  the  metal  is  not  able  to  take  th(?  electricity  neces- 
sary for  the  change  directly  from  the  hydrogen,  a  cause  must 
be  present  to  assist  this  action.     Here,  for  example,  the  oxygen 
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of  the  nitric  acid  serves  the  })nrpose.  As  the  latter  is  reduced 
to  nitrous  acid,  a  l)ivalent  oxygen  atom,  that  is  one  with  two 
negative  electrical  charges,  becomes  free  and,  with  two  posi- 
tive hydrogen  ions,  forms  w'ater.  Thereby  two  metal  ions 
with  their  corresponding  positive  charges  can  enter  the  liquid, 
or,  in  other  words,  are  forced  thereto  by  the  excess  of  nega- 
tive ions  now  contained  in  the  liquid.  The  electricity  remain- 
ing in  the  metal  compcnsiitcs  the  positive  electricity,  which, 
according  to  the  general  law  of  the  "  ( Conservation  of  Elec- 
tricity,'' must  be  developeitl  upon  the  separation  of  the  negative 
oxygen  atom.  It  can  scarcely  be  necessary  to  add  that  all  the 
quantities  of  electricity  in  (luestioii  uvc  b\'  Faraday's  law. 
exactly  equal  to  one  anothei'. 

Finally,  the  question  presents  itself  whether  galvanic  cur- 
rents may  not  also  be  develo])ed  in  aqueous  solutions  without 
the  help  of  any  metal,  only  by  means  of  formation  and  de- 
struction of  ions.  Let  us  consider  a  liquid  which  has  the 
capacity  of  developing  positive  ions,  and  a  second  in  contact 
with  it  which  can  create  negative  ions  (or  destroy  positive 
ones)  ;  then  the  actions  will  again  occur  with  especial  readi- 
ness when  care  is  taken  that  the  corresponding  quantities  of 
electricity  be  conducted  away.  This  is  effected  by  the  inser- 
tion of  conductors  of  the  first  class,  which  are  not  chemically 
attacked,  and  which  are  connected  so  as  to  make  possible  a 
reciprocal  neutralization  of  the  displaced  quantities  of  elec- 
tricity. 

This  case  becomes  realized  when  ^ve  bring,  for  exam])le,  a 
solution  of  ferrous  chloride  in  contact  with  one  of  sodium 
chloride  con1>aining  free  chlorine,  and  dip  in  both  solutions 
connected  electrodes  of  carbon  or  platinum.  The  bivalent 
ferrous  ions  in  the  ferrous  chloride  change  into  trivalent  ferric 
ions.  The  negative  quantity  corresponding  to  the  positive 
electricity  is  discharged  through  the  electrode  into  the  chlo- 
rine solution,  and  sup]>lies  there  the  amount  of  electricity 
necessary  for  the  change  of  the  molecular  chlorine  into 
chlorine  ions,  and  this  action  continues  until  the  supply  of 
ferrous  ions  or  chlorine  molecules  is  exhausted. 

It  becomes  at  once  clear  that  here  we  have  again  to  do 
with  a  chemical  ''Action  at  a  distance"  of  the  above-described 
kind.  For  it  plainly  makes  no  difference  as  to  the  action 
whether  the  solutions  of  ferrous  chloride  and  of  chlorine  are  in 
immediate  contact,  or  are  separated  from  each  other  by  any 
electrolyte,  as  for  example  sodium-chloride  solution.  For 
since  the  transfer  of  electricity  takes  place  from  and  to  the 
ions  of  the  electrolytes,  the  ferric  chloride  is  formed  in  this 
case  not  directly  from  the  chlorine-water  but  at  the  submerged 


Prof.  Ostwald  o)i  Chemical  Action  at  a  Distance.      155 

platinum  plate,  and  the  chlorine  seems  consequently  not  to 
exert  its  action  Avhere  it  itself  is  located,  but  at  any  arbitrary 
distance.  Since,  under  the  customary  views,  this  phenomenon 
presents  a  rather  unusual  aspect,  I  shall  describe  in  a  few- 
words  a  suitable  arrangement  of  the  experiment. 

The  solutions  in  question  are  put  into  two  small  glass 
beakers  ;  in  one  ferrous  chloride,  in  the  other  a  solution  of 
sodium  chloride  saturated  with  chlorine  :  in  the  j)lace  of  th(^ 
latter  a  solution  of  bromine  in  common  salt  solution,  or  one 
of  potassium  bichromate  and  hydrochloric  acid  may  be  con- 
veniently used.  In  each  glass  is  placed  a  platinum  electrode, 
and  both  these  are  joined  by  metallic  connexion  throuoli  a 
galvanometer.  Finally  the  circuit  is  closed  by  an  inverted 
siphon-tube  filled  with  salt-solution,  the  ends  of  the  tube  being 
closed  by  parchment-paper.  The  galvanometer  indicates  at 
once  a  current  which  passes  in  the  liquid  from  the  ferrous 
chloride  to  the  chlorine,  and  at  the  electrode  in  the  ferrous 
chloride  this  salt  changes  into  the  ferric  chloride.  In  order 
to  render  it  evident  that  the  action  takes  place  neither  at  the 
parchment-paper  nor  uniformly  in  the  entire  liquid,  but  is 
limited  to  the  surface  of  the  electrode,  where  the  formation 
of  ferric  ions  from  ferrous  ions  by  the  transfer  of  positive 
electricity  is  alone  made  possible,  the  ferrous-chloride  solution 
(which  is  previottsly  to  be  completely  redticed  by  digestion 
with  iron  powder)  may  be  treated  with  a  little  potassium 
sulphocyanate  ;  the  development  of  the  red-brown  coloration 
exclusivel}'  at  the  electrode  becomes  then  readily  apparent. 

In  ])lace  of  ferrous  chloride  there  may  of  course  be  employed 
any  other  "  reducing  "  solution.  In  order  to  realize  a  case, 
where  the  transfer  of  electricity  takes  place  without  the  inter- 
vention of  metal  ions,  I  have  combined  sodium  bisulphite 
with  a  solution  of  sodium  chloride  containing  bromine,  and 
have  observed  entirely  similar  results  ;  even  when  the;  con- 
nexion is  made  l)y  a  si[)hon  filled  with  a  solution  of  pure 
salt,  in  a  few  moments  th(;  presence  of  sulphuric  acid  may  be 
detected  by  means  of  an  acid  solution  of  barium  chloride, 
while  at  the  same  time  sodium  bromide,  that  is  bromine  iojis, 
has  been  formed  on  the  other  side. 

The  change  in  the  ions  of  the  sulphite,  which  here  takes 
place,  may  be  explained  in  different  ways.  There  exist  in 
sodium  ])isulphite  solution  the  negative  ions  H8O3.  The 
change  of  these  into  the  more  stable  negative  ions  of  su]2)huric 
acid  may  be  rei)resented  by  tlie  reaction 

2HSO;5  +  H20  =  H2SU,  +  ll2S04, 

in  whieli  tlie  resulting  acids  may  be  considered  a>  [>arLiallv  or 
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wholly  dissociated.  In  order  that  this  may  become  possible, 
both  of  the  negative  nnits  of  electricity  of  the  H1SO3  ions  must 
be  removed  ;  they  pass  through  the  electrode  to  the  other  solu- 
tion, v^^here  they  serve  to  change  a  bromine  molecule,  Br2,  into 
bromine  ions.  The  same  result  is  reached  when  the  bivalent 
ions  of  the  neutral  sulphite,  S  O3,  are  supposed  to  be  changed 
into  sulphuric  acid  according  to  the  reaction 

for  every  molecular  weight  of  sulphuric  acid  formed,  two 
units  (of  96540  coulombs  each)  of  negative  electricity  must 
]iass  through  the  connecting  wires. 

The  electromotive  forces  which  are  develo])('tl  when  different 
solutions  act  upon  the  same  metal  are  not  unknown  ;  they 
were  tirst  extensively  investigated  by  R.  Arrott*  and  later  by 
A.  Wright  and  C.  Thompson  f.  The  possibility  of  analysing 
more  closely  the  actions  upon  which  they  depend  and  of 
undergtanding  these  actions  in  this  fundamental  character,  was 
first  given  by  the  consideration  of  the  electrical  relations  of 
the  ions,  which  indeed  before  Arrhenius  developed  his  so 
extremely  fruitful  theory,  was  not  carried  out. 

In  conclusion  I  wish  to  add  that  the  description  of  some  of 
the  experiments,  which  are  communicated  here,  was  completely 
worked  out  at  ni}'  writing-table,  before  I  had  seen  anything  of 
the  phenomena  in  question.  After  making  the  experiments  on 
the  follow-ing  day,  it  was  found  that  nothing  in  the  description 
required  to  be  altered.  I  do  not  mention  this  from  feelings 
of  pride,  but  in  order  to  make  clear  the  extraordinary  ease 
and  security  with  which  the  relations  in  question  can  be  con- 
sidered on  the  principles  of  Arrhenius's  theory  of  free  ions. 
Such  facts  speak  more  forcibly  than  any  polemics  for  the 
value  of  this  theory. 

A  number  of  interesting  phenomena,  with  which  I  have 
met  in  further  investioations  on  this  chemical  action  at  a  dis- 
tance,  will  be  presented  at  another  opportunity.  I  hope  like- 
wise, as  soon  as  I  can  find  the  necessary  time,  to  be  able  to 
produce  some  pertinent  quantitative  measurements.  I  do  not 
mention  this  to  keep  others  at  present  from  the  carrying  out 
of  such  experiments  and  measurements,  but,  on  the  contrary, 
in  order  to  express  my  conviction  of  the  necessity  of  a  search- 
ing quantitative  study  of  this  field. 

Universitj^  Laboratory  of  Physical  Chemistry. 
Leipsic,  Germauy,  May  1891. 

*  Phil.  Mag.  [3]  xxii.  p.  427  (1843). 
t  Journ.  Cht^ru.  Soc.  1887,  p.  G72. 
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XXIV.  Relation  of  Volta  Electromotive  Force  to  Latent  Heat, 
Specific  Gravity,  8fc.  of  Electrolytes.  By  Dr.  Gr.  GoRE, 
F.R'.S* 

IN  a  research  ''  On  Changes  of  Voltaic  Energy  of  Alloys 
during  Fusion  "  (Phil.  Mag.  ante,  p.  27)  I  have  shown 
that  when  an  alloy  of  bismuth,  lead,  tin,  and  cadmium,  and 
one  of  bismuth,  lead,  and  tin,  changed  from  the  solid  to 
the  liquid  state  by  gradual  and  uniform  application  of 
heat  whilst  immersed  in  a  suitable  electrolyte,  it  suddenly 
increased  in  electropositive  state,  showing  that  whilst  ab- 
sorbing latent  heat  it  acquired  greater  electromotive  force, 
and  that  when  these  alloys  solidified,  reverse  effects  occurred. 
M.J.  liegnauld  had  previously  &ho^n  (^Comptes  Rendus  Acad. 
Sci.  June  10,  1878;  Chemical  News,  vol.  xxxviii.  p.  33)  that 
liquid  gallium  was  electropositive  to  solid  gallium  in  a  neutral 
solution  of  gallons  sulphate. 

In  order  to  ascertain  whether,  in  cases  where  the  mere  act 
of  mixing  or  diluting  electrolytes  is  known  to  be  attended  by 
absorption  of  heat,  a  similar  increase  of  the  power  of  exciting 
electromotive  force  occurs,  I  took  the  separate  ingredients 
of  a  chilling-mixture,  each  in  a  liquid  state  and  at  the  same 
atmos])heric  temperature,  measured  the  electromotive  force 
of  a  simple  couple  of  cadmium  and  platinum  f  in  each  liquid 
separately  by  the  null  method  of  balance,  with  the  aid  of  a 
suitable  thermoelectric  pile  (see  Proc.  Birm.  Phil.  Soc.  vol.  iv. 
p.  130  ;  The  Electrician,  1884,  vol.  xii.  p.  -ll-l),  and  a  galva- 
nometer, then  mixed  the  liquids,  immediately  took  the  tem- 
perature of  the  mixture,  and,  after  having  allowed  the  liquid 
to  acquire  the  atmospheric  temperature,  measured  the  electro- 
. motive  force  of  the  cou[)le  in  it.  As  the  changes  of  energy 
depend  upon  each  of  the  ingredients  of  the  mixture,  it  was 
necessary  in  each  case  to  consider  the  alterations  of  the  mean 
amount  of  electromotive  force. 

Distilled  water  was  used  in  making  all  the  solutions.  The 
proportions  of  substances  employed  were  in  nearly  all  cases 
simple  multiples  of  their  equivalent  weights.  The  thermo- 
meter employed  in  the  first  four  experiments  was  graduated 
to  "2  of  a  Fahr.  degree,  and  that  used  in  all  the  other  ones 
was  capable  of  being  read  to  "01  of  a  Centigrade  degree.  The 
following  are  the  particulars  of  the  experiments  : — 

*  Communicated  by  the  Author. 

t  In  expt'i-iments  "  Nos.  7  and  I-')"  a  zinf-platiiium  cou]il('  wa.-^  used. 
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Experiment  1 . 

Saturated  solution  of  Sulphate  of  Sodium  +  Dilute 

Sulphuric  Acid. 

Fahr. 

4  oz.  bv  vol.  of  sat.  sol.  of  Na^SOi  |  Temp,  before  mixing  oo'() 

„     \,       1vol.  II,,SOj+ 19  "vols.  H,0(       „      after         „        54-4 

Decrease       l'2F.deg. 
E.M.F.with  C.1+  Pt  at  55°-6  Fahr. 

Volts.  Volts. 

Sat,  sol.  of  Na.,SOj=    'DOo      (  n  i  „  i,^  at  tt  i     i      i.iqqq 

Dilute  H,SO,  : . .  .  =1-28473  [  ^^^"^^  "^^'^^  ^■^^■^-  ^'^  ''^^■^^-^^^^ 

The  mixture  =  1"1789 

p.cent. 

Increase     •0401=3'ol 

The  mean  electromotive  force  had  therefore  increased  whilst 
heat  was  being  absorbed  and  rendered  latent. 

In  all  the  remaining  experiments  the  influence  of  dilution 
with  water  alone  was  examined. 

Experime)d  2. 

823*5  grains  of  liquefied  "  glacial  Acetic  Acid  '' 
(C2H40o)  + Water. 

Fahr. 

50  CO.  of  glacial  acid  I  Temperature  before  mixing     57*8 

21     „       water   .  .  .  .  (  „  after         „  .56-2 

Decrease       1*6  F.deg. 
E.M.F.  withCd  +  Ptat  17°  C. 

Volts.  Volts. 

The  glacial  acid  =   1-1074  U^^.^^^  E.M.F.  bv  weight   =   1-0344 

Water     =     -850    i  '         " 

The  diluted  acid         =    M074 

p.cent. 

Increase       -073  =7-0(3 

Experiment  3. 

430  grains  of  Tartaric  Acid  in  310  grains  of  Water  +  Water. 

Fahr. 
30  c.c.  of  the  strong  acid  solution  |  Temp,  before  mixing  .  .  53-5 
20     „        water   I       „      after         „        . .     53-2 

Decrease     "3  F.  deg. 
E.M.F.  with  Cd  +  Pt  at  61°  Fahr. 

Volts.  Volts. 

The  concent,  acid  8ol.  =  1-1417  I  Mean  E.M.F.  bv  weig-ht=  -9151 

Water  =  "850    \  -         ° 

The  diluted  acid  =1  '1074 

p.cent. 

Increase     -1923=21-0 
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The  mean  electromotive  force  had  increased  21  per  cent., 
notwithstanding  that  the  amount  of  heat  absorbed  was  rela- 
tively small,  and  that  the  water  had  nearly  24  per  cent,  less 
powei'  of  exciting  electromotive  force  than  the  concentrated 
acid  solution. 

E,rperiment  4. 

575  grains  of  Nitrate  of  Ammonium  in  662  grains  of 
Water  +  Water. 

Fahr. 
44  centim.  of  sat.  sol.  of  .ViuNOj  (  Temp,  before  mixing  (JO'O 
34  „  water  f       „      after  ,,  o20 

Decrease     8'0  F.  deg. 

E.M.F.  witli  (Jd  +  Pt  at  60°  Fahr. 

Volts.  Volts. 

Saturated  sol.  of  AmNOi  =  '993  j  ,r    „i,TArT7  i  •  i  ^      n-oA 

,^  '                                    ■*      n-n  ^ ->tean  Jii.M.r.bv  \veiglit  =  '9o30 
Water  =  'b-jU  (  ••         '^ 

The  diluted  solution  =  -9930 

p.cent. 

lucrease     ■0400==4-18 

When  two  similar  couples  of  cadmium  platinum,  one  being 
in  the  concentrated  and  the  other  in  the  diluted  solution, 
were  opposed  to  each  other  with  the  galvanometer  in  the 
circuit,  the  one  in  the  diluted  liquid  showed  slightly  the 
greater  electromotive  force  ;  this  was  a  much  more  delicate 
test.  It  is  evident  that  notwithstanding  the  water  had  about 
fourteen  per  cent,  less  power  than  the  saturated  solution  of 
exciting  electromotive  force,  its  addition  to  that  liquid  did 
not  reduce  the  mean  amount  of  that  property. 

In  the  remainder  of  the  experiments  a  more  sensitive  ther- 
mometer capable  of  measin-ing  "Ol  of  a  Centigrade  degree  was 
employed. 

Experiment  a. 

Saturated  solution  of  Nitrate  of  Sodium  +  Water. 

c. 

500  grains  NaNOg  iu  43  c.c.  of  water  I  Temp,  before  mixiug  l.j'40 
298  c.c.  of  water    ('       „       after         „        13-98 

Decrease     1  '42  C .  deg. 


E.M.F.  with  Cd  f  Ft  at  18^  C. 

-Mean  E.M.F.  bv  \voi''-ht  =  -.s81() 


Volts  Volts 

The  saturated  solution  =  1  "0073 

Water =   SoQ 

The  diluted  solution    =1  "(X) 44 


p.ceni . 

lucrease     •1228=13-9 
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Experiment  6. 

Saturated  solution  of  Nitrate  of  Strontium  +  Water. 

C. 

600  grains  Sr2N03  in  l)3c.c.  of  water  I  Temp,  before  mixing  15-52 
164'5  c.c.  of  water \        ,,     after         ,,        14-44 

Decrease     l-OSC.deg. 
E.M'.F.  with  Cd  +  Pt  at  18°  C. 

Volt.  Volt. 

The  saturated  solution  = -9930  U^         E.M.F.  by  weight=-9040 

AVater =-8o0    |  ^         => 

The  diluted  solution  =  -9787 

p.cent. 

Increase     -0741=8-19 

Experiment  7. 

Solution  of  40  grains  of  Chloride  of  Sodium  in  40  c.c. 
of  Water +  40  c.c.  of  Water. 

I  did  not  ascertain  the  change  of  temperature  produced  by 
dilution  in  this  case.  J.  Thomsen  and  others  had  ah-eady 
shown  by  experiment  that  the  dilution  of  an  aqueous  solution 
of  chloride  of  sodium  is  attended  by  absorption  of  heat. 

E.M.F.  with  Zn  +  Pt  at  22°  C. 

Volts.  Volts. 

wLt""^"^"''."  ^^•^^•F-  by   weight=l-1889 

The  diluted  solution  =-1-2557 

p.cent. 

Increase     -0068=5-61 

Experiment  8. 

Strong  solution  of  Sulphate  of  Sodium  +  Water. 

C. 
142  grains  NajSO^  in  75-4  c.c.  of  water  )  Temp,  before  mixing  15-22 
40-6  c.c.  of  water I        „     after         „        15-08 

Decrease       -14  C.  deg. 

E.M.F.  with  Cd  +  Pt  at  18°  C. 

Volt.  Volt. 

l^ie   strong  solution   =    'W;;  (  Mean  E.M.F.  bv  weight   =    -9513 

\\  uter =    "oU  )  •         '^ 

The  diluted  solution  =   -0872 

p.Cillf. 

Iuciea.se     -0;559=3-77 


Force  to  Latent  Heat  Sfc.  of  Electrolytes.  161 

Experiment  9. 

Strong  solution  of  Sulphate  of  Ammonium  +  Water. 

0. 
264grn.s.  A 1112804  in  69'8c.c.  of  water  I  Temp,  before  mixing  14*98 
46  c.c.  of  water \       „      after        „        14-84 

Decrease         '14  C.  deg. 
E.M.F.  with  Cd  +  Pt  at  18°  C. 

Volt.  Volt. 

The  strong  solution  =  •98151  -nr        -c^  ^r -n  \  -ix  r,o~n 

Water =   -850    [  ^^^^^  ^•^^•^-  ^^  ^''S^^  =  '^^''^ 

The  diluted  solution  =  •9758 

> p.cent. 

Increase     •0402=4-30 

Experiment  10. 

Strong  solution  of  Carbonate  of  Sodium  +  Water. 

0. 
'    106  grns.  NavCOg  in  58c.c.  of  water )  Temp,  before  mixiiig=  12^70 


58  c.c.  of  water (        ,,     after        „       =  12*42 

Decrease        "28  C.  deg. 
E.M.F.  with  Cd  +  Pt  at  16°  C. 

Volt.  Volt. 

mtef'°^.'.'.'"!^.".^  •85o'h^-"E.M.F.  by  weight  =  -7972 

The  diluted  solution  =  -7527 

p.cent. 

Decrease        -0445=5-58 

Experhnent  11. 

Strong  solution  of  Nitrate  of  Potassium  +  Water. 

c. 

200  grains  ofKNOg  in  58  c.c.  of  water  I  Temp,  before  mixing  15-24 
58  c.c.  of  water (        „     after        „         14-70 

Decrease         *54  C.  deg. 
E.M.F.  with  Cd  +  Pt  at  18°  C. 

Volts.  Volts. 

'^-850^  [  ^^^^^  E.M.F.  by  weight=   -9443 
The  diluted  solution  =1-01588 


The  strong  solution  =1-()216  I  j^j         E.M.F.  by  weight=   ^9443 
Water =   ^850    (  •'         "^ 


p.cent. 

Increase     •07158=7-57 

Expenment  12. 

Strong  solution  of  ('hloride  of  Ammonium  +  Water. 

C. 
400  grains  AniCl  in  86-5  c.c.  of  water  I  Temp,  before  mixing  14'80 
] 29(i  c.c.  of  Avater 1        „     after        „        14-61 

Decrease        -19  C.  deg. 
rhil.  Mag.  S.  5.  Vol.  32.  No.  195.  Avgust  1891.       M 
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E.M.F.  with  Cd  +  Pt  at  18°  C. 

Volt.  Volt. 

The  stronj?  solution  =   'OooS  I  ^r         tt'  ivr  t?  i  ■  \  t.       .oono 

Water =   -850    [  ^^"-'^^  E.M.F.  by  weicrht=   -8898 

The  diluted  solution  -92436 

• p. cent. 

Increase     '0345  =3-87 

As  in  each  of  the  foregoing  twelve  instances  there  was  ab- 
sorption of  heat  (luring  the  act  of  dilution,  I  now  examined 
some  cases  in  which  dilution  is  known  to  be  attended  by 
evolution  of  heat.  (Jare  was  taken  to  select  those  in  which 
chemical  action  as  usually  understood  did  not  operate. 

Experiment  13. 

272  grains  of  Hydrated  Acetate  of  Sodium  in 

Water  +  Water. 

C. 

164  rrrains  of  the  anhydrous  salt  in  )  rp  ,    »  .   .  in  on 

on  -  i-       i  Temp,  before  mixinp:  16-.)0 

3'J"o  c.c.  01  water    >  ^      j.^  °  i  ,^  < « 

Tcc  i-       i  t)      alter         „  lu'44 

155  c.c.  01  water     )       "  " 

Increase     '14  C.  deg. 

E.M.F.  with  Cd  +  Pt  at  20°  C. 

Volt.  Volt. 

The  concentrated  soln.=  -9157  |  ^r        17  ivr  t?  i,         •  ^^        cm 

Water =  -.SoO    (  ^^^^^  ^■^^■^-  ^^  ^'eight=   -8/12 

The  diluted  solution  =   -9072 

p. cent. 

Increase     -036  =4-13 

E.iperiinent  14. 

Strong  solution  of  Sulphate  of  Magnesium 
in  Water  +  Water. 

C. 
240  grains  of  anhydrous  MgSO,  in  I  ^^^^^  ^^^^^^  ^^.^.^^^     ^^.(,3 


46  c.c.  of  water -    ^^^^^  -     j^,^q 

115  c.c.  of  water     )        " 

Increase  -22  C.  deg. 
E.M.F.  wath  Cd  +  Pt  at  20°. 

■  Volt.  Volt. 

The  strong  solution  =   -9931  ^^^^^  E.M.F.  bv  weight  =  -900 

Water    =   "SoO  \  -         "^ 

The  diluted  solution         =  -9787 

p.cent. 

increase  •0787  =  8-74 

Experiment  15. 
Concentrated  solution  of  Chloride  of  Potassium  +  Water. 
This  case  was  selected  from  the  curve  of   electromotive 
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force  given  in  "Fig.  8"  on  page  489  of  the  Philosophical 
Magazine,  Uec.  1890,  as  showing  an  increase  of  electro- 
motive force  on  dilution. 

C. 
20  grains  of  KCl  in  20  c.c.  of  water  I  Temp,  before  mixing     14-50 
180  c.c.  of  water f        „      after         ,,  l^-o-l 


Increase     "O-l  C.  deg. 
E.M.F.  with  Zn+Pt  at  21-5°  C. 

"Volts.  Volts. 

Tlie  strong  solution  =   I'lSoO  I  T.r       tti  Tinr.  i         •  i  .     i  looi 
-iTf  ,          °  T  10-A  r  ^fean  E.M.F.  by  weight  =  1-1331 

\\  ater =    1-12/  0  |  j         o 

The  diluted  solution  =l-25oO 


p.  cent. 

Increase       •1219  =  10-75 

The  mean  electromotive  force  had  increased  10*75  per  cent, 
notwithstanding  that  there  was  not  only  no  absorption,  but 
even  a  slight  evolution  and  loss  of  heat  during  the  act  of 
dilution. 

Experiment  16. 

Saturated  solution  of  Caustic  Soda  +  Water. 

C. 

600  grains  of  00  per  cent.  Soda  in  1  rr  ^    e  •   •       n  -  - 1 

o-T^          n       .      ^  lemp.  before  mixing  lo-/-i 

3/  c.c.  01  water >  ^      ,.,  °  oo  Q- 

oQ ,  .           r      ^  1        ,,      alter        „        23-8o 

381 4  c.c.  of  water     1        "  " 


Increase      8-14  C.  deg. 
E.M.F.  with  Cd  +  Pt  at  18°  C. 

Volt.  Volt. 

The  saturated  solution  =  -9072  I  ,r        -rr  at  i?  i         •  t.j.     .oon-^ 

Water =  -8.30    [  ^^"''^^  ^•^^•^-  ^'^  ^eight=-8602 

The  diluted  solution         =-80004 

p.cent. 


Increase     -0298  =3-46 
Experiment  17. 

50  c.c.  of  Concentrated  Aqueous  Hydrochloric  Acid  +  Water. 

c. 

G5o  grains  of  absolute  IICl  in  2-"50  1  m  -u  c  •  •       t  a  t^ 

'^-        PMt\  {   lemp.  before  mixing  14-12 

[Trains  oi  ll.,( )    >  ^     c^  °   t /.  r-. 


381-0  c.c.  of  water    I        "      ^^^^^'        "         ^^''^'^ 


Increase       2*40  C.  deg. 
E.M.F.  with  Cd  +  Pt  at  18°  C. 

Volts.  Volts. 

The  concentrated  acid  =  l-3-">()2  |   ,r  ^^^  -r,  T.r  rp  i  „  ,^„-  ^.  ,.       .ni  lo 
,,^  ^  o-/\    ■  -Mean  J'.. 31. r.bv  weight  =    .(148 

V\  ater =   -boO    j  -         " 

The  diluted  acid         =1  "20^ 

p.  cent. 

Increase       -2869  =  31-39 

M2 
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Notwithstanding  the  loss  of  heat  during  dilution,  the  mean 
electromotive  force  had  greatly  increased.  The  electromotive 
force  was  quite  variable  in  the  acid  sohitions  owing  to  their 
oreut  degrees  of  strength  and  the  evolution  of  gas. 

Experiment  18. 

Partly  diluted  Sulphuric  Acid  +  AVater. 

The  acid  was  sufficiently  diluted  to  prevent  the  formation 
of  a  definite  hydrate  by  chemical  union. 

30  c.c.  of  II„S04  in  20  c.c.  of  water  I  Temp,  before  mixing  lo'O 
20  c.c.  of  water   (        „      after         „         24-0 

Increase       ll'O  C.  deg. 

E.M.F.  with  Cd  +  Pt  at  15°  C. 

Volts.  Volts. 

The  diluted  solution  =1-1960 

p.  cent. 

Increase     =  •2375=24-68 

Notwithstanding  the  great  loss  of  heat,  there  was  a  large 
increase  of  the  mean  amount  of  electromotive  force. 

Expeiiment  19. 

Concentrated  solution  of  Caustic  Potash  +  Water. 

c. 

377  grns.  of  KIIO  in  233  c.c.  of  water  j  Temp,  before  mixing     11-74 
155-7  c.c.  of  water    \       „     after        „  11-76 


Increase         -02  C.  deg. 
E.M.F.  with  Cd  +  Pt  at  17°  0. 

Volt.  Volt. 

The  concentrated  soln,  =  -8951  \  -^r        i?  at  -c  t         •  i  j.      o-^n 

Water    -850    [  ^^^^"^  E.M.F.  by  weight=-8/  /9 

The  diluted  solution"    *"    =-8929 

p.cent. 

Increase     •0150  =  1-7 

Experiment  20. 

Diluted  solution  of  Caustic  Ammonia  +  Water. 

c. 

94-7  grains  AmHO  in97-9c.c.  of  water  I  Temp,  before  mixing     13-46 
62-8  c.c.  of  water (        „     after        ,,         13-56 


Decrease        -10  C. 
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Volt.  Volt. 

The  less  diluted  solutions -89004  j  .r        Tr'Txr-E'  u        •  ix      o^,^ 

Water =-850      [  ^^^^^  E.M.F.  by  weight =^874G 

The  more  diluted  solution  =  •8780 

p.cent. 

Increase     •004  =^45 

The   amounts  of    electromotive    force    in   this    case   were 
variable. 

The  following  table  contains  the  cliief  results  of  the  ex- 
periments : — 

Table  I. 


Mixture. 

Temperature. 

Mean  E.M.F. 

Solution  of  Na^SOi+dilute  H^SO^  ... 
Liquid  Acetic  Acid 4- Water 

Degrees. 
Decrease      12  Fabr. 
1-6     „ 
■3     „ 
8-0     „ 
1-42C. 
1-08  „ 
? 

•li  „ 

•14  „ 

•28  „ 

•54  „ 

•19  „ 

Increase         '14  „ 

•22 

•04  " 

7-14  „ 

2-38  „ 

11-00  „ 

•02  „ 

•10  „ 

Increase 

Decrease 
Increase 

-0401 

•073 

•1923 

•040 

•1228 

•0741 

*0668 
■0359 
•0402 
•0445 
•0715 
-0345 
•0360 
•0787 

#•1219 
•0298 
•2872 
•2375 
•0150 
•004 

Solution  of  Tartaric  Acid 4- Water    ... 
„            AmNOg  +  Water 

NaNO,  4-     „      

Sr2N03  4-     , 

„            NaCl      4-     „      

Na,S0,4-     »      

„            Am^S0^4-     , 

Ka,CO.,  4-     „      

KKO,    4-     „      

„            AmCl     4-     , 

„            NaAcetate  +  ,,      

MgSO,   +     , 

KCl        4-     , 

NalTO    4-     , 

IICl       +     „      

H  SO.   4-     

KHO     +     „      

H4N      4-     „      

The  various  cases  of  absorption  and  evolution  of  heat  given 
in  this  table  agree  with  those  given  by  J,  Thomsen  in  his 
thermochemical  researches  (see  P.  Muir's  '  Elements  of 
Thermal  Chemistry,'  Appendix  v.). 

An  inspection  of  the  results  thus  obtained  shows,  Ist,  that 
in  19  cases  out  of  20  cUlntiag  an  electrolyte  or  mixing  it  with 
another  increased  the  mean  amount  of  electromotive  force  of  the 
two  li/pdds  ;  and  2nd,  that  in  12  instances  out  of  the  20 
there  was  a  lowering  of  tem[)erature  and  an  absorption  of 
heat,  and  in  the  remainder  an  evolution  and  loss  of  latent 
heat,  during  the  act  of  mixing. 

As  in  the  whole  of  the  8  cases  in  which  there  was  evolution 
and  loss  of  heat  there  was  an  increase  of  mean  amount  of 

*  In  these  two  cases  a  positive  plate  of  zinc  was  used. 
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electromotive  force,  it  was  evident  tliat  tins  increase  could 
not  be  due  to  absorption  of  energy  in  the  form  of  heat.  I 
therefore  examined  the  phenomena  in  another  manner,  to 
ascertain  whether  they  were  related  to  changes  of  total  volume 
and  of  mean  specific  griavity  of  the  two  liquids  during  the  act 
of  mixing. 

Different  investigators  have  shown  that  when  a  concen- 
trated aqueous  solution  of  an  acid,  a  salt,  or  an  alkali,  is 
diluted  with  water,  a  contraction  of  the  total  volume 
of  the  two  liquids  and  an  increase  of  the  mean  amount  i 

of  their  specific  gravities  occur  in  nearly  every  case 
(see  Watts's  '  Dictionary  of  Chemistry,'  2nd  Supp. 
pp.  596-G04).  Marignac,  however,  found  an  excep- 
tion with  a  mixture  of  a  solution  of  neutral  sulphate  iT 
of  sodium  and  sulphuric  acid  :  in  this  case  "  expan- 
sion always  occurs "  (ibid.  p.  604)  ;  he  further 
observed  that  contraction  takes  place  on  diluting 
solutions  of  hydrochloric  acid,  sulphuric  acid^  chlo- 
ride of  sodium,  and  sulphate  of  sodium  {ihid.  |)p.  603, 
604).  J,  Thomsen  and  others  have  also  shown  that 
when  a  solution  of  caustic  soda,  and  of  various  other 
substances,  is  diluted,  the  total  volume  of  the  two 
liquids  becomes  less  (ihid.  pp.  597—600).  And  Nicol 
has  obtained  similar  results  by  separately  diluting 
aqueous  solutions  of  potassium  chloride,  potassium 
nitrate,  sodium  chloride,  and  sodium  nitrate  (Phil. 
Mag.  vol.  XV.  1883,  p.  97  ;  Journ.  Chem.  Soc.  1883, 
vol.  xliii.  ,  Trans,  p.  136). 

In  order  to  ascertain  whether  contraction  occurred 
in  the  whole  of  the  remainder  of  the  cases  in  which 
I  had  found  an  increased  mean  amount  of  electro- 
motive force  developed  during  the  mixing,  the  follow- 
ing arrangement  (see  figure)  was  employed  : — A  is  A 
a  glass  tube  about  12  inches  high  and  ^^  an  inch  in 
diameter,  with  a  perfectly  fitting  stopcock  in  the 
middle.  The  lower  end  of  this  tube  was  closed  by  a 
vulcanized  rubber  bung,  and  the  upper  end  was  fitted 
with  a  perforated  bung  surmounted  by  a  tall  glass 
tube  of  narrow  bore  open  at  both  ends,  and  provided 
with  a  scale  or  index  capable  of  sliding  up  or  down. 
The  stopcock  and  bungs  were  coated  with  grease,  and 
the  apparatus  was  proved  to  be  perfectly  water-tight. 
The  entire  portion  of  the  apparatus  below  the  index- 
scale  was  immersed  side  by  side  with  a  sensitive  ther- 
mometer in  a  large  vessel  of  water  at  abotit  16°  C\,  in  , 
order  to  keep  the  apparatus  at  a  sufficiently  uniform        y 
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temperature  during  the  short  period  of  an  experiment.  The 
thermometer  was  capable  of  measuring  to  '01  of  a  Centigrade 
degree. 

The  lower  compartment  of  the  large  tube  and  the  bore  of 
the  stopcock  were  perfectly  filled  with  the  lightest  of  the  two 
liquids  at  exactly  the  y)roper  temperature ;  if  this  lower  space 
was  not  sufficiently  large  a  glass  bulb  was  previously  fixed 
water-tight  on  the  lower  end  of  the  tube.  The  upper  com- 
partment and  a  part  of  the  narrow  tube  was  now  filled  with 
the  heavier  liquid,  and  the  apparatus  immei'sed  in  the  bath. 
When  the  whole  had  acquired  the  same  temperature,  the  tap 
was  slightly  opened  for  an  instant  and  closed  again,  the  index 
adjusted  to  the  level  of  tlie  meniscus,  the  tap  then  fully  opened, 
the  apparatus  occasionally  inverted,  the  licjuids  allowed  to  mix, 
and  the  changes  of  total  volume  of  the  liquids  and  the  tempe- 
ratures noted  at  stated  intervals  of  time  until  all  change  of 
volume  ceased.  The  apparatus  and  method  are  suitable  for 
making  accurate  measurements.  The  following  are  the  results 
obtained: — ■ 

Table  II. 

Change  of  Volume  of  Electrolytes  by  Dilution. 


Substance. 

Solution. 

Water. 

Change  of  Volume. 

Acetic  acid... 
KHO 

110  c.c 

iro    , 
no    , 

11-0     , 
11-0      , 

no    , 
no    , 

10-5      , 
10-5      , 

of  concentd.  Acid. 

satd.  solution. 

1 
1 

■S     I!                          I. 

c.c. 
lOo 
10-5 
10-5 
10-5 
lOT) 
10  5 
36  0 

no 

11-0 

Contraction  106  per  cent. 
•93 

•58 

•2'.)3      „ 
•1B7      „ 
•12 
„         extremely  small. 
Expansion      "OoST  per  cent. 

Ani.,SO^ 

Sr2N0,  

MgS04"'  

Na  Acetate... 
AmCl 

AmHO    

With  the  solution  of  aqueous  ammonia,  if  sufficiently  dilute, 
contraction  occurred,  but  when  strong,  expansion  took  places; 
probably  similar  results  would  be  obtained  with  dilute  hydro- 
cyanic acid.  Some  practical  mechanical  application  of  liquid 
expansion  by  mixture  might  perhaps  be  made  to  produce 
hydrostatic  pressure. 

The  above  results,  together  with  those  previously  obtained 
by  other  investigators  (see  references  already  given),  show 
that  in  18  out  of  the  20  mixtures  of  liquids  employed  in  this 
research,  contraction  of  total  volume  of  the  two  electrolytes 
occurred  during  the  act  of  mixing.  This  large  proportion  of 
toses  of  contraction  indicates  the  existence  of  a  great  number 
of  instances  of  the  same  kind,  and  that  probably  nearly  all 
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electrolytes  increase  in  mean  amount  of  their  specific  gravities 
during  mixture  or  dilution;  these  statements  agree  with  the 
usual  views  entertained  on  the  subject. 

By  comjiarison  of  these  results  with  those  in  Table  I.,  and 
those  of  Table  1.  with  one  another,  it  appears,  1st,  that  increase 
of  mean  specific  gravity  of  the  two  liquids  during  dilution  or 
mixing  occurs  not  only  in  cases  in  which  heat  is  evolved  and 
lost,  but  also  in  those  in  which  heat  is  absorbed  and  becomes 
latent ;  2nd,  that  increase  of  mean  electromotive  force  of  the 
two  liquids  also  occurs  not  only  in  those  cases  in  which  heat 
is  absorbed  and  becomes  latent,  but  also  in  those  in  which  it 
is  set  free.  And  ord,  that  in  17  cases  out  of  20  an  increase 
of  mean  specific  gravity  of  the  two  liquids  was  attended  by 
an  increase  of  the  mean  amount  of  their  electromotive  force. 
We  may  therefore  conclude  that  in  cases  of  mere  physical 
mixture,  the  changes  of  mean  specific  gravity  and  of  mean  elec- 
tromotive force  of  electrolytes  are  probably  related  to  each  other 
as  concomitant  effects  of  the  same  cause,  change  of  molecular 
motion.  From  the  known  general  relation  of  increase  of  specific 
gravity  to  decrease  of  specific  heat,  it  further  suggests  the  in- 
ference that  in  cases  of  simple  dilution  the  mean  electromotive 
force  of  electrolytes  is  related  to  their  mean  specific  beat. 

As  in  all  such  cases,  each  phenomenon,  whether  it  be  physical 
mixture,  dilution,  specific  gravity,  specific  heat,  latent  heat, 
or  electromotive  force,  involves  the  mutual  action  of  two  sub- 
stances, it  is  essentially  necessary  in  every  case  to  ascertain  the 
mean  amount  of  change  occurrino;  in  the  two  substances. 

In  a  separate  and  more  extensive  research,  not  yet  pub- 
lished, I  have  measured  the  losses  and  gains  of  electromotive 
force  by  means  of  difi'erent  positive  metals  in  different  classes 
of  mixtures  of  electrolytes,  including  cases  of  chemical  union 
as  well  as  of  mere  physical  mixture. 

XXY.    The  Study  of  Tram^formers. 
By  Prof.  John  Perry,  F.KS.,  D.Sc* 

[The  following  paper  was  written  in  February  last,  at  a  time  when  I 
had  been  compelled  to  listen  to  many  discussions  on  the  Transformer. 
It  has  been  nearly  forgotten  till  now  ;  but  I  see  that  it  ought  to  be 
published  now,  so  that  it  may  precede  my  paper  read  four  days  ago 
before  the  Physical  Society  on  '  Mr.  Blakesley's  method  of  Measuring 
Po\per  in  Transformers."— 26th  May,  1891.] 

I  HAVE    been    engaged    on    quite    other   matters   during 
the  last  few  years,  and  thought  a  few  weeks  ago  that  I 
must   be    hopelessly    in    arrear    concerning   the    subject    of 
*  Communicated  by  the  Author. 
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transformers.  Every  year  I  give  to  students  in  an  "  Applied 
Mathematics "  class  the  old-fashioned  formulae  concerning 
two  or  more  circuits  ;  my  students  have  generally  worked  a 
few  numerical  exam|)les  on  transformers,  and  we  have  then 
gone  on  to  other  subjects. 

I  venture  now  to  think  that  I  have  lost  almost  nothing  by 
remaining  for  so  long  ignorant  of  the  vague  hut  reckless 
statements  made  by  writers  of  papers  on  this  subject,  and 
that  students  will  gain  something  by  coming  back  to  the  old- 
fashioned  method  of  treating  it. 

I  say,  on  the  assumption  of  constancy  of  magnetic  permea- 
bility, of  no  hysteresis,  and  no  heating  of  either  iron  or  copper 
by  eddy  currents,  what  are  the  laws  of  a  transformer  ? 

Let  this  be  found  out  first. 

On  comparing  the  theoretic  and  experimental  results,  we 
shall  be  in  a  position — we  have  never  yet  placed  ourselves  in 
this  position — to  theorize  on  the  effect  of  the  new  phenomena, 
and  even  this  it  will  not  be  wise  to  do  until  we  observe 
whether  magnetic  leakage  will  not  account  for  some  of  the 
discrepancy. 

If  one  gives  numerical  values  to  resistances,  sizes  of  iron, 
numbers  of  windings,  &c.  it  is  quite  easy — a  matter  of  a  few 
hours  at  most — to  calculate  everything  about  all  the  currents 
for  a  transformer  with  two,  three,  or  more  coils. 

This  year,  instead  of  nsking  my  students  to  work  a  few 
numerical  exercises,  I  asked  them  to  woi'k  out  quite  a  number 
of  exercises  on  a  transformer  with  two  coils,  and  I  venture  to 
think  that  the  numbers  given  by  them  in  the  following  Tables 
are  of  even  more  interest — -just  now — than  experimental 
results.  The  tables  give  results  that  no  experimenter  could 
give.  I  have  had  some  experience  myself,  and  really  I  cannot 
say  that  I  see  my  way,  with  any  ordinary  dynamometer,  to 
distinguish  between  a  lag  of  175°  and  180°  ;  whereas  in  these 
tables  the  lag  sometimes  varies  for  no  load  and  full  load  be- 
tween 171)°-910  and  179°-942.  The  graphical  method  of 
workin";  cannot  distinouish  differences  so  small  as  these. 

As  for  the  trouble  of  working, — my  students  have  much 
other  home-work  to  do,  and  they  do  it,  and  yet  one  of  them 
has  brought  me  two  complete  tables  worked  out  at  home 
between  Friday  and  Monday. 

Let  V  be  the  primary  voltage,  C  the  primary  current,  R 
primary  resistance,  L  the  [)rimary  self-induction,  (J'  the 
secondary  cuirent,  U'  the  secondary  resistance,  L'  the 
secondary  self-induction,  and  M  the  mutual  induction.  Let 
p  be  a  non-inductive  ])art  of  the  resistance  of  the  secondary, 
the  part  external  to  the  transformer.     Let  V  be  the  voltage 
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at  the  terminals  of  p.  Let  P  be  the  average  power  given  to 
the  primary,  and  P'  that  given  out  by  the  secondary.  Then, 
taking 

V  =asin  —  f, 

T 


(1) 


C  =Asin(  — ^  — eY 
C'  =  A'sinr^f-e'\ 

Y'  =  a'  BinC^  t-e')=pO' , 

P  =  la  A  cose,     P'  =  ipA'-2, 

P' 
Percentage  efficiency  =100  --y=E,  say 

it  is  known  that   to  calculate  all  the  necessary  values,   the 
simplest  plan  is  to  calculate  the  following  magnitudes  first  : — 


P- 


1  =  1,- 


K    +—2-.      r  =  Pt+  -2-   -       - 


I'2 


^ir'^WL 


1/2 


r^  + 


AttH^ 


Then 


A       «       1  27rZ 

A=  -.,     tane=  — , 

I  TV 


(2) 


4772 


A,       27r     M 


T  T 

tan  e'=  -r- 


L'/-R'/' 


tir'      L'/'+m 


As  an  example  of  a  transformer  with  which  we  have 
exi)erimented  electrically  and  arithmetically,  take  R=10 
ohms,  R'  =  -l+p,  a=1000  volts,  L  =  10  secohms,  L'  =  -l 
secohm,  and  take  as  is  usual  M  =  l  secohm.  That  is,  assume 
no  mafrnetic  leakage.  We  have  the  followino-  interesting 
results  obtained  by  altering  r,  beginning  with  a  frequency  of 
IGO  per  second  and  ending  with  the  rather  absurd  case  of  t  = 
more  than  G  seconds.     It  is  to  be  observed  that  when  I  say 

in    any    case    that    —  =  1000,   or    100,    I    really  mean  that 

—  L  =  10000  or    1000    respectively.       It    will   be  observed 
that  L,  M,  and  L'  only  enter  into  the  calculations  in  combi- 
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9_ 
nation  with  — .     Hence,  instead  of  saying  that  my  tables 

show  the  effect  of  diminishing  frequency  in  a  given  trans- 
former, I  might  say  that  they  really  show  the  effect  of 
keeping  frequency  constant  and  diminishing  the  section  or 
increasino-  the  leno-th  of  the  iron  maonetic  circuit. 

Thus,  for  example,  the  table  for  —  =  100  may  mean 
'  ^  T 

9'7r 

—  =  100  and  L=10,  M  =  l,  L'  =  -l  ; 

T 

but  this  table  is  correct  for 

27r 


T 


1000,  andL=l,  M  =  -l,  iy  =  -01. 


I  shall  only  assume,  in  fact,  that  in  an}'  table  the  ratios  of 
L  to  M  and  L'  remain  constant. 

For  the  sake  of  beginners  it  is  well  to  state  that,  using 
amperes,  volts,  and  ohms,  if  P  and  S  are  the  numbers  of 
windings  of  the  primary  and  secondary  respectively  ;  if  a  is 
the  cross  section  of  the  iron  in  square  centimetres,  and  X  the 
average  length  of  the  complete  iron  magnetic  circuit  and  jx 
the  permeabdity  (being  about  1500  in  ordinary  transformer 
working),  we  may  take  it  that 


2  aiJb  lir     ~] 


y (3) 


X  10     J 

and  if  there  were  no  magnetic  leakage — that  is,  if  all  the  field 
due  to  a  primary  current  through  every  winding  of  the 
priinar}'-  passed  through  every  single  winding  of  the  secondary, 

then 

M=  VLL',     or  M  =  PS-f  ^. 

If  two  or  three  tables  be  comj^ared  for  which  the  values 

of—  L  differ  even  greatly,  it  will  bo  noticed  that  A',  ^,  f/ 

are  practically  the  saine  from  the  very  smallest  to  the  greatest 
loads.  Also,  excej)t  for  small  loads  A,  e,  P,  and  E,  are  prac- 
tically the  same.  This  is  the  more  striking  as  the  frequency 
is  greater.  Now  this  is  really  the  same  as  saying  that  if  the 
ratios  of  L,  L',  and  M  remain  constant,  considerable  changes 
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in  their  absolute  values  do  not  greatly  affect  the  results  ;  that 
is,  considerable  changes  in  fi  do  not  affect  the  results ;  that  is, 
even  hysteresis  need  not  be  expected  to  greatly  aflPect  the 
results. 

—  L=  10000. 


p- 

A. 

A'. 

e. 

e'. 

a'. 

P. 

P'. 

E. 

00 

•100 

0 

899 

179  939 

100 

•085 

0 

0 

99-9 

•141 

•999 

44-97 

179-939 

99-82 

50-06 

49-85 

9959 

49-9 

•223 

1-997 

26-5 

179-940 

99-61 

99-95 

99-45 

9949 

9-9 

•996 

9-913 

005 

179-940 

99-14 

497-8 

486-4 

97-70 

4-9 

1-963 

19-61 

0 

179-941 

9608 

981-7 

942-3 

95-98 

09 

909 

90-95 

0 

179947 

81-85 

4545 

3722 

81-70 

0-4 

16-67 

166-6 

0 

179952 

66-6 

8335 

5551 

66-61 

0-1 

33  33 

333-3 

0 

179  961 

33-3 

16667 

5555 

33  33 

0 

50 

500 

0 

179971 

0 

25000 

0 

0 

L  =  4000. 


p- 

A. 

A'. 

6.     1         e'. 

a'. 

P. 

P'. 

E. 

00 

•25 

0 

89-85  179  9857 

100 

•055 

0 

0 

99-9 

•269 

•9965 

68-05  179-8601 

99-55 

51-52 

49-49 

96  05 

49-9 

•320 

1-996 

51-20  179  8573 

99-6 

100-1 

99-4 

99-28 

9-9 

1-02 

9-902 

13-89  179-8584 

98  03 

495-2 

484-2 

97-77 

4-9 

1-976 

19-61 

7-03  179-8597 

9610 

980-4 

942-3 

9607 

0-9 

909 

90-88 

1-25  179-8967 

81-8 

4544 

3717 

81-79 

0-4 

16-66    1 166-7 

069  180 

66-67 

a332 

5554 

66-51 

01 

33-33    333 

019  179-9047 

33-3 

16667 

5555 

27-02 

0 

50     .500 

0-17  179-8713 

1 

0 

25000 

0 

0 

27r 
-L  =  2000. 

r 


p- 

A. 

A'. 

6. 

e'. 

a'. 

P. 

P'. 

E. 

00 

•5 

0 

89-72 

179-713 

100 

1-275 

0 

0 

999 

-5094 

•999 

78-301  179-714 

99-8 

52-09 

49-94 

95-88 

49-9 

•5373 

1-995 

67-90    179-714 

99-55 

101 

99-33 

98-3;^ 

9-9 

1-107 

9-896 

26-27  i  179-716 

97-97 

496 

485 

97-68 

4-9 

2019 

19-59 

13-75    179-719 

96-09 

980 

940 

95-90 

0-9 

9108 

90  96 

2m    179-723 

81^86 

4550 

3724 

81-91 

0-4 

16-674 

166-67 

0-20 

179-761 

66-66 

8336 

5554 

66-frl 

0 

49-997 

499-97 

0-15 

179-857 

0 

24998 

0 

0 
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9- 

A. 

A'. 

e. 

e'. 

a'. 

P. 

P'. 

E. 

CO 

•607 

0 

89°-6 

179-962 

100 

2-328 

0 

0 

99-9 

•673 

-999 

81-08 

179-817 

99  82 

52-16 

49-85 

95-6 

49-9 

•695 

1-995 

72^92 

179-782 

99-56 

102-1 

99-33 

97-5 

9-9 

1-199 

9-97 

33-30 

179-6-23 

98-70 

501 

492 

9S-2 

4-9 

2-066 

19-60 

18-06 

179-617 

96-85 

982 

9;;i 

97-8 

0-9 

9105 

90-88 

3-45 

179-538 

81-79 

4553 

4130 

90-9 

0-4 

16-67 

16(v5 

1-55 

179-667 

66-6 

8333 

5554 

6l">-6 

01 

33-34 

333-4 

0-55 

179-779 

33-34 

16660 

5555 

333 

0 

50 

500 

0-183 

179-809 

0 

25000 

0 

0 

L=1000. 


CO 

A. 

•999 

A'. 

e. 

e'. 

a'. 

P. 

P'. 

E. 

0 

89-427 

179-427 

100 

4-997 

0 

0 

100 

1-004 

•998 

83-7-25 

179-427 

99-82 

54-93 

49-82 

90^7 

50 

1-018 

1-993 

78-133 

179-4^28 

99-65 

104-7 

99-33 

94-9 

10 

1-393 

9-806 

44-717 

179-433 

9806 

495 

481 

971 

5 

2-159 

19-23 

2;'.-48 

179-438 

9615 

966 

9-25 

95-7 

4 

2-57 

23-81 

21-73 

179-441 

95-24 

1195 

1133 

94-85 

3 

3-27 

31-25 

16-67 

179-445 

93-75 

1567 

1464 

93-47 

2 

4  64 

45-44 

11-31 

179-453 

90-88 

2277 

2065 

90-73 

1 

8-383 

83-32 

5-75 

179-475 

83-32 

4171 

3470 

83-25 

0-5 

14-3 

142-8 

2  94 

179-509 

71-39 

7141 

5097 

71-39 

01 

33-34 

333-3 

0-77 

179  618 

33-33 

16668 

5556 

33^33 

0 

50 

500 

0-29 

179-714 

0 

25000 

0 

0 

27r 
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p- 

A. 

A'. 

e. 

e'. 

a'. 

P. 

P'. 

E. 

CO 

1-999 

0 

88-85 

179-862  100 

20-07 

0 

0 

100 

2001 

•998 

85-98 

178-887 

99-79 

7006 

49-8 

71-1 

50 

2006 

1-992 

83-57 

1 78-833 

99-58 

111-9 

99-2 

88-65 

10 

2-234 

9-914 

6253 

178-845 

9914 

515 

491 

95-4 

5 

2-519 

17-66 

49-1 

178-877 

95-30 

825 

780 

96-74 

1 

8-531 

83-33 

11-35 

178-95 

83-33 

4182 

3471 

83 

0-5 

14-39 

139-2 

5-83 

178-99 

69-6 

6844 

4()79 

68-3 

0-1 

33-37 

333-4 

1-62 

179-24 

33-34 

16679 

6557 

33  45 

0 

50-08 

500 

0-58 

179-43 

0 

25041 

0 

0 
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27r 

—  L  =  250. 


p- 

A. 

A'. 

e. 

e'. 

a'. 

P. 

P'. 

E. 

CO 

3  99G 

0 

o 

87-7 

179-77 

100 

20-14 

0 

0 

99  9 

3-994 

•999 

86-25 

177-712 

99-82 

130-7 

49-85 

38-1 

49-9 

3-996 

1997 

84-85 

177-713 

99-65 

179-2 

99-5 

55-5 

9  9 

4-078 

9-893 

73-7 

177-731 

95-83 

572 

484 

84-(') 

4-9 

4-381 

19-6 

61-18 

177-767 

95-04 

1055 

941 

89-2 

29 

r)-03r) 

32-23 

47-98 

177-782 

93-48 

1686 

1507 

89-4 

09 

9-346 

86-78 

20-7 

177-916 

78-1 

4371 

3388 

77-5 

0-4 

16-90 

165-6 

11-23 

178-008 

66-24 

8287 

5486 

66  2 

01 

33-44 

324-1 

9-18 

178-367 

32-41 

16500 

5250 

31-8 

0 

60 

500 

1-2 

178-898 

0 

25000 

0 

0 

27r 


L  =  50. 


p- 

A. 

A'. 

e. 

e'. 

a'. 

P. 

F. 

E. 

00 

19-6 

0 

79-69 

168-69 

100 

1923 

0 

0 

100 

19-6 

•98 

78-42 

168-70 

97-85 

1967 

47-9 

2-43 

50 

19-57 

1-95 

78-14 

168-72 

97-65 

2011 

95-4 

4-74 

10 

19-45 

9-62 

75-97 

168-80 

96-15 

2359 

452 

19-6 

5 

19  36 

1886 

73-3 

168-90 

94-3 

2778 

890 

3203 

4 

1931 

23-36 

72-81 

168-94 

93-44 

2982 

1092 

36-6 

3 

19-27 

30  68 

69-87 

169-03 

92-04 

3315 

1412 

42-6 

2 

19-28 

44-65 

65-8 

169-19 

89-30 

3951 

1994 

50-5 

1 

1981 

82 

55-17 

16961 

82 

5656 

3359 

59-38 

0-5 

21-99 

141 

40-47 

170-27 

70-4 

8364 

4957 

59-25 

01 

35-58 

330 

14-21 

172-41 

.  33-0 

17250 

5457 

31-64 

0 

50-74 

498 

5-6 

174-29 

0 

25240 

0 

0 

T 


p- 

A. 

A'. 

e. 

fi'. 

a. 

P. 

P'. 

E. 

CO 

70-7 

0 

o 
45 

174-269 

25000 

0 

0 

99-9 

70-6 

•706 

45 

135-033 

70-53 

24980 

24-95 

01 

49-9 

70-5 

1-41 

45 

13505 

70-36 

24970 

49-61 

0-2 

9-9 

70-4 

7-04 

44-75 

135-3 

69-7 

24980 

297-5 

1-276 

4-9 

700 

14-0 

44-4 

135-5 

68-6 

25010 

480 

1-92 

0-9 

67-6 

67-6 

42-0 

135-7 

60-8 

25130 

1634 

6-5 

0-4 

65-0 

130 

38-7 

139-98 

5-^-0 

25360 

3380 

13-3 

0-1 

62-1 

282 

29-7 

146-3 

28-2 

26980 

3976 

1474 

0 

50 

357 

14-01 

143^8 

0 

24250 

0 

0 

An  examination  of  these  Tables  will  suggest  many  experi- 
ments, and  also  will  suggest  simple  general  rules  for  all 
periodic  currents. 
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It  is  to  be  observed  tliat  in  the  tables,  1000,  A,  A',  and  a' 
divided  by  V'^  S^^'®  the  readings  on  dynamometers  of  the 
primary  voltage  and  primary  current  and  secondary  current 
and  secondary  voltage  respectively,  or  their  effective  values. 

Note  that  the  lag  e  varies  considerably  from  no  load  to  small 
ordinary  loads,  but  the  lag  e'  is  always  nearly  180°.  And 
hence  the  secondary  voltage  and  currents  are  almost  identi- 
cally the  same  kind  of  function  of  time  (only  of  o[)posite 
sign)  as  the  primary  voltage.  To  make  this  certain  : — the 
general  term  in  V,  whatever  V  may  be,  may  be  written 

a.  sin  ikt  +  ^>-  cos  ilzt. 
and  the  general  term  in  t^'  is 

J  sin  (/I'f  —  7r)  +  J  cos  {ikt  — it), 
s  s 

where  5  is  the  same  for  all  terms.     We  are  here  considering 
only  the  ?th  term. 
Evidently  this  is 

—  -J.  sin  ikt  —  _'  cos  i k t, 
s  s 

and  it  is  to  be  noted  also  that  the  lag  is  more  nearlv  180"  as 
i  is  greater.  I  have  here  used  k  to  represent  — ,  the  reci- 
procal of  T  being  the  frequency.  This  is  true  also  of  the 
primarv  current  when  IV  is  not  great. 

AVith  these  tables  before  us,  certain  generalizations  may  be 
made  in  the  formula3  given  above.  I  assume,  as  in  the  tables, 
no  mao-netic  leakage,  so  that  M^  =  LL'. 


1st.    When  E,'  is  very  great. 


Let  —  be  written  as  k. 

T 


11' ■ 


A= 


^/(B.i*)^.L^ 


tan  e  =  k 


LR' 


R'lixkm^'    }.    (1) 


,.       ,  MA     Ma 


hme'=-k  . 


mv 


L'R+R'L  + 


/I'^M^L"  ^^'  ^'  "^''"■^^'  -^^^°- 


W 
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Of  course,  if  R'  =  co  ,  there  is  further  simplification: 

r=ji,  i=vw+¥u;  a=^^;^^=|^,=/l  '''^'^y-' 

tane=-,y,       .*.  e  =  90°  very  nearly, 

.,     M«     _      ,       ,         1      R  R 

A'  =  j^  =  0,     tane  =  -^.  j^=-^, 

or  e'  is  nearly  180°. 

Hence,  if  the  periodic  function  is  not  merely  a  simple  sine 
function  ;  if  R'  is  very  great,  the  primary  current  is  a  very 
diiferent  function  of  the  time  from  the  primary  voltage, 
whereas  the  secondary  current  and  secondary  voltage  are  the 
same  kinds  of  function  of  the  time  as  the  primary  voltage. 

2nd.  When  R'  very  small : 

M2R'  L        ~1 

I'  =  ^.L',    1  =  0,    r=:R  +  ^,     ^  =  R  +  ~,R',  j 

I 
and  I 

A= " — ,     tan  6  =  0,  L    .     .     (5) 

R  +  fiR'  I 

Hence,  in  general,  whatever  be  the  law  of  current,  both 
the  primary  and  secondary  currents,  and  therefore  the  secon- 
dary voltage,  are  the  same  functions  of  the  time  as  the  primary 
voltage,  and  to  calculate  their  dynamometer  readings  is  very 
simple. 

3rd.  As  a  help  to  the  memory,  it  may  be  remarked  that 
the  primary  current  is  just  what  it  would  be  if  there  were  no 
secondary  circuit  and  if  the  resistance  and  self-induction  were 
r  and  I  respectively. 

When  R'  is  great,  we  have  practically  ?'  =  R  and  Z  =  L. 

When  R'  is  small, 

^     M2R'         ,     ,     LL'-M2 
r=R  +  -y^     and     /= y'i —  ;     ....     (6) 

and  as  these  do  not  involve  the  periodicity,  we  may  say  gene- 
rally, whatever  be  the  law  of  change  of  f)rimary  voltage  in  an 
ordinary  transformer, 

V  =  r  C  +  IC, 
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using  the  above  values   for  almost  uo  loads    and   for    great 
loads. 

4th.  If  we  imagine   no  magnetic  leakage,   /=0,  and   we 
have 

H  +  ^ir  R  +  ^R' 

for  all  kinds  of  current  variation  unless  R'  is  large. 

M 

5th.     We    see  that,  except  when  R'  is  great,  A'  =  pA, 

and  when  R'  is  infinity,  A'  =  0,  and  A  =  TT-r  ;  so  that,  except 
for  a  very  small  range  of  small  loads,  we  might  expect  the  law 

A    _      ^        ^'^ 

to  be  nearly  true. 

This  law  is  very  easily  tested  by  means  of  the  Tables. 

Having  seen,  then,  from  the  Tables  the  small  inaccuracies 
of  such  a  law,  we  might  expect  that  generally 

Effective  0  =  m  +  nx  effective  Ci,    .     .     .     .     (8) 

S 
where  n  is  constant  and  nearly  equal  to  p,  however  the  fre- 
quency &c.  may  alter,  but  m  is  a  small  constant  which  alters 
if  the  frequency  alters.  We  should  expect  this  law  to  be 
true  when  the  secondary  circuit  is  open,  and  also  when  the 
secondary  current  changes  from  small  loads  to  the  very 
greatest  loads,  and  when  it  is  short-circuited  ;  but  for  very 
small  loads  it  is  somewhat  untrue.  For  all  practical  purposes 
it  is  true. 

6th.  As,  unless  when  R'  is  very  great, 

S 

A'=       ""^^  "^' 


^'^^^l'"r'h.r|:' 

If  R'  =  Ro  +  p,  then 

8               p 
a=ap  . (9) 

Ro  +  p  +  Rp 

This  is  Dr.  Hopkinson's  rule  for  the  drop  in  the  secondary 
volts  as  the  load  increases,  when  the  currents  are  sine  func- 
tions of  the  time.     An  examination   of  my  Tables  will  show 
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that  this  law  is  wonderfully  true  for  all  loads.     From  what  I 

have  already  said,  it  is  obviously  the  rule  whatever  function 

of  the  time  the  current  may  be,  if  it  is  rapidly  alternating. 

That  is, 

S 

Effective  Secondary  _  Effective  Primary  P^         _  nQ\ 

Voltage  ""  Voltage  ^^ 

Ro  +  p  +  Rp^ 

In  practice  it  is  found  that  the  secondary  voltage  "  drops  ^' 
more  rapidly  than  this  law  would  indicate — a  result  which 
might  have  been  expected,  as  we  know  that  there  always  is 
leakage. 

May  26th. — When  the  above  paper  was  being  prepared  in 
February  last,  not  for  publication,  Ijut  to  be  handed  about 
among  my  students  to  connect  the  results  of  their  calculations, 
I  asked  some  of  them  to  repeat  their  calculations  on  the 
assumption  that  there  may  be  magnetic  leakage.  That  is, 
taking  the  same  values  of  all  their  coil  quantities  as  before, 
assuming  that  there  may  be  a  little  magnetic  leakage.  I  did 
not  expect  very  great  differences  from  the  old  numbers,  but 
to  my  astonishment  there  were  very  great  differences. 

Tlius,  taking  R=10  ohms,  B!=-l  +  p,  a=1000  volts, 
L  =  15  secohms,  L'  =  *15  secohm,  two  students  have  worked 
out  what  is  the  effect  of  magnetic  leakage,  1st,  when  the 
frequency  is  106  per  second  ;  2nd,  when  the  frequency  is 
10"6  per  second.  In  the  first  case,  two  tables  were  calcu- 
lated ;  in  the  second  case,  four. 

No  general  mathematical  expressions  will  show  so  forcibly 
the  necessity  for  caution  in  neglecting  leakage.    . 

Frequency  106  per  second.     M=i'50. 
No  magnetic  leakage.     (Mr.  Eliott.) 


p- 

A. 

A'. 

6. 

e'. 

a'. 

P. 

P'. 

E. 
0 

00 

•1000 

0 

89-9 

179-9394 

100 

•0850 

0 

99-9 

•1412 

-9991 

44-97 

179-9395 

99-82 

50-06 

49-85 

99-59 

49-9 

•2232 

1-9965 

26-5 

179-9395 

99-61 

99-95 

99-45 

99-49 

9-9 

•99:)6 

9-913 

005 

179-9401 

99-14 

497-8 

486-4 

97-70 

4-9 

1-9630 

19-61 

0 

179-9409 

96-08 

981-7 

942-3 

95-98 

0-9 

9  09 

90-95 

0 

179-9468 

81-85 

4545 

3722 

81^70 

0-4 

16-67 

166-6 

0 

179-9519 

(i6-64 

8335 

5551 

66-61 

01 

33-33 

333-3 

0 

179-9610 

33-33 

16667 

5554 

33-33 

0 

50 

500 

0 

179-9708 

0 

25000 

0 

0 
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p- 

A. 

A'. 

1         6. 

e'. 

a'. 

P. 

P'. 
0 

E. 
0 

CO 

•1000 

0 

[       O 

89-9 

179-939 

98-67 

-085 

99-9 

•1412 

•9808 

46-4 

181-5 

98-49 

48-61 

48-54 

99-70 

49-9 

•2228 

1-96S 

29-5 

182-98 

95-98 

96-96 

96-65 

99-68 

99 

•9627 

9-458 

20-4 

194-8 

93-63 

451-2 

142-8 

98-13 

4-9 

1-741 

17-15 

30-4 

204-85 

84-05 

750-8 

720-7 

96-01 

0-9 

3-370 

33-28 

68-2 

247-6 

2995 

628-4 

198-2 

79-27 

0-4 

3-658 

36-11 

77-6 

257-33 

14-44 

392-8 

260-7 

66-37 

0-1 

3-726 

36-78 

83-7 

263-55 

3-678 

204-4 

53-75 

26-29 

0 

3-739 

3691 

1  85-8 

265-7 

0 

136-9 

0 

0 

Frequency  lO'G  per  second.     M  =  1'50. 
No  magnetic  leakage.     (Mr.  Howitt.) 


p 

CO 

A. 

-9995 

A'. 

6. 

e'. 

a'. 

P. 

P'. 

0 

E. 

0 

-     0 

S9-42707 

179-42707 

100 

4-997 

100 

1-004 

-9982 

83-725 

179-427<54 

99-82 

54-93 

49-815 

90-7 

50 

1-018 

1-993 

78-133 

179-42S203 

99-65 

104-7 

99-33 

94-9 

10 

1-393 

9-806 

44-7166 

179-43268 

98  06 

494-9 

480-7 

97-1 

5 

2-159 

19-23 

26-4833 

179-43808 

96-15 

966-2 

924-5 

95-68 

4 

2-57 

23-81 

21-73 

179-441 

95-24 

1195 

1133 

94-85 

3 

3-27 

31-25 

16-67 

179-445 

93-75 

1567 

1464 

93-47 

2 

4-64 

45-44 

11-31 

179-453 

90-88 

2277 

2085 

90-73 

1 

8-383 

83-32 

5-75 

179-4748 

83-32 

4171 

3470 

83-25 

0-5 

14-3 

142-78 

2-9416 

179-5089 

71-39 

7141 

5097 

71-39 

0-1 

33-34 

333-33 

-766 

179-61803 

33-33 

16668 

5556 

33-33 

0 

50 

500 

•28646 

179-71352 

0 

25000 

0 

0 

Frequency  lO'G  per  second.     M  =  l"485. 
Magnetic  leakage  1  per  cent.     (Mr.  Howitt. 


p- 

A. 

A'. 
0 

e. 

e' 

a- 
99 

P. 
4-977 

P'. 

E. 
0 

ao 

-9995 

89-427 

179427 

0 

100 

1-004 

•988 

83-836 

179-54 

98-8 

53-85 

48-8 

90-55 

50 

1-017 

1-972 

78-37 

179-65 

98-6 

102-6 

97-25 

94-75 

10 

1-393 

9-705 

45-83 

180-56 

9705 

485-35 

470-95 

97  03 

5 

2-157 

19-02 

28-65 

181-63 

95-1 

946 

905 

95-63 

4 

2-571 

23-56 

24-45 

182-156 

94-2 

1170-5 

1109-5 

94-79 

3 

3-268 

30-89 

20-23 

183-005 

92-7 

1533 

1432 

93-4 

2 

4-629 

44-85 

16-48 

184-63 

89-7 

2219-5 

2012 

90-63  ; 

1 

8-281 

81-51 

1518 

188-9 

81-5 

3997 

3321-5 

83-1 

0-5 

13-79 

136-3 

18-85 

195-41 

68-16 

6525 

4646 

71-2 

0-1 

27-87 

■275-8 

34-44 

213-29 

27-58 

11490 

3803-5 

33-11 

0 

35-53 

351-8 

45-28 

224-71 

0 

12500 

0 

0 

N2 
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Frequency  10*6  per  second.      M=l*425. 
Magnetic  leakage  5  per  cent.     (Mr.  Howitt.) 


p- 

A. 

A'. 

e. 

e'. 

a' . 

P. 

?'. 

E. 

00 

•9995 

0 

89-427 

179-427 

95 

4-997 

0 

0 

100 

1-004 

•948 

84-268 

179-985 

94-8 

50 

44^94 

89-8 

60 

1017 

1-892 

79-253 

180-54 

94-6 

94-9 

89-55 

94-35 

10 

1-389 

9-279 

50-18 

184-9 

92-8 

444-5 

430-6 

96-86 

5 

2-101 

17-99 

37-097 

19007 

89-9 

847-5 

808-5 

95-42 

4 

2-512 

22-08 

34-83 

192-54 

88-3 

1031 

975 

94-57 

:i 

3138 

28-47 

33-66 

196-436 

85-4 

1.305-5 

1216 

93-12 

2 

4-261 

39-62 

35-3 

203-44 

77-2 

1738-5 

1569-5 

90-26 

1 

6-536 

61-72 

45-05 

218-776 

61-7 

2308-5 

1904-5 

82-49 

0-5 

8-379 

79-45 

57-59 

•234-155 

39-7 

2245-5 

1578-5 

70-31 

0-1 

9-822 

93-42 

74-01 

252-865 

9-3 

1353 

436-3 

32-17 

0 

10-06 

95-54 

78-97 

258-4 

0 

962 

0 

0 

Frequency  10"6  per  second.      M  =  1'35. 
Magnetic  leakage  10  per  cent.    (Mr.  Howitt.^ 


9- 

A. 

1 
A'.      ' 

6. 

e"  . 

179^427 

a' . 
90 

P. 

I". 

E. 

X 

•9995 

0 

89  427 

4-997 

0 

0 

luo 

1-003 

•8981 

84-808 

180-514 

89-81 

45-41 

40-33 

88-82 

50 

1-017 

1-793 

80^308 

181-596 

89-65 

85-6 

80-3 

93-77 

10 

1-372 

8-690 

552^^7 

19()()(t 

86-90    390-7 

378 

96-63 

5 

2-033 

16-31 

46^59 

199-57 

81-55 

698-5 

1664-5 

95-14 

4 

2-353 

19-51 

46^17 

203-87 

78-36 

814-5 

768 

94-25 

3 

2-825 

24-29 

47-51 

210-29 

72-87 

954 

i884-5 

92-72 

2 

3-532 

3111 

52-36 

220-5 

62-22 

1078-5 

,968 

89-73 

1 

4-494 

40-22 

63-85 

237-57 

40-22 

990-5 

808-5 

81-64 

0-:, 

4-962 

44-57 

73-01 

249-71 

22-28 

719 

496-6 

69-07 

0-1 

5-205 

46-84 

82-02 

261-02 

4-68 

354-8 

109-7 

30-91 

0 

5-237 

47-13 

84-56 

263-99 

0 

248-2 

U 

0 

To  show  the  effect  of  even  a  magnetic  leakage   so  small  as 
one-tenth  of  one  per  cent.     Let  y  =  '001,  "where 

M=  v/LL'(l-y). 

Taking,  as  before,  L=  15,    U=-15,    hL'-W  =  ^--)ij, 

M2R' 


I'  =  KL',    /•  =  R+  -j-^  =  R  +  loO  R'  nearly, 
L'2 


;     T      ^'i^      ..M         .  .. 


Take  V=  1000  sin /;^,  where  A;  =  1000,    and   therefore   the 
frequency  if«  159,  we  have  the  following  results  : — 
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R'. 

C  if  there  is  no 
magnetic  leakage. 

C  if  there  is  a  leakage 
of  one-tenth  of 
one  per  cent. 

1 
•5 
•2 
•1 

9-0909  sin  kt. 
16-6fi67  sin  k-t. 
.38-n33  sin  kf. 
50  sin  kf. 

8-79    sin  (/■■/- 15°). 
14-907  sin  (/ti"- 27°). 
23-57    Bin(A'<-45°). 

27-74   %ia{kt-m°). 

1 

So  that  even  wnen  the  leakage  is  so  insignificant  as  this,  its 
eftect  is  very  marked  when  there  is  a  heavy  load  on  the 
transformer.  Of  course,  the  secondary  current  and  secondary 
A'oltage  would  exhibit  the  same  kind  of  discrepance. 

I  do  not  know  how  much  magnetic  leakage  there  may  be 
in  an  ordinary  transformer  ;  and  indeed  my  present  purpose 
is  only  to  show  students  that  as  there  is  always  some  leakage, 
it  ought  to  be  taken  into  consideration. 

I  think  it  impossible  that  the  leakage  should  be  less  than  one 
one-thousandth  of  the  whole  induction.  That  is,  that  'OOl  of 
the  whole  induction  produced  by  the  primary  escapes  the 
secondary  coil,  and  'OOl  of  the  whole  induction  produced  by 
the  secondary  escapes  the  primary.  The  result  is  practically 
the  same  as  if  I  said  that  '0005  of  the  primary  escapes  the 
secondary,  and  '0015  of  the  secondary  escapes  the  primary. 
Now,  taking  a  current  of  frequency  159  with  the  above- 
mentioned  transformer,  let  the  primary  voltage  be 

V  =  ai  sin  ( 1000  ^  +  «j)  +  as  sin  (2000  t  +  ci^)-\- a^  sin (3000«  +  ag) 
-I-  04  sin  (4000  t  +  Ui)-\-  &c. 

If  there  were  no  leakage,  the  primary  current  would  be 
with  great  exactness,  if  R'  =  l  ohm, 

C=j^  sin  (1000  ^  +  ai)  +  j%  sin  (2000  f  +  «2) 


«3 


+  j^  sin  (3000  ^  +  aj)  +  ^  sin  (4000  t  +  «,)  + 


&c. 


Whereas  with  only  one-tenth  of  one  per  cent,  of  leakage,  the 
primary  current  is 


aj 


0=  ^y.;7^sin  (1000  /+ai-15°)+  jf|:7^sin  (2000  / +«.,-2«°-G) 

+  r^,sin  (3000  /+ a, -39°) 4-  77^, sin  (4000  t -\- u,- \ii° )  +  kv . 
i4J  iuo 
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The  higher  htirmonics  diminishing  more  and  more  rapidly, 
and  having  greater  and  greater  hig. 

In  the  hght  of  our  general  expressions  (2),  it  will  be  seen  in 

LL'-M-* 

the  third  statement  and  (6)  that j~, represents  a  re- 
sultant coefficient  of  self-induction  in  the  primary  coil,  unless 
for  exceedingly  small  loads,  and  the  resistance  is  11+  ^r/y-- 

Hence,  unless  the  leakage  is  very  small  indeed,  or  very  great, 
it  is  obvious  that  the  primary  current  cannot  be  a  periodic 
function  of  the  same  kind  as  the  primary  voltage.  The 
Tables  and  expressions  show  that  this  is  also  the  case  with  the 
secondary  current.  They  also  show  that  the  secondary  and 
primary  currents  are  nearly  the  same  functions  of  the  time, 
although  opposite  in  sign,  and  that  they  are  nearly  propor- 
tional to  one  another. 

All  necessary  general  rules  suggested  by  the  Tables  are 
easily  worked  out  from  the  formula.  But  the  suggestions 
are  such  that  it  is  evidently  worth  while  to  treat  the  subject 
more  generally,  and  those  who  are  interested  in  symbolic 
methods,  as  employed  in  linear  differential  equation  work, 
may  prefer  to  see  the  equations  written  as 

V=(R  +  L6')C  +  M6'C',     ....     (11) 

0  =  M6'C  +  (Il'  +  L'^)C',  ....     (12) 

rather  than  in  the  usual  way.     Hence 

^'^  RR'+(RL'  +  R'L)^+(LL'-M2)^2  V;      •     (1^) 

C  = (I^'  +  L^^) y  .14. 

RR'+(RL'  +  R'L)^+(LL'-M2)6'^     '      '     ^  ^ 

d  (P 

where  6  stands  for  — ,  and  6'^  for  ^^ . 
at '  dr 

These  values  are  true  for  all  kinds  of  currents,  and  any  two 
circuits,  whether  there  is  iron  present  or  not.  We  know 
that  on  a  transformer  L  and  L'  are  practically  proportional 
to  P2  and  S^  and  M  is  nearly  =  VIAJ. 

From  (3)  and  (4)  at  every  instant, 

This  result  is  of  course  derivable  at  once  from  equation  (2). 
If  R'  is  small, 

L' 
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and  even  when  E,'  is  not   small,  for  frequencies  and  sizes  of 

R'     .     .    . 

iron   usual  in  transformers,  the   term    ^^^5:71    is  Insignificant. 

R'C 

In  fact,  the  term     ^^^    even  when   R'  =  go    is  merely  the 
Mt/  "^ 

small  value   of  C   when  the  secondary  is   open,  being  then 

-^ — Y^.     We  may  say  then  that  it  is  true  for  all  practical 

purposes   that    Effective  C=?«  +  /^  x  Effective    C,    where    n 

is  nearly  -^  or  p,  yn  being  a  small  constant  which  depends 

upon  frequency,  &c. 

If  R'  is  small,  or  the  loads  are  the  usual  loads  on  trans- 
formers, 

-V 

'''^RTTTR^L       hV-W  n'     •    '     ^^^'^ 
M        ^        M 

Generally,  then,  unless  when  there  is  a  very  small  load  on 
the  transformer  : — 

The  secondary  current  is  the  same  as  if  the  primary  voltage 
acted  in  one  circuit  of  resistance 

RL'  +  R'L  ^S       ^,P 
M~^^     or  Rp+R'g, 

T  T  ; TVT2 

and  self-induction   — ^ ,  there  being  no  other  circuit  ; 

and  the  primary  current  is  as  if  the  primary  voltage  acted  in 
one  circuit  of  resistance, 

R  +  R'j^,  or  R  +  R  ^, 

and  self-induction  p — - .     When  J{'  is  co ,  of  course  C 

is  as  before,  the  current  in  a  circuit  of  resistance  R  and  self- 
induction  L,  V  being  the  voltage  and  C'  =  0. 

Writing  M=  V  LL'(1— ?/),  y  being  small,  we  may  write 
(16)  as 

p,_ V 

Rp  +R'^+2L^^ 
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If,  then,  we  can  neglect  2hr/6,  we  have  the  law  when 
there  is  no  leakage  (9).  But  when  2Ly6  cannot  be 
neglected,  of  course  the  effect  of  it  is  to  make  the  secondary 
voltage  fall  off  more  quickly  as  the  load  increases  than  would 
be  indicated  by  formula  (9).  This  I  find  shown  by  such 
actual  experimental  results  on  transformers  as  I  have  at 
command. 

As  I  have  already  said,  when  we  assume  no  magnetic 
leakage,  it  is  of  no  importance  whether  we  assume  that  per- 
meability is  constant  or  not,  or  whether  there  is  hysteresis  or 
not;  the  results  given  by  (2)  have  been  shown  to  be  practi- 
cally correct  for  such  frequencies  and  amounts  of  iron  &c.  as 
are  usual  in  transformers. 

But  if  there  is  leakage  y,  and  if  /j,  and  therefore  L  varies 
from  instant  to  instant  during  a  cycle,  it  is  certain  that 
?/  will  alter  in  an  inverse  way.  Making,  then,  the  very 
unnecessary  assumption  that  there  is  hysteresis  in  a  trans- 
former, it  is  obvious  that  L?/  will  not  vary  very  much  during 
a  cycle,  and  the  results  of  calculation  will  not  be  very  dif- 
ferent from  what  they  are  on  the  assumption  that  //,  is  con- 
stant. I  have  elsewhere  given  reasons  for  assuming  that  there 
is  really  no  hysteresis  in  transformer  working. 

Taking  the  sizes  of  iron  and  other  dimensions  of  any 
working  transformer,  and  using  them  for  calculating  such 
tables  as  I  have  given,  it  will  be  found  that  on  calculating 
the  true  power  P  given  to  the  primarv  coil  and  comparing  it 
with  W,  if  W  is 

Effective  Primary  Volts  x  Effective  Primary  ( kirrent, 

P 

then     ;f^     is    nearly    1,    even    when    the    load    is    rather 
W 

small,  and  may  be  said  to  be  exactly  1  for  ordinary  and  all 

greater  loads,  if  there  is  no  magnetic  leakage.     But  if  there 

P    .  , 

is  magnetic  leakage,  ™  is,  as  before,  much  less  than   1  for 

very  small  loads,  getting  greater  with  the  load  until  for  heavy 
loads  it  reaches  a  maximum  value,  and  for  very  heavy  loads 
diminishes  again.  But  it  is  always  less  than  1,  and  is  less 
and  less  at  its  maximum  value  as  the  current  departs  further 
from  a  simple  sine  function  of  the  time.  In  Mr.  Eliott's 
two  tables, 

P 

and  without  magnetic  leakage  e  is  0  for  nearly  the  whole 
range  of  load — that  is: — If  there  is  no  magnetic  leakage,  the 
power  given  to  the  transformer  is   obtained  by  multiplying 
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effective  primary  volts  by  effective  primary  amperes.  But 
when  there  is   magnetic  leakage,  this  rule   is  wrong.     The 

,  P 

ratio  of  ^ ,  for  example,  in  the  second  table  is  never  greater 

than  cos  20°.  Such  experimental  results  as  are  at  my  com- 
mand confirm  my  view  that 

Effective  Primary  Volts  x  Effective  Primary  Amperes 

give  a  result  always  greater  than  the  true  power,  even  for 
very  great  loads ;  a  result  to  be  expected  if  there  is  con- 
siderable maii'netic  leakaoe. 


XXVJ.  Mr.  Blakesley's  Method  of  Measuring  Power  in 
Transformers.     Bxj  Prof.  J.  Perry,  F.E.S* 

MR.  BLAKESLEY'S  method  of  measuring  the  power 
given  to  the  primary  coil  of  a  transformer  becomes 
more  important  the  more  it  is  studied.  Mr.  Blakeslev  proved 
it  to  be  correct  if  currents  followed  the  simplest  periodic  law;  if 
there  was  no  magnetic  leakage;  if  magnetic  permeability  was 
constant.  Any  person  who  has  used  Fourier's  theorem  knows 
that  if  Mr.  Blakesley's  rule  is  right  for  a  sine  function,  it 
must  be  right  for  any  periodic  function  whatsover;  as  any 
periodic  function  may  be  expressed  in  sine  functions,  and 
each  of  these  enters  into  the  equations  as  if  it  were  alonef. 

*   Communicated  by  the  Physical  Society :  read  May  22,  1891. 

t  This  assertion  was  challenged  in  the  discussion.  Perhaps  I  ought 
to  have  explained  myself  more  fully.  At  the  time  I  happened  to  be 
working  with  Fourier's  Series  very  much,  and  I  lost  sight  of  the  fact 
that  what  was  very  evident  to  me  might  not  be  evident  to  others. 

If  .r = ^[^  {ft;  sin  //d+ b-  cos  >kf) . 

and  //  =  2J°  («';  ''i"  <^^f+l^i  ''os  >f^t) , 

where  A;  =  —  and  r  is  the  periodic  time,  then   the  average  value  of  o-y 

T 

between  the  limits  0  and  t  is 

and  does  not  involve  any  term  such  as  a^  oc^  or  h-^  ^^ ;  that  is,  into  the 
expression  for  the  average  value  each  term  of  the  Fourier's  Series  enters 
just  as  if  there  were  no  other  terms.  Nearly  all  practical  Electrical 
Engineers  are  in  the  habit  of  ignoring  calculations  which  assume  that  a 
current  is  a  sine  function  of  the  time  ;  they  say  that  such  calculations 
are  useless  because  tlie  current  never  is  a  true  sine  function  of  the  time. 
I  have  here  given  one  of  many  examples  which  might  be  given  in 
which  a  proposition  concerning  anj'  periodic  function  need  only  be 
proved  for  one  of  the  Fourier  terms  of  that  function.  And  in  all  cases, 
the  result  of  the  study  of  a  sine  function  is  at  once  applicable  to  any 
periodic  function  whatsoever. 
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Prof.  Ayrton  and  Mr.  Taylor  have  proved  the  method  to 
be  correct  for  currents  of  any  periodic  law,  the  permeability 
varying  in  any  way  whatever.  But  they  make  the  assump- 
tion that  there  is  no  maonetic  leakage. 

I  believe  that  it  was  Dr.  Hopkinson  who,  in  his  paper  read 
before  the  Royal  Society  on  March  10th,  1887,  first  departed 
from  the  old-fashioned  way  of  treating  mathematically  the 
equations  concerning  currents  in  neighbouring  coils,  and  he 
has  been  followed  by  everybody  else  who  has  written  upon 
that  subject  since.  Some  writers  of  eminence  have  given,  and 
incompletely,  Hopkinson's  investigation,  evidently  not  having 
seen  his  paper.  In  my  opinion  the  usual  method  is  somewhat 
misleading.  Assuming  no  eddy  currents  in  the  conducting 
part  of  a  transformer,  the  equations  written  in  the  old- 
fashioned,  and  in  what  I  venture  to  say  is  the  only  correct 
way,  become 

V  =  EC     +  LC  +  MC'  I  .  . 

0  =  R'C  +  MC  +   L'C'J ^  ^ 

Here  V  is  the  voltage  at  the  terminals  of  the  primary  cir- 
cuit, P  its  resistance,  0  its  current,  and  L  its  coefficient  of 
self-induction.  R'  is  the  resistance  of  the  whole  secondary 
circuit,  in  which  we  assume  no  independent  electromotive 
force;  C  is  its  current,  L'  is  its  coefficient  of  self-induction, 
and  M  is  the  mutual  induction  between  the  two  circuits. 
It  may  be  well  to  state  that,  using  amperes,  volts,  and  ohms: — 
If  P  and  S  are  the  numbers  of  windings  of  the  primary  and 
secondary  respectively;  if  a  is  the  cross  section  of  the  iron 
in  square  centimetres,  X  the  average  length  of  the  complete 
iron  magnetic  circuit,  and  yu,  the  permeability  (being  about 
1500  in  ordinary  transformer  working),  we  may  take  it  that 

^^  ~  ^    X    10  ' 

^'-^    X   10' 

and  if  there  were  no  magnetic  leakage — that  is,  if  all  the 
field  due  to  a  primary  current  through  every  single  winding 
of  the  primary  passed  through  every  single  winding  of  the 
secondary,  then  M=  s/hlJ,  or 

But  there  is  always  some  magnetic  leakage,  and  it  fills  me 
with  astonishment  that  so  many  investigators  should  assume 
that  a  little  leakage  makes  no  difference. 
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To  get  an  idea  of  the  importance  of  even  a  little  leakag  e 
let  us  eliminate  Ci  from  equations  (1)  and  we  have  the 
result 

V=RC-E'^C'  +  ^^C (2) 

The  usual  assumption  that  if  lAJ  only  diflFers  by  a  very  little 
from  ]VP  the  error  is  unimportant,  is  seen  to  be  inadmissible 
when  we  consider  how  great  a  value  C  sometimes  may  have 
in  comparison  with  C  or  C.  Thus,  for  example,  in  a  trans- 
former with  which  I  have  had  something  to  do  experiment- 
ally, L=15,  L'  =  0*15,  B,=  10,  and  M  is  very  nearly  1-5;  so 
that  (2)  becomes 

V  =  10C-M01l'C'  +  A5-^)d 

Now,  to  take  the  very  simplest  kind  of  periodic  current, 
and  the  one  for  which  the  above  wrong  assumption  is  least 
wrong,  and  a  frequency  of  106  per  second — writing,  in  fact, 

C=A  sin  1000 «, 
we  know  that 

C  =  1000  A  cos  1000  i. 

So  that,  even  if  M  differs  only  by  1  per  cent,  from  what  it 
has  been  assumed  to  be,  that  is,  if  there  is  only  1  per  cent,  of 

magnetic  leakage,  the  neglected  term  (  15  —  yy  ]C  becomes 

of  the  value 


{^-^}c. 


or  0-3  C,  or  300  A  cos  1000^.  In  tact,  the  neglected  term 
becomes  thirty  times  as  important  as  the  important  and 
certainly  hitherto  non-neglected  term  RC  in  the  equation. 

Now  in  no  case  is  the  current  truly  a  sine  function  of  the 
time,  and  any  departure  from  this  simplest  kind  of  periodic 
current  makes  the  error  of  which  I  speak  much  greater."^ 

*  As  an  example,  one  of  many  worked  out  by  my  students  at  Finsbury 
during  the  last  few  years  :  taking  the  sizes  of  iron  from  a  certain  Mordey 
transformer  which  I  have  occasionally  used  ;  assuming  permeability  con- 
stant and  no  eddy  currents  in  copper  or  iron ;  assuming  currents'  to  be 
true  sine  functions  of  th(!  time.  If  V  is  voltage  at  terminals  of  primary, 
primary  resistance  10  ohms,  internal  secondary  resistance  O'l  ohm,  out- 
side resistance  of  secondary  in  ohms  being  called  p  ;  self-induction  of 
primary  15  secohms,  self-induction  of  secondary  0'15  secohm ;  assum- 
ing V  in  volts= 1000  sin —  t,  and  taking  frequency  106  or  T=l-rlOO 
second,  it  is  quite  easy  to  calculate  to  any  number  of  places  of  decimals 
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Of  course,  any  self-induction  in  the  outside  part  of  the 
secondary  circuit  will  produce  the  same  effect  as  a  leakage  in 
the  transformer  itself. 

The  interesting  fact  to  which  I  wish  to  draw  the  atten- 
tion of  members  of  the  Society  is  this,  that  however  great 
may  be  the  magnetic  leakage,  Mr.  Blakesley's  method  is  still 
correct  if  magnetic  permeability  is  assumed  constant  during 
a  cycle.     Multiplying  equation  (2)  by  C  we  have 

M  LL'— M2     . 

Intea"rating  for  the  whole  periodic  time  and   dividing  by 


that  may  be  desired,  the  amplitudes  and  lags  of  the  primary  and  secondary 
cm'rents,  and  indeed  all  other  magnitudes  involved.  The  graphic  method 
of  working  is  evidently  quite  out  of  the  question. 

My  students  have  for  several  years  made  calculations  of  this  kind, 
obtainino-  tables  of  values  for  various  frequencies  and  amounts  of  iron  in 
the  transformer,  and  they  are  exceedingly  instructive.  Until  such  tables 
are  comnared  with  actual  experimental  results,  it  seems  to  me  that 
debates  as  to  the  effect  of  hysteresis  consist  merely  of  assertions  having 
no  phvsical  basis. 

For  mv  present  purpose  I  will  give  part  of  two  tables  calculated  by 
Mr.  Ehott,  one  of  my  students.     Taking  the  above  values  :— 

1st.  If  we  assume  that  there  is  no  magnetic  leakage.  In  that  ease 
M=  VLL'  =  1'5  secohms.     Using-  this  value  of  M  we  get  table  I. 

2nd.  If  we  assume  that  there  is  a  little  magnetic  leakage,  say  one  and 
one  third  per  cent.,  or  that  M  =  1'48  secohms.  Using  this  value  of  31  we 
get  Table  II. 

Now  it  is  perfectly  certain  that  there  is  some  magnetic  leakage,  always ; 
but  it  is  rather  difficult  to  say  just  how  much  there  may  be.  I  have 
here  assumed  in  taking  M  =  1'48  instead  of  1-50  that  Ig  i)er  cent,  of  the 
total  induction  due  to  the  primary  coils  does  not  pass  through  the 
secondary  coils,  and  that  1^  per  cent,  of  the  total  induction  due  to  the 
secondary  coils  does  not  pass  through  the  primary  coils.  This  number 
has  been  taken  at  random. 

The  meauino's  of  the  letters  used  at  the  heads  of  the  various  columns 
are  these : — 
If  V  =1000  sin— Z', 

r  =  Asin  (~t-e\, 

("  =  A'sin  (^-  t—e'  j, 

\  '  =  «  sin  I —  t—t  j  =  p^  ? 

P= average  power  given  to  primary, 

P'= average  power  given  out  by  secondary. 

Percentage  efficiency c=100P7P. 

Evidently  V  is  the  voltage  at  the  terminals  of  the  secondary  cii-cuit. 
Angles  of  lag  are  given  in  degrees. 
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this  time — that  is,  takino-  the  average  value  of  every  term  m 
(3)  it  is  to  be  observed  that 

'Co 


1  f-+'   .         1  f^%, 


if  Co  is  the  value  of  0  at  the  beginning  aud  end  of  the  period; 

and  hence,  as    t"/  =  "o   ^'^^^T  nearly, 

P 

Average  VC  =  average  RC^— average  r -^  CCj. 

if  either  0  or  C  were  the  current  in  a  non-inductive 
circui't,  a  great  error  would  be  introduced  by  endeavouring 
to  measure  the  average  product  by  the  split  dynamometer 
method;  but  there  is  no  such  error  here. 

Hence  Mr.  Blakesley's  method  is  correct,  however  great 
may  be  the  magnetic  leakage.  It  must  be  remembered,  how- 
ever, that  I  have  neglected  eddy  currents  in  the  copper  and 
iron;  and  1  assume  magnetic  permeability  to  be  constant  during 

Now  at  fiill  loads  ou  this  transformer  it  is  perfectly  obvious  that 
currents,  lags,  and  powers  are  immensely  altered  by  this  small  amount  ot 
leakage  which  I  have  introduced  as  possible.  The  currents  are  ten  times 
as  great,  and  the  lags  are  utterly  difterent  from  what  they  have  been 
supposed  to  be. 

Table  I. — No  Magnetic  Leakage,  or  M  =  l"5. 


p-' 

A. 

A'. 

e. 

e'. 

P. 

P'. 

Effic. 

a'. 

00 

0-1000 

0 

89-8 

17°9-9394 

■0850 

0 

0 

100 

999 

01412 

0-9991 

44-97 

179-9395 

5006 

49-85 

99-59 

99-82 

49-9 

0-2232 

1-9965 

26-50 

179-93951  99-95 

99-45 

99-49 

99-61 

9-9 

0-9956 

9-913 

0-05 

179-940li497-8 

486-4 

97-70 

99-14 

4-9 

1-963 

19-61 

0 

179-9409 

981-7 

942-3 

95-98 

96-08 

U-9 

9  09 

90-95 

0 

179-9468 

4545 

3722 

31-70 

81-85 

0-4 

16-67 

166-6 

0 

179-9519 

8335 

5.551 

66-61 

6l)-()4 

01 

33-33 

333-3 

0 

179-9610 

16667 

5554 

33-33 

33-33 

U 

50 

500 

0 

179-9708 

25000 

0 

0 

0 

Table  II. — One  and  one-third  per  cent  Magnetic  Leakage,  or  M=l*48. 
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a  cycle.     If  I  had  time,  I  could  show  that  in  alternating-current 
calculations  there  are  other  very  important  uses  of  the  fact 

that    I        xk.dt  =  0,  if  x   is  any  periodic  function  of   the 

time. 

'  Added  May  23r^,  1891. 

In  the  discussion  of  this  paper  it  was  obvious  that  I  had 
not  at  sufficient  length  made  known  what  I  meant  by  magnetic 
"  leakage^  It  was  owing  to  this,  no  doubt,  that  my  introduc- 
tion of  the  idea  of  the  importance  of  leakage  was  looked  upon 
as  academic  merely.  Again,  my  use  of  the  symbols  L,  M,  and 
L'  did  not  seem  to  be  understood,  nor  what  they  had  to  do 
with  a  transformer.  It  is  therefore  necessary  that  I  should 
say  more  fully,  but  not  more  definitely  than  in  the  paper, 
that  as  M  is  always  less  than  sI\Aj  owing  to  magnetic  leak- 
age, I  define  leakage  as  the  value  of  ?/  where 

M  =  (l-_^/)  v'LL'. 

Hence,  if  L  =  P'-y7  -^     or   P";n,   say,  then    L'=S"»i    and 

M  =  PSm(l-?/). 

Again,  the  method  of  treatment  to  which  I  object  is  to 
state  the  equations  as 

V=:EC  +  P^, (1) 

0  =  R'C'  +  S'| (2) 

dt 

I  affirm  that  the  induction  I  of  equation  (1)  is  a  very 
different  thing  from  the  I  of  equation  (2).  As  the  old  Max- 
well method  of  writing  the  equations  does  not  seem  to  be 
understood,  I  wish  to  make  it  clear  that  if  I  did  use  the 
induction  I  would  use  I  in  equation  (1)  and  Ig  in  equation  (2), 
where 

Ip=:PmC  +  S7n(l-?/)C', 

Ig  =  Pm(l-2/)C+S??7C'. 

This  is  assuming  that  the  number  of  ampere-turns  which 
produces  the  effective  induction  through  the  primary  is 
PQ  +  S0'(1  — z/);  and  the  number  of  ampere-turns  which 
produces  the  effective  induction  through  the  secondary  is 

PO(l-y)  +  SC'. 

In  fact,  as  I  stated   clearly  when  reading  the  paper,  y  is  the 
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fractional  portion  of  the  field  due  to  primary  current  which 
escapes  the  secondary  windings  or  it  is  the  fractional  portion 
of  the  field  due  to  the  secondary  current  which  escapes  the 
primary  winding.  The  reasoning  is  the  same  even  if  a  small 
difference  be  supposed  to  exist  between  the  y  of  the  first  and 
the  y  of  the  second  equation;  that  is,  if  M  is  not  the  same 
in  the  two  circuits.  I  submit  that  in  the  absence  of  any 
prior  definition  of  '' leakage ''  this  is  simple  and  reasonable. 
Dr.  Sumpner^s  "  leakage "  is  a  very  different  thing.  He 
said,  let  \^^ls{l+x),  then  x  is  the  magnetic  leakage. 

Of  course,  on  any  reasonable  assumption  of  alterations  in 
yu,,  the  permeability  of  iron,  or  on  the  most  reasonable  assump- 
tion that  fi  really  is  constant  during  a  quickly-performed 
cycle.  Dr.  Sumpner^s  x,  varies  greatly  during  the  cycle.  I 
cannot  give  a  physical  meaning  to  x.  My  "leakage"  ydoes 
not  vary  if  fx  is  constant  during  a  cycle,  and  I  have  given  a 
perfectly  definite  physical  meaning  to  it. 

It  may  be  well  to  add,  here,  why  I  think  it  reasonable  to 
assume  (m  constant  during  a  cycle. 

1st.  I  have  shown  that  if  there  is  any  leakage,  the  use  of 
equations  (1)  and  (2)  is  quite  unreasonable. 

2nd.  If  there  is  any  leakage,  it  is  impossible  to  treat  the 
subject  mathematically  unless  some  assumption  is  made  con- 
cerning jJL. 

ord.  It  is  quite  certain  that  the  law  of  variation  of  //.  when 
the  cycle  is  very  slowly  performed  must  be  quite  different 
from  the  law  when  the  cycle  is  very  quickly  performed,  as  it 
always  is  in  practice. 

4th.  The  analogies  between  magnetic  stress  and  strain  and 
ordinary  stress  and  strain  in  materials  are  well  established. 
Now  every  material  exhibits  strain  hysteresis  when  slowly 
loaded  and  unloaded,  and  exhibits  no  hysteresis  whatever 
when  the  loading  and  unloading  are  very  quickly  performed. 
Even  the  most  inelastic  of  materials  will  transmit  a  musical 
note  unchanged.  Hence  for  years  I  have  taught  my  students 
to  look  upon  magnetic  hysteresis  as  very  important  when 
cycles  are  slowly  performed  and  as  unimportant  when  cycles 
are  very  quickly  performed.  Unless  on  this  assumption,  how 
is  it  that  there  is  so  little  heating  of  the  iron  of  a  transformer 
by  hysteresis  even  when  transforming  the  largest  amounts  of 
energy  ;  and  such  heating  as  thei-e  is  must  be  partly  due  to 
eddy  currents.  I  therefore  maintain  that  ^  constant  during 
a  cycle  (and  this  means  that  my  "  k^dcage'^  is  constant  during 
a  cycle)  is  the  only  reasonable  assumption  that  can  be  made 
in  tlu>  present  state  of  our  knowledge. 

But  oven  if  this  reasonable  assumption  of  no  hysteresis  and 
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of  tlie  con.stancy  of  /u.  during  a  cycle  be  denied  me,  and  if  I 

must  assume  the  possibility  of  its  being  wrong,  still p — 

must  be  more  nearly  constant  than  /*;  for  it  is  equal  to 
2L?/.  And  if  jju  increases  and  therefore  L  increases,  y  will 
certainly  diminish,  and  if  L  diminishes  y  will  certainly 
increase. 


XXVII.    The   Theory  of  Magnetism   and   the  Absurdity  of 
Diamagnetic  Polarity.     By  J.  Parker,  M.A.,  Fellow  of 

St.  Johns  College,  Cambridge  * . 

'T^HE  most  unsatisfactory  part  of  the  theory  of  magnetism 
X  is  that  which  refers  to  the  so-called  diamagnetic 
bodies.  This  part  of  the  theory  is  so  beset  with  absurdities 
and  contradictions  that  it  is  necessary  to  examine  it  closely 
and  to  point  out  the  true  explanation  of  the  behaviour  of 
the  so-called  diamagnetic  bodies  before  we  can  give  the 
general  theory. 

I  published  a  short  and  somewhat  premature  paper  on  dia- 
maguetism  in  the  Philosophical  Magazine  for  May  1889. 
A  few  weeks  afterwards  my  ideas  on  the  subject  had  ripened 
into  their  present  form ;  but  I  determined  to  publish  no  more 
about  it  until  after  the  appearance  of  my  book  on  '  Elemen- 
tary Thermodynamics,^  which  I  was  then  intending  to  write. 
Finding,  however,  that  my  book  was  not  likely  to  be  finished 
as  soon  as  I  had  expected,  I  published  a  second  short  paper 
on  diamagnetism  in  the  Philosophical  Magazine  for  July 
1890,  ^^hich  I  thought  would  be  sufficient  to  explain  my 
ideas  until  I  could  give  the  subject  the  attention  it  deserved. 

My  second  paper  on  diamagnetism  was  criticised,  as  I  have 
since  found,  by  Dr.  Lodge  with  a  great  display  of  rhetoric 
in  the  next  number  of  the  Philosophical  Magazine ;  but  I 
was  then  so  occupied  that  I  did  not  see  or  hear  of  the  criticism 
until  the  following  November.  When  I  then  came  to  read 
it,  I  did  not  hnd  anything  which  required  me  to  modify  any 
of  my  ideas  on  the  subject  in  the  slightest  degree,  and  I 
concluded  that  Dr.  Lodge  had  misunderstood  my  paper. 

It  is  now  proposed  to  consider  the  subject  carefully  and 
completely,  by  which  means,  it  is  hoped,  the  disputed  points 
will  be  settled  to  the  satisfaction  of  everybody.  In  so  doing, 
I  shall  endeavour  to  prevent  all  misconception  by  making 
my  arguments  as  clear  and  simple  as  possible.  For  this 
reason  I   shall  employ  none  but  the  simplest  mathematics, 

*  Communicated  by  the  Author. 
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and  shall  avoid  unnecessary  references  to  the  physical  theories 
of  magnetism. 

To  begin,  the  property  which   distinguishes  the   so-called 
diamagnetic  bodies  (like  bismuth  and  copper)  from  the  other, 
or  paramagnetic  bodies  (like  iron),  is  shown 
by  the  following   classical  experiment.     A  Fig.  1. 

small  bar,  A,  of  the  substance  to  be  experi- 
mented on,  is  hung  by  a  thread  between  the 
poles,  NS,  of  a  powerful  electromagnet  and 
then  the  magnet  is  excited.  If  the  bar  A  be 
one  of  the  so-called  diamagnetic  substances, 

it  will  set  its  lenoth  at  right  anoles  to   the       N 

— 1 
line  joining  the  two   poles   of   the  electro- I 


A 


^Ls_ 


magnet,  as  shown  in  the  second  accompany- 
ing figure,  which  is  supposed  to  be  a  view  as 
seen  by  an  eye  looking  from  above.     If,  however,  the  bar  A 
be  one  of  the  paramagnetic  substances,  it    sets   its   length 
along  the  line  joining  the  two  poles  of  the 
electromagnet,  Fio-.  9. 

Instead  of  taking  the  above  fundamental 

.  •  An 

experiment  as  our  starting-point,  I  prefer,        •^  [s" 

for  the  sake   of  simplicity,  to  take  another        —^     U 
which  is  easier  to  understand.     The  second 
experiment  has  not  yet  been  performed  ;  but  it  is  admissible 
to  make  it  the  basis  of  our  discussion,  for  not  only  is  it  equiva- 
lent  to   the   classical   experiment   described    above,   but   the 
inferences  drawn  from  both  will  be  the  same. 

In  our  ideal  experiment,  we  take  a  powerful  electromagnet 
whose  poles  are  at  a  considerable  distance  apart,  and  hang  a 
small  piece,   M,  of  the   substance   to  be 
tested  by  a  thread  near  either  pole,  P,  of  Fig.  3. 

the  electromagnet.  Then  on  exciting 
the  magnet,  it  is  found  that  if  M  be  a 
piece   of    iron,    it    is    drawn    nearer   the 

pole  P,  while  if  it  be  a  piece  of  bismuth,        »     ^ 

it  would  be  driven  fuither  away  from  it.  1     w-M. 

The    so-called     explanation    which     is 
usually  given  of  these  phenomena  may  be  divided  into  two 
parts  : — 

[a)  It  is  supposed  (that  is,  assumed)  that  the  pressure  of 
the  !iir  is  strictly  uniform  all  over  the  surface  of  M,  from 
which  it  would  follow  tliat  the  pressure  of  the  air  can  have 
no  influence  in  causing  the  body  M  to  approach  or  recede 
fron)  the  excited  jiole  P. 

(A)  It  is  then  supposed,  as  a  necessary  conse(puiice,  that 
when  the  electromagnet  is  excited,  a  piece  of  iron  is  attracted 
to  the  ]K)le  1',  and  that  a  piece  of  bismuth  is  repellcil. 

I'luL  May.  S.  ■).  ^'(.Ly2.  Mo.  iy5.  Aiujvst  1891.       0 
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Experiments,  which  need  not  here  be  described,  have  been 
made  with  many  sohds  and  with  Hquids  and  gases,  from 
which  it  is  inferred  that  all  substances  are  susceptible  to 
magnetic  influence,  and  it  is  supposed  necessary  to  divide 
them  into  two  classes :  paramagnetic,  those  which,  when 
placed  near  one  pole  of  a  magnet,  are  supposed  to  be  attracted; 
diamagnetic,  those  which,  under  the  same  circumstances,  are 
suj)posed  to  be  repelled. 

I  first  of  all  d6ny  that  (a)  can  be  correct.  For  let  an 
ideal  right  circular  cylinder  PQRS,  indefinitely  small  in  all 
its  dimensions,  be  described  in  the  air  anywhere  near  the 
pole  P  of  the  electromagnet  such  that  at  no  point  within  the 
cylinder  is  the  magnetic  force  at  right 
angles  to  the  axis  of  the  cylinder.     Also  let  Fig.  4. 

the  ends  PQ,  PS  of  the  cylinder  be  normal 
sections  and  suppose  that  the  radius  of  each  JX 

is  indefinitely  small  in  comparison  with  the  yy/^^ 

length  of  the  cylinder.     Then  since,  in  the        p  yy^ 
state  of  equilibrium,  the  pressure  of  the  mag-  C^ 

netized    air    on    any    surface    is    evidently  ^ 

normal  to  that  surface,  just  as  if  gravitation 
were  the  only  action  at  a  distance,  it  follows  that  the  pressure 
of  the  air,  per  unit  of  area,  at  the  end  PQ  of  the  cylinder  is 
not  the  same  as  the  pressure  at  the  end  RS.  Thus  in  the 
space  around  the  excited  pole  P,  the  pressure  of  the  magne- 
tized air  varies  from  point  to  point,  and  therefore  the  assump- 
tion (a)  cannot  be  correct. 

The  explanations  {a)  and  {V)  must  therefore  be  modified 
as  follows  : — It  must  be  admitted  that  in  the  above  experi- 
ment the  pressure  of  the  magnetized  air  is  not  quite  uniform 
over  the  surface  of  M,  but  it  may  be  supposed  that  the 
resultant  pressure  is  so  small  in  comparison  with  the  action 
of  the  pole  P  that  it  is  still  necessary  to  divide  bodies  into 
two  classes,  viz.  those  which  are  attracted  by  the  pole  P, 
and  those  v.-hich  are  repelled  by  it. 

Now  if  we  recollect  that  the  so-called  diamagnetic  bodies 
(like  bismuth),  which,  when  the  magnet  is  excited,  recede 
from  the  pole  P,  are  caused  to  do  so  by  a  force  which  is 
evidently  very  minute,  it  will  be  easy  to  show  that  a  very 
slight  inequality  (too  small  to  be  detected)  in  the  pressure  of 
the  air  on  the  surface  of  M  is  quite  competent  to  produce  the 
phenomena  observed.  Diamagnetic  bodies  may  therefore  be 
really  attracted  to  the  pole  P,  and  only  caused  to  recede  from 
it  by  an  excess  in  the  pressure  of  the  air  on  the  side  of  M 
next  to  P  over  the  pressure  on  the  side  remote  from  P ;  just 
as  a  balloon  is  attracted  to  the  earth  and  only  caused  to 
ascend  by  the  pressure  of  the  air. 
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To  make  our  argument  simple,  let  us  suppose  that  in  our 
ideal  experiment  the  body  M  is  a  cube  each  of  whose  edges 
is  one  centimetre,  and  let  it  be  hung  so  symmetrically  with 
respect  to  the  magnet  pole  P  that  it  is  only  on  the  face  Y, 
next  to  P,  and  on  the  opposite  face 
Z,  that  the  pressure  of  the  air  need  Fi-,'.  5. 

be  considered.  Also,  for  the  sake 
of  simplicity,  let  ns  suppose  the 
])ressure  to  be  uniform  over  each  of 
these  faces.  Then  if  the  pressure  of 
the  air  on   the  face  Y  exceed  that 

on  the  face  Z  by  the  1000th  part  of  an  atmo,  the  resultant 
pressure  tending  to  drive  M  away  from  P  will  be  rather  over 

1  gramme  weight.  If  M  be  of  bismuth,  the  most  strongly 
pronounced  of  the  so-called  diamagnetic  substances,  the  mass 
of  the  cube  will  be  nearly  10  grammes.  The  resultant  pressure 
of  the  air  is  therefore  about  ^\fth  of  the  weight  of  the  cube. 
It  will,  therefore,  be  capable,  in  one  second,  of  generating 
in  the  cube  a  velocity  of  98  centimetres  per  second,  and  of 
causing  it  to  move  from  rest  through  49  centimetres.  In  \ 
of  a  second,  it  would  generate  in  the  cube  a  velocity  of  24"5 
centimetres  (9'i)  inches)  per  second,  and  cause  it  to  move 
through  3  centimetres  (1'2  inches).  If  the  pressure  on  the 
face  Y  exceed  that  on  the  face  Z  by  the  10,000th  of  an  atmo, 
the  resultant  pressure  tending  to  drive  the  cube  away  from  P 
will  be  about  the  yoo^^^  P^^^  °f  ^^^  weight.  This  would  be 
sufficient,  in  one  second,  to  give  the  cube  a  velocity  of  9'8 
centimetres  (3*8  inches)  per  second,  and  to  cause  it  to  move 
through  4" 9  centimetres.  In  i  second  it  would  give  the  cube 
a  velocity  of  4*9  centimetres  (1'9  inches)  per  second,  and 
cause  it  to  move  through  1*2  centimetres  {'IG  inch). 

The  preceding  calculations  may  well  throw  doubt  on  the 
common  theory  of  diamagnetism,  but  the  theory  has  still  one 
apology  left.  It  is  found  that  diamagnetic  bodies  retain 
their  characteristic  property  in  a  comparative  "  vacuum ""  of 

2  or  3  millimetres  of  mercury  (say  the  Tj^ro^h  of  an  atmo). 
To  explain  this,  we  have  only  to  observe  that  if,  in  our  ideal 
experiment,  the  attraction  of  the  pole  P  on  the  body  M  were 
strictly  zero,  the  body  M  would  be  driven  away  from  the 
excited  pole  P  by  the  pressure  of  the  air  however  good  the 
"  vacuum  '^  might  be,  short  of  absolute  perfection.  Hence  if 
the  attraction  of  P  on  M  be  not  strictly  zero  but  exceedingly 
small,  it  will  be  necessary  to  reduce  the  density  of  the  air 
very  nearly  to  zero  before  this  attraction  can  make  itself 
manifest. 

Having  now  shown  that  the  conunon  notion  of  iliamagne- 

0  2 
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tisni  rests  on  insufficient  experimental  evidence,  or  rather, 
on  none  at  all,  I  may  add  that  no  one  has  ever  attempted 
to  support  the  notion  by  theory.  This  will  prepare  the  way 
for  my  alternative  idea,  based  on  theory,  that  ever}^  substance 
placed  near  one  pole  of  a  magnet  is  attracted  by  the  pole 
when  the  maanet  is  excited  and  can  only  be  prevented  from 
approaching  the  pole  by  some  antagonistic  cause,  such  as 
the  pressures  exerted  by  the  contiguous  objects.  In  the 
common  theory  of  diamagnetism,  it  is  supposed  that  bismuth 
is  more  ])Owerfully  repelled  by  a  magnet  pole  than  any 
other  substance;  according  to  my  theory,  bismuth  is  more 
feebly  attracted  than  any  other  substance. 

Before  giving  the  theoretical  grounds  of  the  new  theory, 
I  cannot  help  observing  that  those  who  think  the  old  theory 
of  diamagnetism  sufficient,  should  try  to  prove  that  the 
ascent  of  a  balloon  in  the  air  is  due  to  the  diagravitational 
repulsion  of  the  earth.  Those  who  accept  the  new  theory, 
will  be  content  to  regard  diagra-^dtation  and  diamagnetism  as 
companion  absurdities. 

1  was  first  led  to  reason  theoretically  on  diamagnetism 
by  reading  the  following  remarkable  article  in  Prof.  Tait's 
'  Sketch  of  Thermodynamics  ' : — "  The  commonly  received 
opinion,  that  a  diamagnetic  body  in  a  field  of  magnetic  force 
takes  the  opposite  ])olarity  to  that  produced  in  a  paramagnetic 
body  similarly  circumstanced,  is  thus  attacked  by  Thomson 
by  an  application  of  the  principle  of  energy.  Since  all  para- 
ma  onetic  bodies  require  time  for  the  full  development  of  their 
maonetism,  and  do  not  instantly  lose  it  when  the  magnetizing 
force  is  removed,  we  may,  of  course,  suppose  the  same  to  be 
true  for  diamagnetic  bodies  ;  and  it  is  easy  to  see  that  in 
such  a  case  a  homogeneous  non-crystalline  diamagnetic  sphere 
rotatino"  in  a  field  of  magnetic  force  would,  if  it  always  tended 
to  take  the  opposite  distribution  of  magnetism  to  that  acquired 
by  iron  under  the  same  circumstances,  be  acted  upon  by  a 
couple  constantly  tending  to  turn  it  in  the  same  direction 
round  its  centre,  and  would  therefore  be  a  source  of  the  ])er- 
petual  motion." 

This  argument,  which,  for  some  unaccountable  reason,  seems 
to  have  been  entirely  neglected,  requires  to  be  slightly  mo- 
dified; for  no  notice  is  taken  of  the  frictional  resistance  of  the 
air  to  the  rotation  of  the  sphere,  and  it  is  not  shown  that  the 
motion  supposed  to  be  thus  derived  in  unlimited  quantities 
ma}-  not  be  due  to  the  absorption  of  heat  at  one  temperature 
and  its  partial  rejection  at  a  lower.  These  defects  may  be 
obviated  by  supposing  the  sphere  placed  in  a  "  perfect 
vacuum,"    and    making    provision    to    prevent    the    system 
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absorbing  or  givino-  out  lieat  except  at  ponie  constant  absolute 
temperature  6.  Also,  for  the  sake  of  simf)licity,  we  may 
suppose  the  sphere  connected  with  mechanism,  on  which  it 
does  just  so  much  work  that  its  angular  velocity  of  rotation 
remains  constant.  Under  these  conditions  the"  system  will 
assume  an  invariable  state.  If  we  then  suppose  that  W  is 
the  mechanical  work  done  on  the  system  in  any  time,  and  Q 
the  amount  of  heat  absorbed,  the  principle  of  energy  will 
give,  since  there  is  no  change  of  state, 

W  +  Q=0. 

Now  since  work  is  obtained  from  the  system,  W  is  negative. 
We  see,  therefore,  that  Q  is  positive. 
But  by  Oarnot''s  principle,  we  have 

0 

^  <  0,     or     Q  <  0. 

Thus  Thomson's  ideal  experiment  is  inconsistent  with  both 
the  principle  of  energy  and  with  Carnot's  principle,  and  the 
hypothesis  of  diamagnetic  polarity  is  therefore  dis[)roved. 

The  argument  adopted  in  the  two  papers  I  have  published 
on  diamagnetism  in  the  Philosophical  Magazine  is  only  a 
modiiied  form  of  Thomson's,  but  possesses  the  advantage  of 
simplicity.  It  may  be  described  thus  :  Take  a  piece  of  bis- 
muth (or  of  any  of  the  so-called  diamagnetic  substances)  and 
place  it  within  the  action  of  a  strong  steel  magnet  whose 
poles  are  so  far  apart  that  only  one  of  the  poles,  P  say,  exerts 
any  sensible  force  on  the  bismuth.  Then  let  the  steel  magnet 
be  made  innnovable,  and  suppose  tiie  piece  of  bismuth  held 
by  a  pair  of  pincers,  or  in  some  other  way,  so  that  it  can 
either  be  kept  at  rest  or  moved  about  at  will.  Next,  let  the 
air  be  exhausted  in  the  space  about  the  bismuth  until  the 
"  vacuum  •"  is  perfect,  and,  lastly,  let  means  be  taken  to  pre- 
vent the  absorption  or  rejection  of  heat,  except  at  some  constant 
temperature  6. 

If  the  ])iece  of  bismuth  is  held  for  some  time  in  anv  ])osi- 
tion  X  and  then  suddenly  moved  to  a  new  position  Y, 
nearer  to  P,  the  magnetization  of  the  bismuth  will,  of  course, 
become  ultimately  stronger  in  the  position  Y  than  it  was  in 
tlu!  more  remote  position  X  ;  but,  since  magnetization  re- 
([uires  time  for  its  development,  the  change  of  ])osition  may 
he  effected  so  rapidly  that  the  magnetization  of  the  l)isnuith 
has  scarcely  time  to  alter  before  the  new  ])osition  Y  is  reached. 
AV'e  thus  see  that  the  amount  of  mechanical  work  which  can 
be  obtained  from  the  system  of  the  steel  magnet  and  the 
])iece  of  bismuth  during  a  given  change  of  position  depends, 


198  Mr.  J.  Parker  on  the  Theory  of  Magnetism  and 

among  other  things,  on  the  speed  at  which  the  change  of 
position  is  made.  Suppose  then,  if  possible,  that  the  bismuth 
is  repelled  by  the  pole  P,  and  let  the  system  be  made  to 
undergo  the  following  cycle  of  operations  in  two  different 
ways : — 

(1)  When  the  piece  of  bismuth  is  in  equilibrium  in  any 
position  X  at  the  uniform  temperature  6,  let  it  be  moved  to 
some  other  position  Y,  nearer  P,  so  slowly  that  at  every  point 
of  the  path  the  bismuth  is  magnetized  to  the  full  extent  and 
the  temperature  constant.  The  work  done  on  the  system  in 
this  operation  will  be  positivCj  and  may  be  written  W. 

Then  let  the  piece  of  bismuth  return  slowly  from  Y  to  X 
by  the  previous  path  reversed.  The  wdiole  of  the  work  W 
will  thus  be  returned  by  the  system,  so  that,  on  the  whole, 
there  is  neither  loss  nor  gain  of  mechanical  work  during  the 
cycle. 

(2)  Let  the  piece  of  bismuth  be  moved  from  X  to  Y  so 
rapidly  that  the  magnetization  has  scarcely  time  to  change 
betbre  the  change  of  position  is  complete.  The  work  that 
must  be  expended  for  this  purpose  is  obviously  <  W  ;  in  fact, 
if  the  position  X  be  far  enough  away  from  P,  the  work  done 
on  the  system  during  the  change  of  position  may  be  practi- 
cally zero.  Xext,  let  the  piece  of  bismuth  remain  at  rest  in 
its  new  position  until  its  magnetization  has  attained  its  per- 
manent value.  Then  let  it  be  brought  rapidly  back  from  Y 
to  X  by  the  first  path  reversed  ;  and,  lastly,  let  it  remain  in 
the  position  X  until  the  original  state  is  attained.  The 
mechanical  work  returned  by  the  system  in  this  way  will  be 
>  W.  Thus,  on  the  wdiole,  there  is  a  gain  of  mechanical 
work  during  the  cycle  in  wdiich  heat  is  absorbed  and  evolved 
at  a  constant  temperature.  This  being  impossible,  by  the 
principle  of  energy  and  Carnot^s  principle,  we  conclude  that 
the  assumption  that  the  piece  of  bismuth  is  repelled  by  the 
pole  of  the  magnet  is  absurd. 

The  foregoing  cycle  was  described  in  my  first  paper  on 
diamagnetism  ;  but  the  inference  then  drawn  was,  not  that 
diamagnetism  is  impossible,  but  that  Carnot's  principle  do^'s 
not  hold  for  diamagnetic  bodies.  In  my  second  paper,  I 
denied  the  existence  of  diamagnetism;  but  long  before  that 
time  Duhemhad  arrived  at  the  same  conclusion,  from  reading 
my  first  paper,  and  had  written  a  book  on  the  subject. 

I  must  now  point  out  that  Dr.  Lodge  has  objected,  with 
justice,  to  the  pi'eceding  reasoning,  that  it  contains  a  tacit 
assumption.  Thus,  even  if  we  admit,  as  we  are  bound,  that 
the  magnetization  of  every  body  takes  time  to  grow  and  to 
die  away,  it  is  not  proved  but  that,  in  the  second  waj  of  per- 
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forming  the  experiment  desci'ibej  tibove,  tlie  assumed  repul- 
sive force  between  the  steel  and  the  bismuth  may  be  so 
affected  by  the  rapidity  of  the  motion  that  the  work  required 
to  force  the  bismuth  iVom  the  position  X  to  the  position  Y 
may  be  >  W,  and  not  less,  as  we  supposed. 

Dr.  Lodge's  objection  may  be  illustrated  very  simply  as 
follows  : — Let  a  quantity  of  gas  be  contained  in  a  cylinder 
fitted  with  a  smooth  air-tight  piston,  and  suppose  it  to  be 
})rovided  that  the  cylinder  can  absorb  or  give  out  heat  freely, 
but  only  at  some  constant  temperature  6.  When  the  whole 
is  in  equihbrium  at  the  uniform  temperature  6,  let  the  piston 
be  pushed  in  so  slowly  that  the  system  is  constantly  in  equi- 
librium, and  the  temperature  always  uniform  and  equal  to  6. 
The  work  retjuired  for  this  purpose  may  be  called  W.  Then 
let  the  piston  be  drawn  out  slowly  until  the  original  state  is 
attained.  The  work  restored  will  be  W,  and,  on  the  whole, 
there  will  be  neither  loss  nor  gain  of  work. 

Next,  let  the  piston  be  pushed  in  as  much  as  before,  but 
far  more  rapidly.  The  work  expended  on  the  system  in 
doing  this  will  be  >W.  Now  let  the  piston  remain  in  its 
new  ])osition  until  the  temperature  has  everywhere  sunk  to 
6.  Then  let  the  piston  be  rapidly  drawn  out  to  its  original 
place,  and  then  wait  until  the  original  state  is  brought  about. 
The  work  restored  by  the  system  will  be  <  W,  so  that  there 
will  have  been  a  loss  of  mechanical  work  in  the  cycle. 

Dr.  Lodgers  objection  may  be  obviated  by  means  of  two 
assumptions  : — 

(1)  We  assume  that  the  magnetization  of  a  body  at  rest 
may  be  in  a  state  of  unstable  equilibrium.  For  example,  in 
the  experiment  with  the  piece  of  bismuth,  we  assume  that 
when  the  bismuth  is  at  rest  in  any  position  X,  the  repulsive 
force  of  the  steel  magnet  may  have  a  value  /  which  does  not 
properly  belong  to  the  position  X,  and  that  this  force  may 
continue  unchanged  so  long  as  the  bismuth  is  held  steadily 
enough  in  the  position  X.  We  further  assume  that  if  the 
bismuth  be  moved  slowly  from  the  position  X,  and  then 
slowly  brought  back  again,  the  re{)itlsive  force  of  the  steel 
magnet  will  again  be  /,  if  sufficient  care  has  been  taken  to 
move  the  bismuth  about  steadily.  AVlien  the  magnetization 
of  a  body  at  rest  is  in  a  state  of  unstable  equilibrium,  a  slight 
shake,  by  which  no  perceptible  amount  of  mechanical  work  is 
done,  will  be  sutHcicmt  to  cause  the  magnetization  to  rise  or 
sink  to  its  pr()[)er  vahie. 

(^'1)  \\('  also  assume  that  if  two  magnetized  bodies  be 
moved  about  with  any  velocities,  the  attraction  or  re[)ulsion 
between   them  when   they  are    passing  through    any  given 
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position  maj,  if  the  experiment  is  made  steadily  enough,  be 
exactly  the  same  as  if  both  bodies  were  at  rest  in  that  j)osition 
with  their  magnetizations  invariable. 

In  applying  these  assumptions  to  the  second  method  of 
making  the  experiment  with  the  piece  of  bismuth,  let  us 
suppose,  merely  for  the  sake  of  simplicitj^,  that  the  magneti- 
zation of  the  steel  is  "  rigid,"  that  is,  not  merely  unstably 
invariable,  but  invariable  under  all  circumstances.  Then  let 
the  cycle  be  performed  as  follows : — 

(a)  Let  the  bismuth  be  moved  from  X  to  Y  so  steadily 
that  its  magnetization  is  unaltered.  It  is  evident  that  no 
thermal  phenomenon  will  attend  this  operation,  and  that  the 
work  done  on  the  system  will  be  <  W. 

{h)  The  magnetization  of  the  piece  of  bismuth  now  being 
in  mistable  equilibrium,  let  a  slight  shake,  by  which  no  per- 
ceptible amount  of  mechanical  work  is  done,  be  given  to  the 
bismuth,  in  consequence  of  which  the  strength  of  the  magne- 
tization will  be  atfected,  and  a  thermal  phenomenon  take 
place.  Then  let  the  bismuth  be  held  in  the  position  Y  until 
the  temperature  is  again  6,  and  the  magnetization  at  its  proper 
value. 

(c)  Next  let  the  piece  of  bismuth  be  brought  back  from  Y 
to  X  by  the  first  path  reversed,  and  so  steadily  that  the 
magnetization  does  not  change.  The  work  restored  by  the 
system  during  this  operation  is  >  W. 

{d)  Lastly,  let  a  slight  shake  be  given  and  hold  the  piece  of 
bismuth  in  the  position  X  until  the  system  is  in  the  original 
state. 

We  see  therefore  that  if  the  two  assumptions  are  made,  the 
hypothesis  of  diamagnetism  enables  us  to  obtain  work  from  a 
cycle  in  which  heat  can  only  be  absorbed  or  given  out  at  a 
given  constant  temperature  6.  We  now  contend  that  the 
two  assumptions  are  admissible.  We  shall  establish  the  truth 
of  this  assertion  indirectly  by  showing  what  results  the  two 
assumptions  lead  to  when  applied  to  several  of  the  most 
important  propositions  in  magnetism  and  electricity. 

I.  If  in  the  moditied  Thomson's  argument,  we  suppose  the 
piece  of  bismuth  replaced  by  any  substance  S  wdiich  is  attracted 
to  the  pole  P,  it  will  easily  be  seen  that  if  the  magnetization 
of  S  increases  as  the  distance  from  P  decreases,  our  two 
assumptions  do  not  lead  to  a  result  in  contradiction  to  the 
principle  of  energy  and  to  Caruot's  principle.  We  there- 
fore conclude  that  a  substance  may  be  attracted  by  a  magnet 
pole — a  result  which,  of  course,  is  in  accordance  with  ex- 
periment. 

It  is  necessary  to  notice  another  method  of  making  the 
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experiment.  If  the  substance  S  be  brought  from  X  to  Y,  a 
positive  quantity  of  work,  Wi  suy,  will  be  obtained.  Then  if 
S  be  turned  round  without  altering  the  magnetization,  the 
force  between  P  and  S  will  become  repulsive,  and  therefore 
if  S  be  brought  back  from  Y  to  X  without  any  change  in  the 
magnetization,  another  positive  quantity  of  work,  W2  say, 
will  be  obtained,  la  this  way,  it  might  be  thought,  we  could 
prove  that  S  could  not  be  attracted  by  P,  but  we  must 
recollect  that  work  will  have  been  expended  in  turning  8 
round.  In  fact,  we  may  be  sure  that  the  work  expended  in 
turning  S  round,  first  in  the  position  Y,  and  then  in  the 
position  X,  will  be  >  Wi  +  Wg. 

II.  Generally,  if  the  substance  M,  when  removed  to  a  suffi- 
cient distance  from  the  pole  P,  is  in  the  neutral  state,  it  can 
easily  be  proved  that  when  M  is  near  P,  and  its  uKignetiza- 
tion  in  stable  equilibrium,  M  must  be  attracted  by  P  with  a 
force  which  increases  as  the  distance  from  P  decreases.  Such 
a  substance  is  defined  to  be  "  perfectly  soft/'  and  since 
unstable  states  of  magnetization  do  not  occur  in  practice,  we 
may  say  that  a  "  perfectly  soft "  substance  can  only  be 
attracted  by  a  magnet  pole. 

Of  course,  a  substance  S  may  be  repelled  by  the  pole  P, 
but  in  that  case,  it  can  easily  be  shown,  the  magnetization  of 
S  could  not  be  zero  when  it  is  at  a  great  distance  from  P. 
The  substance  S  would  then  be  a  permanent  magnet,  or  its 
magnetization  would  consist  of  a  permanent  part  combined 
with  a  temporary  part  induced  by  the  influencing  pole  P. 

III.  If  we  now  suppose  the  pole  P  replaced  by  a  positively 
electrified  body  and  the  piece  of  bismuth  by  a  negatively 
electrified  body  B,  the  force  between  the  two  bodies  will  be 
attractive,  and  when  B  is  moved  from  X  to  Y  in  such  a  way 
that  the  distributions  of  the  electrifications  are  in  stable 
equilibrium,  the  attraction  on  B  in  the  position  Y  will  be 
greater  than  if  the  distributions  had  not  been  changed. 
Hence  if  W  be  the  positive  quantity  of  work  yielded  by  the 
system  when  B  is  moved  from  X  to  Y  in  such  a  way  that  at 
every  instant  the  distributions  are  in  stable  equilibrium,  then 
when  B  is  moved  from  its  initial  position  X,  in  Mhich  the 
distributions  are  stable,  to  the  second  position  Y,  without  any 
change  in  the  distributions,  the  work  yielded  by  the  system 
will  be  <W.  Also  if,  after  causing  the  distributions  in  the 
position  Y  to  become  stable,  we  bring  B  back  from  X  by  the 
previous  path  reversed  without  any  change  in  the  distribu- 
tions, the  work  so  done  on  the  system  will  be  >W.  Conse- 
quently, if  the  system  is  now  caused  to  resume  its  original 
state,  a  complete  cycle  will  have  been  undergonCj  and  a  posi- 
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five  quantity  of  work  expended  in  it,  which  is  in  accordance 
with  the  prinei])les  of  thermodynamics. 

IV,  Next,  let  both  l)odies  be  positively  electrified,  and  suppose 
that  they  are  at  such  a  distance  from  one  another  throughout 
the  experiment  that  the  force  between  them  is  always  re- 
pulsive. Then,  when  B  is  moved  from  X  to  Y  in  such  a  way 
that  the  distributions  are  constantly  in  stable  equilibrium,  the 
repulsion  on  B  in  the  position  Y  will  be  less  tlian  if  the  dis- 
tributions had  not  clianged.  (In  the  case  of  a  supposed 
diainagnetic  "  soft  substance,'^  it  will  bo  recollected  that  the 
repulsive  force  in  the  position  Y  was  greater  than  if  there 
had  been  no  change  in  the  magnetization.)  From  this  it  is 
easily  seen  that  electric  repulsion  is  in  accordance  with  the 
principles  of  thermodynamics. 

V.  Again,  if  we  assume  the  ])rinciple  of  the  conservation  of 
electricity,  wliieh  can  be  partially  obtained  as  a  theoretical 
deduction  from  the  principle  of  energy  and  Carnot's  princijjle, 
our  two  assumptions  enable  us  to  iind  expressions  for  the 
energy  and  entrojiy  of  an  electrified  system  at  rest  in  which 
the  distribution  of  electricity  is  in  equilibrium,  stable  or 
unstable.  Then  we  can  easily  find  the  condition  of  electric 
stability  on  an  insulated  homogeneous  conductor.  For  if  P,Q 
be  two  points  of  such  a  conductor,  our  expressions  show  that 
if  the  potential  have  a  higher  value  at  P  than  at  Q,  it  will  be 
possible  for  electricity  to  pass,  of  itself,  from  P  to  Q,  but  not 
from  Q  to  P.  Conversely,  if  the  potential  at  P  be  less  than 
at  Q,  electricity  will  be  able  to  pass,  of  itself,  from  Q  to  P, 
but  not  from  P  to  Q.  Suppose,  for  example,  that  the  potential 
at  P  is  greater  than  at  Q:  then  a  slight  shake  may  cause  a 
passage  of  electricity  from  P  to  Q,  and  this  will  diminish  the 
potential  at  P  and  increase  it  at  Q.  Thus  the  potential  tends 
to  become  uniform  throughout  the  conductor,  and  when  it  has 
become  uniform,  the  distribution  is  stable. 

VI.  Again,  our  expressions  for  the  energy  and  entropy  enable 
us  to  discuss  the  conditions  of  stability  of  two  conductors  A, 
B,  separately  homogeneous,  which  are  in  contact  with  each 
other,  and  isolated  from  all  other  bodies.  For  if  P  be  a 
point  in  the  body  A,  and  Q  a  point  in  the  body  B,  our  expres- 
sions show  that  if  the  potential  at  P  exceed  the  potential  at 
Q  by  more  than  a  certain  amount,  electricity  will  be  able,  of 
itself,  to  ])ass  from  P  to  Q,  but  not  from  Q  to  P;  and  con- 
versely. Thus  the  condition  of  stability  is  that  the  potential 
should  be  uniform  throughout  each  conductor,  and  that  the 
two  values  should  difi'er  according  to  a  certain  law;  all  which 
is  verified  by  experiment.  Again,  if  the  distributions  be 
indefinitely  near  stable,  and  we  suppose  a  small  charge  to 
pass  ironi  one  conditctor  to  the  other,  our  theory  indicates 
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that  it  will  be  necessary  to  impart  or  take  away  heat  to  keep 
the  temperature  of  the  junction  of  the  two  hodies  constant. 
In  other  words,  the  theory  gives  both  the  difference  of  poten- 
tial and  the  Peltier  etlfect. 

Now  it  is  important  to  remark  that  by  merely  assuming 
our  expressions  for  the  energy  and  entropy  to  hold  for  stable 
distributions  and  without  making  any  further  use  of  the  con- 
ception of  unstable  distributions,  we  can  easily  obtain  the 
very  same  expressions  for  the  difference  of  potential  and  the 
Peltier  effect  as  before. 

In  like  manner,  we  have  two  methods  of  discussing  the 
question  of  a  difference  of  potential  and  the  law  of  the  Thomson 
effect,  in  the  case  of  two  unequally  heated  portions  of  the  same 
substance  in  contact,  and  both  methods  give  the  same  results. 

VII.  Lastly,  we  have  two  ways  of  investigating  Helmholtz's 
theory  of  the  galvanic  battery,  and  both  lead  to  the  same 
conclusions.  This  theory,  it  is  true,  has  been  questioned; 
but  the  objections  appear  to  rest  on  misconceptions;  and, 
besides,  the  theory  does  not  seem  to  have  been  yet  suffi- 
ciently explained.  However,  I  do  not  propose  to  consider 
the  subject  any  further  at  present,  but  merely  wish  to  j)oint 
out  that  we  have  two  wavs  of  oettino-  the  same  result. 

I  have  now,  I  consider,  conclusively  shown  that  my  two 
assumptions  are  legitimate;  and  yet,  at  the  same  time,  I 
acknowledge  the  importance  of  l)r.  Lodge's  objection,  in 
requiring  us  to  examine  the  tacit  assumptions  which  lie  at 
the  root  of  all  theimodynamical  investigations  of  electricity 
and  magnetism. 

To  conclude  our  discussion  on  diamagnetism,  I  observe 
that,  so  far  as  I  am  aware,  no  one  has  ever  attempted  to 
advance  any  serious  theoretical  or  other  arguments  in  favour 
of  the  connnon  notion  of  diamagnetism.  The  theory  ap})ears 
to  have  owed  its  origin  to  the  want  of  a  theoretical  examina- 
tion of  the  subject,  and  to  have  been  maintained  from  an 
excusable  veneration  for  an  old  theory  and  a  belief  in  the 
infallibihty  of  the  older  scientists.  Yet  it  has  been  occasion- 
ally questioned  from  the  first.  Duhem,  in  his  book  on  dia- 
magi.etic  bodies,  mentions  Lecquerel  ami  Pliicker  as  having 
objected  to  the  theory.  Even  in  England  there  are  pei'sons 
who  have  never  accejjted  it,  and  Dr.  Lodge  liimself  seems  to 
be  aware  that  it  will  not  stand  examination;  for  in  his 
criticism  on  my  two  previous  papers  on  the  subject,  lie 
appears  to  rely  chieflv  on  the  strength  of  his  rhetoric,  and  on 
an  ap{)oal  to  the  name  of  Faraday. 

1  now  j)rocee(l  to  the  next  part  of  the  paper. 
[To  be  continued.] 
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XXVIII.  Alternate  Current  and  Potential  Difference  Ana- 
lofites  in  the  Methods  of  Measuring  Power.  By  Prof. 
W.  E.  Ayrton,  F.R.S.,  and  W.  E.  !Sumpner,  B.Sc.'^ 

I. 

IN  a  paper  read  bj  us  before  this  Society  on  March  Gth  it 
was  pointed  out  that  for  every  problem  involving  alter- 
nate P.Ds.  in  series  there  was  an  analogous  problem  involving 
alternate  currents  in  parallel.  This  general  proposition  tells 
us  that  we  can  transform  each  of  the  P.D.  equations  given, 
for  example,  in  our  paper  on  '^  The  Measurement  of  the  Power 
given  by  any  Electric  (Jurrent  to  any  Circuit,^'  read  before 
the  Royal  Society,  April  9th,  1891,  into  a  current  equation, 
and  so  transform  our  method  of  calculating  power  by  the 
measurement  of  three  P.Ds.  into  a  method  of  calculatin>>; 
power  by  the  measurement  of  three  currents. 

Fig-.  1. 


Such  a  transformation  of  our  equations  has  been  recently 
carried  out  by  Dr.  Fleming  in  the  '  Electrician,'  for  May  8th, 
and   the   method   he  arrives  at  as 
well  as  the  three-voltmeter  method 
of  which  it  is  an  analogue  are  seen  Fig.  2. 

in  figures  2  and  1.  If  Vj,  Y^,  V3 
be  ihQ  readings  of  the  voltmeters 
in  figure  1,  and  Ai,  A^,  A3  the 
readings  of  the  three  ammeters  in 
fioure  2,  and  r  the  resistance  of 
the  non-inductive  portion  of  the 
circuit  cd  in  each  case,  then  the 

mean  w\atts  given    to    ah   are  re-    *-- (^ 

spectively,  whatever  be  the  nature 
of  the  circuit  ah,  or  of  the  current 

^"^  ^  (As^-Ai^-A,^). 

*  Communicated  by  the  Physical  Society :  read  June  12, 1891. 
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The  three-ammeter  method  has  the  advantage  over  the 
three-voltmeter  method,  in  that  the  dynamo  need  not  give 
a  larger  P.D.  than  that  necessary  to  send  the  current  through 
ah\  it  is  inferior  to  the  three-voltmeter  method  in  that  while 
it  is  possible  to  measure  Y^,  A^g?  ''ii<^  ^"^3  I'apidly  in  succession 
by  using  only  one  voltmeter,  it  is,  of  course,  impossible  to 
use  only  one  ammeter  to  measure  Aj,  A2,  and  A3  without  con- 
stantly interrupting  the  circuit,  and  hence  it  would  be  neces- 
sary to  accurately  calibrate  three  instruments  if  this  current 
method  were  employed. 

But  the  main  objection  to  this  current  method  is  that,  as 
Dr.  Fleming  points  out,  it  does  not  possess  the  accuracy  of 
our  three-voltmeter  method  of  measuring  power.  For  in 
order  that  this  three-current  method  may  give  accurate 
results  it  is  necessary  to  assume,  to  quote  from  our  Koyal 
Society  paper,  "  the  entire  absence  of  self  and  mutual  induc- 
tion from  a  circuit  some  portion  of  which  is  necessarily  of  a 
solenoidal  form." 

It  is  possible,  however,  to  obtain  a  current  analogue  of  our 
three-voltmeter  method  which  shall  have  the  accuracy  of  the 
three-voltmeter  method  itself.  And  as  the  general  propo- 
sition given  in  our  previous  paper  tells  us  that  the  current 
analogues  of  P.D.  arrangements  in  serie-'<  are  current  arrange- 
ments m  parallel,  it  follows  that  with  this  other  method  also 
the  dynamo  will  not  be  required  to  produce  a  greater  P.D. 
than  that  necessary  to  send  the  current  through  the  circuit 
the  power  given  to  which  we  desire  to  measure. 

The  method  is  as  follows  : — In  parallel  with  the  circuit  ab 
(fig.  3)  the  power  given  to  which 
we  wish  to  measure  connect  a 
non-inductive  resistance  of  >• 
ohms  (in  circuit  with  which  no 
instrument  is  placed,  which  would 
necessarily  make  the  so-called 
non-inductive  branch  more  or 
less  inductive).  Let  A3,  Aj,  and 
V  be  tlie  reiidings  of  the  two 
ammeters  iind  the  voltmeter  placed 
as  sliown,  then,  fi'oni  the  equa- 
tions given  in  our  Royal  Society  pa])er,  it  follows  at  once 
that  the  me:in  watts  oiven  to  ab  are 


Fig.  3. 


^- 


^■{a3^-A^ 


2 


an 


It  i-  interesting  to  notice   tlint    if  ab   \\ere  the  priin;:ry  coil 
ol  a  ti  ansfornier,  it  would  !)(>  when  the  loud  on  the  seionilarv 
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was  sniii]],  tliat  is  wlien  the  current  passintr  tlirouoli  ah 
was  small,  that  it  would  be  most  difliciilt,  on  account  of  lag, 
to  measure  with  ordinary  methods  the  power  given  to  06. 
But  that  is  exactly  the  case  when  it  is  most  easy  to  use  our 
one-voltmeter  and  two-ammeter  method,  since  when  the 
dynamo  has  to  send  little  current  through  ah  there  is  little 
objection  to  requiring  it  to  send  a  current  through  cd  in 
parallel  with  ah. 

If  the  voltmeter  (fig.  3)  be  a  hot  wire  instrument,  then, 
since  an  appreciable  current  will  pass  through  tliis  voltmeter, 
r  must  be  taken  as  the  parallel  resistance  of  cd  and  of  the 
voltmeter.  It  is  important  to  observe,  however,  that  there 
is  no  necessity  to  know  either  of  these  resistances  separately, 
since  the  value  of  r  can  be  determined  when  the  three  instru- 
ments Aj,  A3,  and  V  are  relatively  calibrated  thus  : — First, 
break  the  circuits  of  cd  and  of  the  voltmeter,  and  compare 
the  deflexion  of  A3  with  Ai;  this  calibrates  ammeter  A3 
relatively  to  ammeter  A^,  the  calibration  of  which  we  will 
assume  to  be  correct ;  second,  close  the  circuits  of  cd  and  of 
the  voltmeter,  but  break  the  transformer  circuit  ah,  A3  is  now 
in  series  with  the  parallel  circuit  containing  cd  and  the  volt- 
meter. The  value  of  r  is  therefore  at  once  known,  since 
r  must  equal  the  volts  as  read  by  V  divided  by  the  amperes 
as  read  by  A3. 

II. 

As  an  illustration  of  the  general  proposition  to  which  we 
have  referred,  it  may  interest  the  Members  to  see  what  are 
the  other  analogies  that  we  have  traced  out  between  alternate 
P.Ds.  in  series  and  alternate  currents  in  parallel  in  connexion 
with  the  measurement  of  power. 


Mr.  Blakesley's  method,  communicated  to  this  Society  in 
February  of  this  year  *,  is  the  current  analogue  of  our  electro- 
meter method  of  1(S81.     For  with  the  electrometer  method 
(fig.  4)   we  make  two  measurements,  one  giving  us  the  mean 
*  rhil.  Mag.  April  1891,  p.  34G. 
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the  other  the  mean  value  of 
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^b    ^2>    ^'3   heing  the  instantaneous  values  of  the  potentials. 
Then  we  take  the  difference,  and  so  get  the  mean  value  of 

(fl  — r2)(r2  — Vg), 

which    is    equal    to    r    times    the    mean    watts  given    to    ah 
(fig.  4). 

AV^ith  Mr.  Blakesley's  method  two  measurements  are  made, 
one  with  a  split  dynamometer  (fig.  b)  giving  the  mean 
vahie  of 

and  the  other  with  an  ammeter 
frivin""  the  mean  value  of 


Fio.  5. 


=iS 


«!,  a2,  a^  being  the  instantaneous 
values  of  the  currents.  Then  the 
difference  is  taken,  and  so  the 
mean  value  of 

is   obtained,   and   this  is  equal   to   -    times  the  mean  watts 

r 

given  to  aJ)  (fig.  5). 

It  is  important  to  notice  that  as  no  instrument  is  inserted 
in  tlie  non-inductive  circuit  ah  (fig.  5),  this  method  of 
Mr.  Blakesley's  has  exactly  the  same  accuracy  as  the  electro- 
meter method. 

III. 

The  electrometer  measurements  may,  as  we  pointed  out 
some  years  ago,  be  varied  ;  and  by  nuiking  the  connexions 
as  seen  in  fig.  6,  we  can  obtain  from  the  two  readings  the 
mean  values  of 


and 


(-.-..)  (.■>-^) 

('•2-^3^. 
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then,  taking  the  difference,  we  get  the  mean  value  of 

which,  as  before,  is  equal  to  r  times  the  mean  watts  given 

to  ah. 

Fi-.  6. 


Mr.  Blakesley  has  also  pointed  out,  in  his  paper  published 
in  the  Phil.  Mag.  for  April  of  this  year,  that  the  current 
measurements  may  be  varied  and  the  apparatus  arranged  as 


seen  m  fig.  7.  The  two  mea- 
surements now  give  respectively 
the  mean  values  of 


and 

therefore  the  difference  gives  the 
mean  value  of 


Fig.  7. 


«3(«3  — "j); 


that  is,  the  mean  value  of 


«2«H 


which  is  equal  to  -  times  the  mean  watts  given  to  ah. 

While,  however,  our  second  method  of  using  the  electro- 
meter (fig.  6)  gives  the  answer  with  the  same  accuracy  as 
the  first  method  (fig.  4),  Mr.  Blakesley's  second  method  of 
joining  up  the  dynamometers  in  figure  7  introduces  self- 
induction  into  a  circuit  which  ought  to  be  entirely  non- 
inductive,  and  so  it  does  not  give  the  answer  with  the  same 
accuracy  as  his  first  method  (fig.  5). 

IV. 

The  modification  of  our  electrometer  method  suggested  to 
one  of  us  by  Mr.  L.  Atkinson,  while  he  was  a  pu})il  at  the 
Finsbury  Technical  College,  and   afterwards  carried  out  by 
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MM.  Blondlot  and  Curie,  of  making  an  electrometer  with 
two  needles  for  the  measurement  of  power,  is  the  exact 
analogue  of  the  wattmeter  method.  For  with  the  double- 
needle  electrometer  (fig.  8)  we  obtain  from  a  single  reading 


the  mean  value  of 


{t\-v.X%-Vz), 


which  is  equal  to  r  into  the  mean  watts  given  to  ah.  Similarly 
with  the  wattmeter  (fig.  9)  we  obtain  from  a  single  reading 
the  mean  value  of 

Fig.  9. 


which  is  proportional  to   —  into  the 

mean  watts  given  to  ah. 

While,  however,  the  double-needle 
electrometer  gives  us  the  answer 
with  [)erfect  accuracy,  the  watt- 
meter method  is  liable  to  inaccuracy 
from  the  circuit  cd  not  being  strictly 
non-inductive. 

Some  years  ago,  at  a  meeting  of  the  Institution  of 
Electrical  Engineers,  one  of  us  published  the  formula  for  the 
error  made  in  using  a  wattmeter  to  measure  the  power  given 
by  an  alternate  current  to  an  inductive  circuit.  Xot  wishing 
to  cumber  the  ])ages  of  scientific  periodicals  with  elementary 
mathematics,  it  was  thought  suflicient  merely  to  state  this 
fornnda  without  publishing  a  proof.  But  as  our  formula  has 
now  been  introduced  into  text-books,  and  as  the  appropria- 
tion thereof  by  the  writer  of  a  well-known  treatise  has 
led  him  to  supply  a  proof  of  it  involving  an  a])j)alling 
array  of  mathematical  equations,  \vc  venture  to  offer  a  proof 
wbichj  although  very  sim{)le,  is  perfectly  accurate.  We  are 
the  more  induced  to  do  this  because  we  find  that  this  forn)ula, 
and  its  proof  for  the  error  due  to  self-induction  in  the  sup- 
posed non-inductive  portion  of  the  circuit  cd,  upply  ecjually 
well  to  all  the  nine  metbods  of  measuring  power  inuslrated 
in  figures  1  to  9  of  tbis  jJajxM-. 

/'////.  Ma<i.  S.  5.  Vol.  o2.  No.  195.  Ammst  ]89I.        P 
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The  formula  employed  with  such  methods  for  giving  the 
mean  watts,  whether  it  involves  the  reading  of  one  instrument, 
as  in  the  case  of  the  wattmeter  (fig.  9),  or  of  two  instru- 
ments, as  with  the  methods  illustrated  in  figures  4,  5,  6,  7, 
and  8,  or  of  three  instruments,  as  with  the  methods  illustrated 
in  figures  1,  2,  and  3,  gives  with  perfect  accuracy  r  times  the 

mean  product  of  two  currents,  or    -    times  the  mean  product 

of  two  P.D.s.  Whether  this  mean  product  is  directly  pro- 
portional to  the  mean  watts  given  to  ab  depends  in  all  the 
nine  cases  on  the  following  consideration  : — 

The  mean  product  between  two  cun-ents  which  are  sine 
functions  of  the  time  is,  as  every  student  now  knows,  equal  to 
half  the  product  of  their  maximum  values  into  the  cosine  of  the 
phase  angle  between  them.  Therefore  if  the  angle  of  lag  be- 
tween the  current  in  ah  and  the  P.D.  between  its  terminals  be 
6,  and  the  angle  of  lag  between  the  current  in  cd  and  the 
P.D.  between  its  terminals  be  <^,  and  if  the  maximum  values 
of  the  currents  in  these  two  circuits  be  Aj'  and  A/  respec- 
tively, and  the  maximum  values  of  the  P.D.s  at  the  terminals 
of  these  circuits  be  V/  and  V/,  it  follows  that  the  formula 
used  to  measure  the  watts  in  the  cases  2,  3,  5,  7,  and  9 
gives 

A/Ao^cos(^-</)) 
r  --^  , 

and  in  the  cases  1,  4,  6,  and  8, 

y/y/  cos  (d-(f>) 

2r 

But  what  we  want  to  measure  is  the  mean  product  of  the 
current  in  a(>  into  the  P.D.  between  its  terminalsj  and  this 
product  equals 

A/y/  cos  0 
2 
But 

rA2'  =  y/cos<^; 

and  in  the  methods  illustrated  in  the  figures  2,  3,  5,  1,  and  9 

v/=y/, 

while  in  the  methods  illustrated  in  the  figures  1,  4,  6,  and  8 

Ao  =Ai'  ; 
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therefore  in  all  the  nine  cases 

Apparent  watts       cos  (6 — ^)  .  cos  <^ 


True  watts  cos  6 

1  +  tan  e  .  tan  </> 


(1) 


~       1  +  tan^  (^      ■   •      • 

The  circuit  cd  need  only  possess  a  self-induction  /,  even  if 
an  ammeter  or  dynamometer  form  part  of  it,  but  the  circuit 
ah  may  have  mutual  induction  and  capacity  as  well  as  self- 
induction.     If  therefore  we  write  expression  (1)  in  the  form 

"•^  (2) 


i-(?r 


as  we  did  in  1888,  where  p  equals  27r  times  the  frequency,  it 
must  be  remembered  that  while  I  and  r  are  the  true  values  of 
the  self-induction  and  resistance  of  cd,  L  and  R  are  only 
the  eff'ective  self-induction  and  resistance  of  ah.  Hence,  as 
Mr.  Blathy  suggested  in  the  '  Electrician  '  for  1888,  it  is 
better  to  leave  our  expression  for  the  ratio  of  the  apparent  to 
the  true  watts  in  the  general  form  as  given  in  (1)  rather  than 
to  put  it  in  the  derived  form  as  given  in  (2). 

<p  will  generally  be  positive  if  the  resistance  of  cd  is  small ; 
but,  if  cd  contains  a  doubly-wound  high  resistance-coil,  as  is 
generally  the  case  when  cd  is  the  fine-wire  circuit  of  a  watt- 
meter, then  it  is  quite  possible  to  make  </>  positive,  nought, 
or  negative.  6  may,  of  course,  be  also  positive,  nought,  or 
negative,  depending  on  whether  the  self  and  mutual  induction 
effects  preponderate  or  not  over  the  capacity  effect.  It  is 
therefore  possible  to  have  either  6  or  (^,  or  both,  positive  or 
negative. 

The  apparent  watts  will  therefore  be  : — 

too  large  if  6  and  <^  be  both  of  the  same  sign  and  0>(j)  ; 

,       .      11  T  /  (^-^  ^  and  (^  be!  )oth  of  the  same  sign  and  ^<^; 
\  (2)   6  or  (f)  b(i  of  different  signs  ; 

correct  if      I  ^^^  ^ '""^  (^  be  equal  ; 
(  (2)  (^  be  nought. 

Now  <f>  can  be  made  very  small  in  one  or  other  of  three 
ways  : — 

1.  Use  some  method  of  testing,  like  that  shown  in  figures 
1,  3,  4,  5,  (I,  and  8,  which  does  not  recpiiro  any 
me;isnrijig  instrument  to  be  })laced  in  the  non- 
inductive  circuit  cd. 

P2 
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2.  Use  a   ■wattmeter  (fig.  9),    and    make  the  capacity  of 

the  stationary  doubly-wound  resistance-coil  exactly 
balance  the  self-induction  of  the  suspended  and  the 
stationary  coils. 

3.  Make  the  resistance  of  the  fine-wire  circuit,  cd,  of  the 

wattmeter  small.  For  with  a  oiven  P.D.  between  the 
terminals  of  cd  the  same  deflexion  of  the  measuring 
instrument  can  be  obtained  for  different  values  of  the 
resistance  of.  cd  if  we  make  the  number  of  turns  in 
the  coil  or  coils  of  the  measuring  instrument  in  cd 
proportional  to  the  resistance  cd.  But  the  self- 
induction  of  the  coil  or  coils  is  proportional  to  the 
square  of    the   number  of  turns,   and   therefore  pro- 

°  pdrtional  to  the  square  of  r  for  a  given  deflexion  of 
the    measuring    instrument.       Hence    tan    ^   can  be 

.  made  as  small  as  we  like  for  a  given  value  of  'p  by 
making  the  resistance  of  cd  small. 

This  suggests  a  current  method  of  measuring  the  power 
given  to  any  circuit  which  is  no  more  wasteful  of  power  than 
the  methods  shown  in  figures  2,  3,  5,  and  7  ;  and  which, 
althouo'h  not  so  accurate  as  those  shown  in  fio-ures  3  and  5,  is 
as  accui'ate  as  those  shown  in  figures  2  and  7.  The  method 
is  simply  to  use  a  wattmeter  (fig.  9),  but  having  both  its 
coils  made  of  thick  wire,  or,  as  this  may  be  called  a  split 
dynamometer,  the  method  consists  in  using  a  split  dynamo- 
meter having  one  of  its  coils  in  the  circuit  ah  (the  power  given 
to  which  we  desire  to  measure)  and  the  other  coil  in  a  circuit 
cd  parallel  to  ah.  The  power  will  be  given  at  once  by  r 
times  the  reading  of  the  instrument  and  with  but  a  very 
small  error  if  r  be  small. 

V. 

Mr.  Rimington  has  suggested  a  method  of  measuring  the 
mean  value  of  the  product  (yi  —  v.2)(yi—vz)  (fig.  9)  by 
means  of  a  dynamometer,  each  of  whose  coils  is  in  circuit 
with  a  high  resistance,  joined  up  as  shown  in  figure  10. 


The  objection  to  this  method  is  as  follows: — By  making  the 
time-constants  of  each  of  the  circuits  of  the  dynamometer  a/r/, 
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dhg  equal  to  one  another,  we  can,  no  doubt,  make  the  differ- 
ence of  phase  in  the  two  currents  passing  through  the  dyna- 
mometer exactly  the  same  as  the  ditFerence  in  phase  between 
the  current  through  ah  and  the  P.D.  at  the  terminals  of 
ah;  but  we  cannot  make  the  currents  through  the  dyna- 
mometer coils  independent  of  the  rate  of  alternation.  Hence, 
if  this  instrument  be  employed  for  measuring  the  power 
given  to  ah  in  the  way  shown  in  figure  10,  it  must  be; 
calibrated  for  each  rate  of  alternation  of  the  current. 

But  although  this  defect  exists  in  the  employment  of 
Mr.  Kimington's  high-resistance  split  dynamometer  for  the 
measurement  of  power,  it  can  be  used  without  error  for 
measuring  the  phase-angle  between  tico  P.D.s  in  series  by 
a  method  analogous  to  that  employed  by  Mr.  Blakesley  for 
measuring  the  phase-difference  between  two  currents  in  parallel. 

Fig.    11    shows    Mr.   Blakesley^s    method  :    the    dynamo- 

Fi-.  11. 


^TT^fs. 


meters  1  and  2  give  respectively  the  mean  squares  of  the 
currents  in  the  two  circuits,  and  the  d^mamometer  3  the  mean 
l^roduct  of  the  two  currents  ;  and  from  the  three  readings  wo 
have,  as  is  now  well  known. 


'V 


(Square  of  reading  of  3 
Iteading  of  1  x  Keadiug  of  2' 


where  6  is  the  anole  of  laef. 


Y\s.  12. 


Now    let  fg    and  li  j  bo    two  circuits  in  series  ('fig.   12), 
and  let  it  be  required  to  find  the  angle  of  phase-difference  0 
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between  the  P.D.  at  the  terminals  o^  fg  and  the  P.D.  at  the 
terminals  of  hj.  Connect  up  the  high-resistance  dynamo- 
meter successively  as  shown,  and  let  d^,  do,  and  d^  be  the 
three  deflexions  obtained. 

Each  circuit  of  the  dynamometer  consists  of  a  coil  of  tine 
wire,  and  a  non-inductive  high  resistance  in  series  with  it. 
Let  r  be  the  total  resistance  of  each  circuit,  and  let  </>  be  the 
angle  of  lag  between  a  current  in  either  circuit  of  the  dyna- 
nometer  and  the  P.D.  at  its  terminals. 

Let  V/  and  YJ  be  the  maximum  values  of  the  P.D.  between 
/and  g,  and  between  h  and  J  respectively,  then 


d^oz 


do^ 


m 


cos- 


•p, 


^3^    2  (  —^  cos  <^  X  — -  cos  (j)  j  COS  0, 

V  \{^d^d; 


COS  6 


Figure  13  shows  the  way  in  which  the  Blondlot  and  Curie 
double-needle  electrometer  can  be  successively  connected  up 


so  as  to  obtain,  from  the  readings  d^,  d^,  d^,  the  angle  of 
phase-difference  between  the  P.D.  at  the  terminals  oi  f  g, 
and  the  P.D.  at  the  terminals  of  lij,  the  formula  being,  of 
course, 

COS^: 


V  d^Y.d: 


I   we  desire  to  measure  the  angle  of  lag  between  the  cur- 
rent in  any  circuit  ah  and  the  P.D.  between  its  terminals,  we 
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can  employ  either  the  three-voltmeter  method  (fig.  1)  or 
either  of  its  analogues,  viz.  the  three-ammeter  method  (fig.  2), 
or  the  one-voltmeter  and  two-ammeter  method  (fig.  3). 
The  forniulge  giving  the  cosine  of  the  lag  angle  for  the  three 
methods  are,  respectively, 

^^^^=-^-2v7vr^^ 

A    2 A    2 A    2 

'^-'=  'AW' 

cos  {7= ^ , 

2A,- 

T 

V,,  V2,  V3,  Aj,  Ag,  A3,  and  V  being  the  readings  of  the  instru- 
ments in  the  different  cases. 


XXIX.  A  Kinetic  Theory  of  Solids,  icith  an  Kxperimental 
Introduction.     By  William  Sutherland. 

[Continued  from  p.  43.] 

Young's  Modulus. 

1.  The  experimental  determinations  that  have  hitherto  been 
made  of  the  temperature  variations  of  Young's  Modulus  have 
been  made  for  the  most  part  by  the  static  method,  the  diffi- 
culties of  which  detract  from  its  trustworthiness;  for  example, 
Wertheim,  by  the  static  method,  found  the  Young's  Modulus 
of  iron  and  silver  to  increase  \vith  rising  temperature,  though 
we  now  know  that  it  diminishes.  Kuptier  (J/em.  de  VAcad. 
Impdr.  des  Sc.  de  St.  Pet.  G  ser.  t.  6)  devised  a  convenient 
modification  of  the  kinetic  method  (by  lateral  vibrations) 
which  lent  itself  well  to  the  measurement  of  the  temperature 
effect,  but  used  an  erroneous  formula  for  calculating  the 
modulus  from  his  measurements.  Zoppritz  (Pogg,  Ann. 
cxxviii.)  has  recalculated  with  a  correct  theory  the  right  values 
of  the  modulus  of  various  metals  at  ordinary  temperature 
from  Kupffer's  data.  I  recalculated  the  values  at  other  tem- 
peratures, but  found  the  tom|)erature  interval  of  about  oO°  C. 
too  small  to  give  trustworthy  results.  Accordingly  1  under- 
took a  series  of  measurements  by  Kupffer's  method. 

The  method  consists  in  causing  a  rod  of  the  metal  to  vil)rate 
laterally  with  one  end  clamped  and  the  other  free,  first  with  the 
free  end  vertically  above  the  clamped  one,  and  next  under  it. 
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The  rod  is  either  loaded  or  not  loaded  at  the  free  end  according 
to  convenience.  Kupffer's  error  came  in  in  the  method  in 
Avhich  he  tried  to  eliminate  the  influence  of  gravity.  Of 
course,  if  che  rods  were  made  to  vibrate  in  a  horizontal  instead 
of  a  vertical  plane,  gravity  would  have  no  appreciable  effect  if 
the  rods  were  stiff  enough  and  unloaded,  but  the  bending  effect 
of  a  load  must  needs  interfere  ;  and  in  the  case  of  lead  and 
tin  wires,  for  example,  even  when  unloaded,  it  is  impossible  to 
make  them  vibrate  in  a  horizontal  plane.  A  lead  wire  which 
will  collapse  at  once  if  held  horizontally  at  one  end,  will  stand 
vertically  if  clamped  at  the  bottom  and  execute  vibrations 
without  collapse  ;  and  even  at  temperatures  at  which,  when 
the  bottom  is  clamped,  vibrations  become  impossible  through 
instability,  it  is  always  possible,  with  the  top  clamped,  to  get 
stable  vibrations. 

Thus,  to  get  values  of  Young's  modulus  by  KupflPer's 
method  at  any  temperature  requires  only  a  correct  method  of 
allowing  for  the  action  of  gravity  in  affecting  the  period  of 
vibration. 

The  advantages  of  Kupffer's  method  are  several  :  it  can  be 
applied  to  convenient  sizes  of  material,  while  the  static  method, 
to  give  accurate  results,  necessitates  the  use  of  long  wires;  by 
loading  the  end  of  the  vibrating  piece  its  period  can  be  made 
such  as  is  easily  measured  without  special  recording-appli- 
ances, and  is  obtainable  by  a  mere  counting  of  vibrations  in 
a  measured  time.  If  desired,  the  method  could  easily  be  used 
for  determining  the  influence  of  stress  on  the  value  of  Young's 
modulus  ;  by  loading  the  free  end,  the  value  of  the  modulus 
could  be  found  under  stresses  right  up  to  the  breaking  load. 

Zoppritz  (Pogg.  Ann.  cxxviii.)  has  given  the  theory  of  the 
effect  of  gravity  on  unloaded  bars,  but  the  case  of  loaded  bars 
has  not,  so  far  as  I  am  aware,  been  solved  in  a  form  suitable 
for  practical  use ;  and  as  freedom  to  load  at  will  the  specimen 
under  experiment  is  one  of  the  best  points  about  the  method, 
it  will  be  as  well  to  give  first  the  theory  of  the  lateral  vibra- 
tion of  a  loaded  bar  under  gravity. 

A  slight  adaptation  of  a  method  of  calculation  given  by 
Rajdeigh  in  his  '  Theory  of  Sound,'  vol.  i.  chapter  8,  gives  a 
close  enough  solution  for  practical  purposes.  He  shows  that 
the  period  of  a  laterally-vibrating  bar  can  be  got  approxi- 
■mately  by  supposing  the  bar  bent  statically  by  a  deflecting 
force  applied  to  the  fi'ee  end  and  then  allowed  to  move,  so  that 
at  any  time  t  from  the  moment  of  release  the  deflexion  of  any 
point  on  the  bar  is  to  its  original  deflexion  in  the  ratio 
cos  27rnt  to  unity.  Then,  by  equating  the  maximum  value  of 
the  potential  energy  during  the  motion  to  the  maximum  value 
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of  the  kinetic  energy,  a  value  of  the  frequency  n  is  obtained, 
which  is  approximately  identical  with  that  given  by  the  com- 
plete theory  of  the  lateral  vibrations  of  a  bar.  Accordingly 
it  is  only  necessary  to  add  to  the  potential  energy  of  bending 
that  due  to  gravity  to  get  an  approximate  solution.  Suppose 
clamped  at  either  the  top  or  bottom  a  uniform  vertical  bar  of 
length  I,  density  p,  section  o-,  radius  of  gyration  of  section  k, 
mass  m,  loaded  with  mass  M,  which  has  its  centre  of  mass  at 
distance  V  from  the  clamped  end,  and  suppose  the  free  end 
deflected  with  force  F.  Now  the  tendency  of  the  weight  of 
M  is  to  increase  the  bending  effect  of  F  when  M  is  up,  and  to 
diminish  it  when  M  is  down  ;  but  for  small  displacements  this 
difference  in  the  effect  of  the  weight  of  M  in  the  two  cases 
can  be  neglected.  If  y  is  the  deflexion  of  the  point  at  dis- 
tance X  from  the  clamped  end^  then  the  form  of  the  rod  is 
given  by 

F 

where  B  =  ^Po-,  in  which  q  is  Young's  modulus. 

Then,  according  to  the  approximate  method,  the  form  at 
time  t  is 

?/  =  Trs  ^^^  ~  olx^)  cos  '2'iTnt. 
The  potential  energy  of  bending  is 

To  find  the  potential  energy  due  to  gravity  we  have  to 
determine  how  much  each  point  of  the  rod  is  vertically  dis- 
placed on  bending.  Let  ds  be  an  element  of  length  in  the 
bent  rod,  then 

ds  =  dx\^l  +  {<:lyldxf  =  dx\J \  +  Q^  {x^-1lxf 
=-dx\  1  +  2  (oT})  (a'"  — 2/.t')"  ^approximately; 

so  that  s  —  x^  the  required  vertical  displacement  of  the  element 
at  lenoth  s  alono"  the  rod, 


-^m^-^^^- 
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Let  X  be  the  mass  of  unit  lenoth,  then  the  gravitational 
potential  energy  of  the  whole  rod  is 

ml 

The  gravitational  potential  energy  due  to  the  vertical  dis- 
placement of  M  is  M;7(/'  — X),  where  X  is  the  x  coordinate  of 
the  point  originally  at  distance  I'  from  the  clamped  end. 


''--iQ^(r-"-T) 


/  F  \2  8    - 
-^  \2B)  10    ' 
Hence  the  gravitational  potential  energy  of  the  mass  M  is 

and  the  total  potential  energy  of  the  loaded  bent  rod  is 

the  two  signs  corresponding  to  the  two  cases  of  free  end  up 
or  down. 

For  the  kinetic  energy  Ave  have  T  =  -|  \  pcr{di//dtyd.r;  neg- 
lecting, as  is  usual,  the  effect  of  the  slight  rotatory  motion  of 
the  bar, 

T=  (^)'(2M/'M-  ^mZA47rV  sin227rn«. 
Hence  for  n,  the  number  of  vibrations  per  second,  we  get 

But  this  is  only  an  approximation ;  in  the  rigorous  theory 
when  M  =  0  the  fraction  33/70  is  replaced  by  (V1'8751*  (Ray- 
leigh,  vol.  i.  p.  234).  Let  us  so  replace  it,  and  we  have  an 
equation  that  goes  very  near  to  the  truth  in  all  cases,  namelj' 

r^^     ^    "  •' f  9m/^'V  •       ^^"^      1/3      rT»  .  9<7/WV   8MF\ 
(A)     A-rr-n-^  2M[j)  ^  ^^^.  j  I  =6B±-(_+  j^). 

When  M  =  0  we  have  the  case  of  the  bar  unloaded  but  af- 
fected by  its  own  weight,  then 
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This  is  the  case  treated  by  Zoppritz,  whose  solution  in  our 
symbols  is 

which  differs  only  slif^htly  from   ours  in  the  numerical  co- 
efficient of  the  small  term. 

Let  nj  712  be  the  numbers  of  vibrations  per  second  when  the 
bar  vibrates  with  the  loaded  end  up  and  down  respectively,  then 

(B)      {2M(^y  +  ^^,}/^47r^(n?  +  ^|)=:12B; 

and  the  effect  of  gravity  is  eliminated.    This,  then,  is  the  equa- 
tion to  use  with  Kupffer's  method. 
WhenM  =  0, 


but  B  =  ^Pcr, 


l^m       1 


If  the  bar  is  of  circular  section,  k^  =  r-j^  and  <j-=-'nr"  ;  and 
then 

O     /    2    I       ■>-,  ?^"^  Q     S/'    2    I   .,2\  "^ 

^  ^  ^  r*l-8751*  -' TrVr  1'8751* 

Equation  (B)  can  be  confirmed  by  Kupffer's  experiments. 
For  one  and  the  same  bar  the  left-hand  side  is  to  be  constant 
for  all  values  of  the  load.  For  a  steel  bar  49'66  inches  long 
and  weighing  1*5848  Russian  pounds,  we  have  the  following 
values  of  the  left-hand  side  for  the  following  values  of  M  : — 

M  in  Russian  pounds...       0  0-6852       1-0644       1-8173 

5-6G9       5-650         5-630        5-600 

Again,  for  a  piece  of  the  same  bar  40'08  inches  long  and 
weighing  1-2792  Russian  pounds,  we  have  the  values: — 

M...       0         0-6852       1-0644      1-8173      3-2970     4-0566 

10-63     10-60        10-58        10-52        10-45        10-39 

In  both  cases  the  number  which  ought  to  be  constant  shows 
a  slight  diminution  with  incr(>asing  load,  which  is  easily  ac- 
counted for,  and  the  approximation  to  constancy  is  close 
enough  to  warrant  the  use  of  the  formula  for  the  determina- 
tion of  Young's  modulus.     To  satisfy  myself  of  the  complete 
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applicability  of  the  formula,  I  made  copper  and  magnesium 
wires  vibrate  unloaded  both  in  the  two  vertical  ])ositions  and 
in  the  horizontal  ;  calling  n^  the  number  of  vibrations  per 
second  in  the  horizontal  position,  I  found  that  n\  +  n\  =  2nl,  as 
should  be,  to  a  high  degree  of  accuracy.  But  there  is  another 
check  which  can  always  be  applied  to  any  set  of  experiments. 
The  equation  (A)  shows  that 

SO  that  n~  —  nl  is  quite  independent  of  the  elastic  properties  of 
the  bar,  and  has  a  calculable  value.  It  is  therefore  a  check 
on  the  method  to  see  that  the  observed  value  of  ?Zj — ?/|  is  equal 
to  the  calculated.  In  the  experimental  values  about  to  be 
given  this  method  of  verification  will  be  applied,  and  it  will 
be  seen  that  in  any  case  where  it  is  possible  to  make  observa- 
tions with  only  one  vertical  position  of  the  bar,  the  equation 
(A)  can  be  safely  used  for  the  calculation  of  Young's 
modulus. 

Of  course,  where  the  Young^s  modulus  of  a  substance  varied 
appreciably  with  stress,  it  would  not  be  possible  to  eliminate 
the  action  of  gravity,  as  in  equations  (B)  and  (C),  but  equation 
(A)  could  be  used. 

Experiments. — The  vibrations  were  carried  out  in  the  same 
box  heated  in  the  same  manner  as  in  the  liigidity  experiments. 
The  rod  or  wire  that  was  to  vibrate  could  be  clamped  at  the 
middle  point  of  either  the  top  or  the  bottom  of  the  box,  and 
executed  its  vibrations  freely  inside.  To  secure  accuracy  in 
determining  the  period  of  the  swing  the  vibrations  had  to  be 
reinforced,  and  this  was  done  by  means  of  a  thread  passing 
horizontally  from  the  free  end  of  the  wire  to  the  outside  ; 
by  means  of  the  thread  a  slight  periodic  impulse  could  be  im- 
parted to  the  vibrating  wire  at  the  middle  of  a  swing  ;  a 
little  practice  enabled  one  to  attain  a  "high  degree  of  accuracy 
with  even  lead  and  tin  wires  in  determinino-  the  number  of 
vibrations  per  second.  Every  value  given  in  what  follows 
was  derived  from  several  hundreds  of  swings. 

In  all  cases  except  that  of  tin  wire,  the  wires  vibrated  un- 
loaded, and  accordingly  equation  (C)  applies. 

Lead. — Commercial  wire,  the  same  as  that  used  in  the 
Rigidity  experiments.     /  o8*l  cm.,  m  14'05  grm.,  p  11"4. 

v-x  denotes  the  number  of  vibrations  per  second  when  the 
free  end  is  down,  and  n2  when  up  ;  q  denotes  Young's 
modulus,  and  will  be  given  in  terms  of  grammes  weight  per 
sq.  cm. 
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Temp.  C 18°  65°  103° 

?ii 2-87  2-74  2-65 

?Z2 2-50  2-35.  2-17 

10"^    220  198 178 

nl-i^,  1-99  1-99.  2-31 

The  theoretical  value  of  Ji^—Wg  according  to  equation  (D) 
js  2'02,  so  that  the  formula  is  well  verified  in  this  case. 

Magnesium. — Fine  commercial  wire,  as  used  in  rigidity 
experiments.     I  43'9  cm.,  «i  '201  grm., p  1"74:. 

Temp.  C 17°  68°  104° 

ni 2-09  2-05  1'97 


772 1-62  1-57  1-54 

s 


10-%    352  335  314 


7i\-nl  1-75  1-74  1-51 

The  theoretical  value  of  7i\—n^^  is  1*75.  It  is  to  be  re- 
membered that  in  the  case  of  the  metals,  ?i^  —  ?i^,  which  measures 
the  effect  of  gravity  as  compared  with  that  of  elasticity,  is  very 
small,  and  that  on  account  of  experimental  errors  only  general 
agreement  in  magnitude  is  to  be  expected  between  the  ex- 
perimental and  theoretical  values  of  n^^  —  n^.  For  example,  the 
discrepant  experimental  number  1*51  just  given  illustrates  the 
amount  of  departure  that  may  occur. 

Zinc. — The  thin  rod  prepared  for  the  Rigidity  experiments. 
I  Qo'h  cm.,  m  31*3  grm., p  7*04. 

Temp.  C 16°  60°  103° 

7ii 3-53  3-40  3-21 

7*2 3-24  3-11  2-97 

10-^1    821  758  682 

7v[-nl  1-96  1-89  1-48 

The  theoretical  value  for  n\—n'i  is  1*21. 
Copper. — Swedish  wire  for  alloying  gold.     /  63*5,  m  22'4, 
p  8-95. 

Temp.  C 16°  102° 

n^     3-11  2-98 

ns     2-92  2-79 

10-«7   1378  12G0 

u\-nl 1-14  1-10              Theory  1-21. 
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Aluminium. — Fine  commerciiil  wire.    1 56*5^  m  '453,  p  2'5G. 

Temp.  C 18°  102° 

ni     1-G05  1-559 

??2     1-142  1-090 

lO-^q  662  616 

nl-nl  1-28  1-24  Theory  1-36. 

Aluminium  (iinannealed). — Fine  commercial  wire.  /  G2-5, 
m  -5,  p  2*56. 

Temp.  C 18°  63°  104° 

Wj    1-335  1-319  1-295  ... 

?72    0-762  0-740  0-722 

l{)-\j 602  584           561 

n\-nl 1-20  1-19  1-16         Theory  1-23. 

Iron  (specimen  I.). — Commercial  tough  wire.  I  66-7, 
m  4-04,  p  7-55. 

Temp.C 18°  67°  103° 

n^    1-830  1-811  1-804 

na    1-412  1-395  1-383 

10-6^ 2029  1984  1960 

n\-nl 1-35  1-33  1-34         Theory  1-15. 

Iron  (specimen  II.). — Commercial  wire  (soft).  I  67*2, 
m  9-88,  p  7-55. 

Temp.C 18°  (^C>''  102° 

«i    2-662  2-636  2-608 

??2    2-400  2-370  2-350    ■ 

10-^q 2071  2024  1983    

n\-nl 1-33  1-33  1-28         Theory  1-14. 

Tin. — A  cast  rod  was  hammered  out  to  three  times  its 
length.  To  make  the  period  conveniently  measurable  with  a 
watch  it  was  necessary  to  load  this  rod  at  the  end.  The 
length  of  the  rod  w-as  40-1  centim.,  and  the  distance  of  the 
centre  of  mass  of  the  load  from  the  clamped  end  /'  41-2,  the 
mass  of  the  rod  m  16-2,  and  the  mass  of  the  load  M  15-95, 
p7-29. 

Temp.C 16°  ^Q"  104° 

77i    2-72  2-49  2-33 

V2    2-34  2-12  2-00 

lO-^q 513  425  374 

7?2-n2 1-92  1-71  1-43         Theory  1-73. 
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In  the  case  of  tin  and  lead  I  made  experiments  on  a  larger 
scale  on  the  same  pieces  of  pipe  as  were  used  in  the  Rigidity 
experiments.  For  a  pipe  of  external  radius  ?'2  and  internal  Vi 
Young's  modulus  is  given  by  the  formula 

^~1-«751*(;'2-  +  >V')* 

With  the  tin  pipe  of  length  119'6  centim.  and  at  a  tempe- 
rature of  18°,  tii  =  'd'8'2,  ??2  =  3*73,  whence  10~^^^  =  42l  and 
Wi^— n2^  =  '68,  while  according  to  theory  ?2i^  — ??2^=*6-4. 

With  the  lead  pipe  of  length  121-9  and  at  temperature  23° 
ni  =  2-53,  ?i2  =  2-40,  whence  10-*'^y  =  lGl-7  and  ni^  —  n2^  =  '(i4:l, 
while  the  theoretical  value  of  n^  —  n^^  is  "635. 

2.  Compilation,  of  Data. — As  regards  the  variation  of 
Young's  modulus  with  temperature,  KupfFer's  vibrational 
method  is  so  superior  in  accuracy  to  the  static  method,  that 
even  rough  experiments  like  my  own  by  Kupffer's  method 
give  far  more  trustworthy  results  than  even  the  most 
careful  and  refined  measurements  yet  made  by  the  static 
.method.  Kupffer's  own  temperature-range  was  too  small  to 
give  weight  to  his  measurement ;  and  as  I  know  of  no  other 
measurements  by  his  method,  I  must  regard  the  data  just 
given  as  the  most  trustworthy  yet  published.  It  is  therefore 
hardly  worth  while  quoting  other  results  except  those  of 
Kiewiet,  who  (Wied.  Ann.  xxix.)  applied  a  much  more  sensi- 
tive static  method  than  the  usual  one,  namely,  the  method  of 
bending  to  zinc,  tin,  and  copper.  Kiewiet's  values,  in  the 
case  of  tin,  for  the  ratio  of  q  at  60°  and  104°  to  q  at  16°  are 
•82  and  "67,  while  mine  are  '83  and  '73  ;  in  the  case  of  zinc 
at  60°  and  103°  and  16°  the  ratios  found  by  Kiewiet  are  -92 
and  "87,  while  my  values  are  "92  and  "83.  At  102°  and  16° 
Kiewiet  finds  for  rolled  copper  the  ratio  "967,  and  for  electro- 
lytic copper  •934,  while  my  number  is  "914. 

Except  for  copper  the  agreement  of  the  two  methods  is 
good,  all  things  considered. 

In  the  following  compilation  as  to  the  absolute  values  of 
Young's  modulus  at  ordinary  temperatures,  these  are  the 
sources  : — Wertheim,  Ann.  de  CIi.  et  de  Ph.  3  ser.  t.  xii.  ; 
Z(")j)pritz's  recalculation  of  KupfFer's  data,  Pogg.  Ann.  cxxviii.; 
Kuptfer,  Cosmos,  1860  ;  Pisati,  Wied.  Beild.  i.  ;  Tomlinson, 
Phil.  Trans.  1883,  and  Proc.  Hoy.  Soc.  xlii.  &  xliii.  ;  JMac- 
farlane,  Encyc.  Brit.,  article  Elasticity  ;  Miller,  Wied.  Beibl. 
xi.  ;  Katzenelsohn,  Wied.  Beibl.  xii.  ;  Kiewiet,  Wied.  Ann. 
xxix.  ;  Mercadier,  Compt.  Rend,  cviii.;  Amagat,  Compt.  Rend. 
cviii.  ;  Cantone,  Wied.  Beibl.  xiv. 

When  a  s[iecini(!n  is  known  to  have  been  unannealed  it  is 
marked  (/^). 
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Table  VI. 

Values  of  10-^  times  Young's  Modulus  at  Ordinary 
Temperatures. 


Metal. 

10-6^. 

Authority. 

Metal. 

10-6j. 

Authority. 

Copper  

1254 

Wertheim. 

Alum  in  i  u  in 

717 

673 

Kupffer. 

Tomlinson. 

1183 

Wertheim, 

1052 

Wertheim. 

705 

Mercadier. 

1160 

Tomliuson. 

754 

Katzenelsohn. 

1218 

Tomlinson. 

662 

Sutherland. 

1143 
1283 

Tomlinson. 

KupfFer    & 

Zoppritz. 

(u)  

602 
442 
370 

Sutherland. 

Wertheim. 

Wertheim. 

V    /    

Tin 

1231 

Mercadier. 

507 

Kupffer. 

1231 

Amagat. 

277 

Tomlinson. 

(rolled)  ..;... 

1224 

Kiewiet. 

450 

Kiewiet. 

(electro) 

1225 

Kiewiet. 

(hammered).. 

513 

Sutherland. 

1300 
1150 
1200 

Miller. 

Macfarlane. 

Macfarlane. 

(ninel 

421 
215 
185 

Sutherland. 

Wertheim. 

Wertheim. 

\v  ir  J 

Lead  

hi)  

1323 

Tomlinson. 

173 

W  ertheim. 

\   /  

1316 

Tomlinson. 

167 

Tomlinson. 

Silver 

724 

753 

Wertheim. 
Wertheim. 

255 
149 

Miller. 
Amagat. 

714 

Wertheim. 

220 

SutJierland. 

777 
742 

Kupffer   & 

Zoppritz. 

Tomlinson. 

(pipe) 

161-7 
1992 
1941 

Sutherland. 

Wertheim. 

Wertheim. 

Iron    

799 

Mercadier. 

2079 

Wertheim. 

73(> 

Miller. 

1861 

Wertheim. 

(alloy)    

701 

Katzenelsohn. 

2006 

Kupffer. 

(i(\ 

836 

Tomlinson. 

2103 

Kupffer. 
Tomlinson. 

\      / 

(M)  

829 

Tomlinson. 

1981 

Gold  

637 
599 

Wertheim. 
Wertheim. 

1881 
1902 

Miller. 
Katzenelsohn. 

558 

Wertheim. 

2144 

Pisati. 

741 

Kupffer   & 

2029 

Sutherland. 

Zoppritz. 

2071 

Sutherland. 

(aUoy)    

834 

980 

Mercadier. 
Katzenelsohn. 

Nickel    

2175 
2310 

Tomlinson. 
Cantone. 

in)  

860 
864 
813 
431 

Wertheim. 
Wertheim. 
Wertheim. 
Tomlinson. 

Cobalt    

2248 

1817 

1128 

979 

Cantono. 
Tomlinson. 
Wertheim. 
Wertheim. 

V      /     •••••••■• 

(u\ 

V    / 

(u)  

Palladium 

v    /  

Magnesium    . . . 

352 

Sutherland. 

Platinum    

1556 

Wertheim. 

Ziuc    

929 
964 

Wertheim. 
Wertheim. 

1568 
15.52 

Wertheim. 
Wertheim. 

967 

Kupffer  & 

1437 

Wertheim. 

Zoppritz. 

1770 

Kupffer. 

1031 

Kiewiet. 

1490 

Tomlinson. 

1055 

Miller. 

1719 

Katzenelsohn. 

821 

Sutherland. 

1967 

Miller.  _ 

(v)  

767 
424 

Tomlinson. 
Wertheim. 

(m)  

1491 
1623 

Mercadier. 
Tomlinson. 

\  /  

Cadmium  

531 

Wertheim. 

(u)  

1622 

Tomlinson. 

\     /     
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These    give    lis    the    following   mean   values   of    Young's 
modulus  at  15°  C.  : — 

Table  VII. 
J0-«  times  Young's  Modulus  at  15°  0. 


Cu. 

Ag. 

Au. 

Mg. 

Zn. 

Od. 

Al. 

1220 

740 

760 

390 

930 

480 

(>80 

Su. 

Pb. 

Fe. 

Ni. 

Co. 

Pd. 

pt. 

420 

190 

2000 

2240 

1820 

1050 

1(500 

In  most  cases  these  values  must  be  close  to  the  truth. 

3.  Law  of  Variation  of  Young's  Moduhis  with  Temperature. 
— By  the  light  of  the  result  for  rigidity  this  law  is  easily 
found  ;  temperature  must  only  occur  in  the  ratio  6[T,  where 
T  is  the  melting-point ;  and  as  a  general  survey  of  the  values 
of  Young's  modulus  for  different  metals  at  different  tempera- 
tures shows  that  the  modulus  within  our  experimental  range 
is  a  linear  function  of  the  temperature,  it  was  easy  to  test 
whether  the  empirical  equation  5r/Q=l— a^/T  would  apply  to 
all  the  metals,  Q  being  the  rigidity  at  absolute  zero,  and  a  a 
constant  the  same  for  all  metals.  The  result  was  to  find  that 
y/Q  =  l— •823^/T  represents  with  considerable  accuracy  all  the 
foregoing  experimental  results.  But  it  is  important  to  notice 
that  this  can  only  rank  as  an  approximate  empirical  relation 
covering  the  range  of  temperature  of  my  experiments,  and 
cannot  rank  as  a  natural  law  in  the  same  way  as  the  rigidity 
relation  njl^=l—  {d/Ty,  because  it  does  not  cover  the  range 
of  temperature  right  down  to  the  melting-point ;  the  relation 
gives  a  finite  value  for  Young's  modulus  at  the  melting-point, 
whereas  it  ou";ht  to  iJ,ive  a  zero  value.  The  relation  then  does 
not  give  the  general  law  sought,  and  is  only  mentioned  here 
on  account  of  its  simplicity  and  the  facilities  it  gives  for 
getting  approximate  values  of  Q,  the  Young's  modulus  at 
absolute  zero. 

As  a  theoretical  relation  between  Young's  modulus  and 
temperature  will  be  investigated  in  the  theoretical  part  of  this 
paper,  and  the  values  of  Young's  modulus  at  absolute  zero 
will  be  given  there,  there  is  no  need  to  consider  any  farther 
the  empirical  relation. 

[To  be  continued.] 
Phil.  Mug.  S.  5.  Vol.  32.  No.  195.  Avfjnst  1891.      Q 
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XXX.  Notices  respecting  New  Books. 

The  Structure  of  a  Portion  of  the  Sierra  Nevada  of  California.  By 
GrEOKGE  F.  Beckee.  BuUet.  Geol.  Soc.  of  America,  vol.  ii.  1891. 
T^ROil  the  South  Fork  of  the  Stauilaus  Eiver  to  the  Trueknee,  a 
-*-  distance  of  about  eighty  miles,  and  for  some  thirty  miles  to  the 
west  of  the  eastern  scarp  of  the  range,  Dr.  Becker  found  the  rocks 
to  be  chiefly  granite  and  diorite  overlain  in  part  by  audesite  and 
basalt ;  and  the  area  to  have  been  glaciated  up  to  the  summits  of 
the  passes.  The  rocks  are  intersected  by  extremely  numerous 
fissures, — vertical,  diagonal,  and  horizontal ;  the  last  giving  a 
terraced  aspect  to  the  granite,  and  the  two  former  rendering  it 
columnar.  The  fissures  are  more  or  less  susceptible  of  being 
grouped  as  systems ;  and  are  found  to  be  true  fault-planes,  with 
dislocations,  slickensides,  and  slaty  shearing.  These  multitudinous 
faultiugs  are  referred  to  a  late  Tertiary  period,  in  part  contem- 
porary with  the  andesitic  eruptions. 

An  inductive  examination  of  dislocating  forces  treats  of  the 
physical  characters  of  these  faults  and  fissures  in  detail,  both  as  to 
horizontal  and  vertical  movements.  The  author  shows  "  that  the 
existence  of  the  vertical  fissure  systems  attended  by  evidences 
of  compression  leads  inevitably  to  the  theory  of  a  horizontal 
thrust,  which  is  further  confirmed  by  the  occurrence  of  relatively 
rare  fissures  dipping  at  angles  of  45^."  So  also  as  to  "  the  fissure 
systems  formed  by  the  vertical  thrust,  .  .  .  the  horizontal  partings 
could  be  produced  without  raising  the  sheets  of  granite,  while  the 
vertical  Assuring  and  faulting  by  the  vertical  thrust  component 
involved  either  the  raising  of  a  sheet  against  gravity,  or  a  downward 
movement  into  the  underlying  mass.  AVlien  the  vertical  fissures 
and  the  horizontal  fissures  were  once  formed,  the  stress  still  present 
^^•ould  be  relieved  rather  by  relative  motion  on  these  fissures  than 
by  the  establishment  of  new  ones." 

The  hypothesis  of  the  tilting  of  the  range,  to  account  for  the 
deep  erosion  of  the  river-beds,  is  not  supported  by  Dr.  Becker's 
observations.  He  considers  that  the  fissure-systems  broke  up  the 
area  in  such  a  manner  that  glaciers,  which  are  really  unequal  to 
the  excavation  of  valleys  tliemselves,  cleared  away  the  movable 
debris  from  the  surface,  giving  the  country  its  peculiar  physical 
features  of  cauous,  out  of  shattered  zones,  and  domes  from  isolated 
prismatic  masses  of  rock.  ■  . -• 

Antiquities  from    under  Tuolumne  Table  Mountain  in   California. 

By  George  F.  Becker.     Bullet.  Geol.  Soc.  of  America,  vol.  ii. 

1891. 
The  occurrence  of  human  bones  and  of  grinding  implements  in  the 
aui'iferous  gravel  under  the  lava  at  the  foot  of  Table  Mountain  in 
California  has  been  doubted,  but  Dr.  Becker  supports  Prof.  Whit- 
ney's announcement  of  these  discoveries  by  further  and  independent 
evidence  of  the  facts.     Plant -remains,  like  those  of  Tertiary  age, 
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with  bones  of  extinct  Mammalia,  for  instance  Rhinoceros  hesperius 
and  Mastodon  americanus,  have  been  met  with  in  this  gravel. 
Flows  of  lava  covered  it ;  and  the  glaciation  of  the  Sierra  followed, 
leaving  in  ridges  the  lava-tlows  that  had  covered  these  old  valley- 
gravels,  and  making  new  valleys  out  of  the  intermediate  rock- 
margins  of  those  gorges.  Plate  7  represents  the  pestle  and  one 
of  the  two  mortars  found,  with  stone  spear-heads,  by  Mr.  Neale 
in  1870;  and  a  woodcut  shows  a  broken  pestle  found  by  Mr.  Cla- 
rence King  in  1869. 

Dr.  Becker  gives  some  remarks  on  the  correlation  of  the  lavas 
and  gravels  with  the  eastern  deposits ;  and  proceeds  to  explain 
that  the  great  valley  of  California  was  formerly  a  Pleistocene  gulf, 
and  the  Pliocene  animals  may  reasonably  be  supposed  to  have  sur- 
vived in  the  locality  to  a  late  period ;  also  that  a  local  glaciation, 
due  to  peculiar  climatal  conditions,  may  have  occurred  here  after 
the  more  general  Glacial  Epoch. 

At  the  reading  of  Dr.  Becker's  paper  the  Rev.  Gr.  F.  Wright 
gave  some  further  information  on  the  subject,  to  the  effect  that 
another  mortar  had  been  found  in  the  same  gravel  in  1887. 

Notes  on  the  Earhj  Oretaceous  of  California  and  Oregon.    Bij  George 
F.  Becker.     Bullet.  Geol.  Soc.  of  America,  vol.  ii.  1891. 

The  definition  of  this  group  and  its  fauna  is  detailed,  showing  that 
the  one  group  of  strata  in  the  Coast  Banges  of  Cahfornia,  called 
the  Knoxville  group,  and  the  other  near  Horsetown  in  Shasta 
County,  are  probably  equivalent  to  the  Gault.  In  the  Sierra 
Nevada  these  strata  are  intersected  by  numerous  auriferous  quartz 
veins ;  in  the  Coast  Banges  they  are  extensively  metamorphosed 
and  yield  quicksilver. 

The  same  group  is  represented  at  Riddles,  Douglas  County, 
Oregon,  and  in  Queen-Charlotte  Islands.  One  of  the  leading 
fossils  is  the  Aucclla,  characterizing  strata  of  approximately  the 
same  age  also  in  Alaska  and  British  Columbia,  and,  according  to 
Dr.  G.  M.  Dawson,  even  as  far  north  as  Porcupine  River  within 
the  Arctic  Circle.  Mr.  J.  S.  Diller  added  the  information  that 
both  the  Knoxville  and  the  ilorsetown  beds  are  well  exposed  in 
Tehama  County,  between  the  localities  of  California  and  Oregon 
referred  to  by  Dr.  Becker. 

The  Horsetown  beds  lie  unconformably  on  nearly  vertical  slates, 
and  the  disturbance  thus  indicated  was  probably  Post-Triassic  ;  for 
in  the  Mineral- King  district,  about  two  miles  from  the  summit  of 
the  western  branch  of  the  Sierra,  vertical  slates  associated  with 
eruptive  granite  contain  casts  of  shells  indicative  of  a  Triassic 
fauna.  The  author  adds — "  The  main  mass  of  the  granite  of  the 
Sierra  is  earlier  than  the  Aucella-hcds,  and  in  part,  at  least,  later 
than  these  Triassic  beds.  It  is  very  probable  that  a  granitic  extru- 
sion accompanied  the  disturbance  whicli  led  to  the  nonconformity 
at  Ilorsetown.  In  British  Columbia  Dr.  Dawson  has  traced  a 
Post-Triassic  upheaval,  which  was  accompanied  by  granites.     This 
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seems  to  add  one  more  to  the  many  indications  that  the  Pacific 
coast  throughout  North  America,  if  not  throughout  the  two 
Americas,  has  had  a  very  similar  history." 

The  Pliotochronograpli  and  its  Application  to  Star-Transits.  By 
J.  G.  Hagex,  S,J.  (Stormont  &  Jackson,  Printers,  Washington, 
D.C.:  1891.) 
This  is  a  pamphlet  of  86  pages  and  2  plates  describing  experi- 
ments and  results  in  photographing  star-transits  at  the  Georgetown 
College  Observatory.  The  work  had  its  origin  in  a  visit  made  by 
Prof.  r.  Bigelow  and  Mr.  G.  SaegmiiJler  to  the  Observatory  named 
in  the  summer  of  18$9,  and  it  is  confidently  stated  that  "this 
method  of  letting  the  sensitive  plate  take  the  place  of  the  eye  and 
the  chronograph  seems  to  have  a  great  future."  It  is  claimed  that 
the  entire  absence  of  personal  equation  in  the  results,  and  the  fact 
that  the  probable  errors  are  smaller  than  in  the  usual  plan,  give  to 
the  photographic  method  a  practical  importance  and  superiority 
which  cannot  fail  to  be  recognized.  "A  photographic  transit  is,  on 
the  whole,  more  laborious  than  one  taken  by  the  chronograph,  yet 
it  certainly  makes  it  possible  for  us  to  eliminate  the  personal  equa- 
tion in  all  cases  where  such  elimination  must  be  purchased  at  any 
cost.  As  an  example  we  need  only  mention  loncfitude  determina- 
tions. The  usual  exchange  of  the  observers,  so  expensive  in  time 
and  money,  is,  by  the  photographic  method,  rendered  unnecessary 
and  even  useless.  Jf  the  photochronographs  at  the  two  stations 
are  worked  by  the  same  clock  at  either  station,  or  at  an  intermediate 
one,  the  sensitive  plates  will  record  the  difference  of  the  two  meri- 
dians without  the  interference  of  the  observers."  The  experiments 
are  to  be  continued,  the  peculiar  errors  of  the  method  are  to  be 
studied,  and  it  is  proposed  to  test  its  efficiency  in  regular  zone 
work. 

XXXI.  Proceedings  of  Learned  Societies, 

GEOLOGICAL  SOCIETY. 

[Continued  from  p.  141.] 

June  24, 1891.— Sir  Archibald  Geikie,  D.Sc.,LL.T).,F.R.S.,  President, 
in  the  Chair. 

THE  following  communications  were  read  : — 
1.  "  On  Wells  in  West-Suffolk  Boulder-clay."      By  the  Eev. 
Edwin  HHl,  M.A.,  F.G.S. 

It  might  be  supposed  that  in  a  Boulder-clay  district  water  could 
only  be  obtained  from  above  or  from  below  the  clay.  But  in  the 
writer's  neighbourhood  the  depths  of  the  wells  are  extremely 
different,  even  within  very  short  distances ;  and  since  the  clay 
itself  is  impervious  to  water,  he  concludes  that  it  must  include 
within  its  mass  pervious  beds  or  seams  of  some  different  material 
which  communicate  with  the  surface.  It  would  follow  that  this 
Boulder-clay  is  not  a  uniform  or  a  homogeneous  mass. 
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The  visible  sections  are  oul}-  those  given,  at  hand  by  ditches,  and 
at  a  considerable  distance  north  and  south  by  pits  at  Eury  St. 
Edmunds  and  Sudbury.  The  appearances  in  these  harmonize  with 
that  conclusion.  Conclusion  and  appearances  differ  from  what  we 
should  expect  on  the  theory  that  this  Boulder-clay  was  the  product 
of  the  attrition  between  an  ice-sheet  and  its  bed. 

2.  "  On  the  Melaphvres  of  Curadoc,  with  Notes  on  the  Associated 
Felsites."     By  Frank  Kutley,  Esq.,  E.G.S. 

Within  very  limited  areas  the  melaphyres  of  Caradoc  differ  con- 
siderably in  texture  and  in  structure,  some  having  once  been 
basalt-glass  or  andesite-glass  (such  being  the  superficial  portions  of 
a  lava-stream) ;  others  have  possessed  a  certain  amount  of  inter- 
stitial glass,  which  has  subsequently  been  rendered  more  or  less 
opaque  by  the  development  of  magnetite,  while  at  times  it  appears 
to  have  been  converted  into  a  palagonitic  substance.  In  some 
of  the  rocks  the  crystalline  texture  is  very  fine,  in  others  com- 
paratively coarse.  Near  the  summit  of  Caradoc  is  a  basalt-tuff  or 
andesite-tuff. 

The  melaphyre  or  dolerite  of  Little  Caradoc  differs  from  the  lavas 
in  that  the  augite  remains  fresh  and  the  felspars  are  altered,  while 
in  the  lavas  of  Caradoc  proper  the  pyroxenic  constituent  is  decom- 
posed and  the  felspars  remain  as  a  rule  unaltered. 

Whether  the  melaphyre  of  Little  Caradoc  may  be  regarded  as  a 
neck  from  which  the  lavas  lying  to  the  south-west  of  it  emanated, 
is  a  point  which  can  only  be  demonstrated  by  further  field-work. 

The  author  considers  that  further  investigation  may  prove  beyond 
dispute  that  the  associated  felsites  are  rhyolites  of  which  the  original 
structures  have  as  a  rule  been  almost  entirely  obliterated.  In  an 
appendix  further  evidence  is  adduced  in  favour  of  the  original  rhvo- 
litic  nature  of  these  felsites,  and  a  fragraental  rock  from  Bowdler's 
Chair  is  described  as  unquestionably  a  rhyolite-tuff. 

3.  "  Notes  on  the  Geology  of  the  Tonga  Islands."  By  J.  J. 
Lister,  Esq.,  M.A. 

The  islands  of  the  Tonga  group  are  situated  on  a  long  ridge  which 
rises  from  deep  water  on  either  side  to  within  a  thousand  fathoms  of 
the  surface  of  the  sea.  The  general  direction  of  the  ridge  is  N.N.E. 
and  S.S.W. 

(^1)  A  line  of  volcanoes,  some  active,  some  extinct,  traverses  the 
group.  Continued  southward,  the  direction  of  the  Hue  passes  through 
the  volcanoes  of  the  Kermadec  group,  and  those  of  the  Taupo  zone  of 
New  Zealand ;  while  to  the  north  it  cuts  the  line  of  the  Samoan 
volcanoes  at  right  angles. 

(2)  Besides  the  purely  volcanic  islands  there  are  some  formed  by 
submarine  eruptions,  whose  layers  have  been  laid  out  under  water 
and  since  elevated,  with  or  without  a  covering  of  limestone. 

(3)  The  remaining  islands  are  formed  entirely  of  limestone. 
Eua  is  an  example  of  the  second  group.     The  volcanic  basis  con- 
sists for  the  most  part  of  beds  laid  out  beneath  the  sea,  and  some  of 
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the  upper  ones  contain  pelagic  shells.  Dykes  of  augite  and  hyper- 
thene-andesite  project  on  the  shore,  and  a  representative  of  the 
plutonic  series  occurs.  There  is  evidence  that  the  island  has  been 
elevated  and  again  submerged  prior  to  the  elevation  which  has  raised 
it  to  the  present  height.  The  volcanic  basis  is  largely  invested  with 
limestone,  and  this  rock  forms  the  summit  1078  feet  above  sea-level. 
Sections  show  that  it  is  a  shallow-water  deposit. 

Of  the  purely  limestone  structures,  Tongatabu,  Nomuka,  and  the 
long  reef  on  which  the  larger  islands  of  the  Hapaii  group  are 
situated  form  more  or  less  complete  atolls,  all  of  which  have  been 
elevated  to  a  greater  or  less  extent. 

The  Vavuu  group  is  remarkable  for  its  very  indented  contour, 
suggesting  the  idea  that  it  rests  on  a  much  denuded  basis.  Both 
here  and  at  Eua  there  are  raised  limestone  formations  with  atoll  or 
barrier-like  contours  ;  and  there  is  some  direct  evidence  to  show 
that  these  have  been  formed  without  the  aid  of  subsidence. 

The  presence  of  islands  formed  of  volcanic  materials  laid  out  in 
layers  beneath  the  sea,  and  the  manner  in  which  the  recently  formed 
Falcon  Island  is  now  being  reduced  to  the  condition  of  a  submarine 
bank,  suggest  that  the  atolls  of  the  group  may  rest  on  similarly 
formed  foundations. 

4.  "  On  the  Inverness  Earthquakes  of  November  15th  to  De- 
cember 14th,  1890."     By  C.  Davison,  Esq.,  M.A. 

In  this  paper  the  author  gives  reasons  for  supposing  that  the 
Inverness  earthquakes  of  last  year  were  due  to  the  subsidence  of  a 
great  wedge  of  rock  included  between  a  main  fault  and  a  branch 
one ;  and  he  considers  that  there  is  little  doubt  that  these  recent 
earthquakes  were  the  transitory  records  of  changes  that,  by  almost 
indefinite  repetition  in  long  past  times,  have  resulted  in  the  great 
Highland  faults. 
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ON  THE  DETEEMINATION  OF  THE  DIELECTEIC  CONSTANT  OF 
GLASS  BY  AID  OF  VERY  RAPID  ELECTRICAL  OSCILLATIONS. 
BY  R.  BLONDLOT. 

TTEKY  rapid  electrical  oscillations,  such  as  areproduced  by  Hertz's 
'  apparatus,  have  been  utilized  by  Prof.  J.  J.  Thomson  for  the 
measurement  of  the  dielectric  constant*.  Prof.  Thomson  draws  from 
his  experiments  the  following  conclusion  :  "  for  vibrations  whose 
frequency  is  ...  .  25,000,000  per  second,  the  specific  inductive 
capacity  [of  glass]  is  very  nearly  equal  to  the  square  of  the  refrac- 
tive index,  and  is  very  much  less  than  the  value  for  slow  rates  of 
reversals." 

As  regards  this  conclusion  we  might  demur  to  the  use   of   the 

*  J.  J.  Thomson,  "  Specific  Inductive  Capacity  of  Dielectrics  when 
acted  on  by  very  rapidly  alternating  Electric  Forces,"  Proc.  Roy.  Soc. 
June  20,  1889. 
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formula  wliich  gives  the  period  of  the  oscillations,  a  formula  the 
tenability  of  which  is'  doubtful  in  the  case  of  very  rapid  oscillations. 
More  recently,  E.  Lecher  has  measured  the  dielectric  constants  of 
several  substances  by  the  aid  of  a  method  founded  also  on  the 
determination  of  the  wave-length  of  very  rapid  oscillations,  but 
without  employing  any  formula. 

The  conclusions  of  M.  Lecher  are  diametrically  opposed  to  those 
of  Prof.  Thomson:  "Not  only,"  says  he,  "does  the  dielectric  con- 
stant, calculated  by  the  aid  of  the  capacity,  not  become  smaller  for 
very  rapid  oscillations,  but  it  even  considerably  increases." 

These  contradictory  conclusions  have  led  me  to  engage  in  new 
researches ;  the  method  which  I  have  adopted  is  based  on  the 
employment  of  very  rapid  oscillations,  but  I  do  not  make  use  of 
any  formula. 

A  large  rectangular  plate  of  copper  A  A'  is  fixed  vertically ;  a 
second,  smaller  plate  B  B'  forms  a  condenser  with  the  first.  This 
condenser  can  discharge  itself  by  the  intermediation  of  the  knobs 
a  and  6 ;  «  is  in  communication  with  the  gas-pipes,  6  with 
one  of  the  poles  of  an  induction-coil  the  other  pole  of  which  com- 
municates with  the  gas-pipes.  When  the  coil  is  working  the 
condenser  A  B  is  the  seat  of  oscillatory  charges  and  discharges  the 


period  of  which  is  of  the  order  of  the of  a  second. 

r  2d, 0110,000 

We  have  thus  in  the  space  situated  on  the  side  of  A  A'  opposed 

to  B  B'  a  periodic  electromagnetic  field  which — and  this  is  the  chief 

point — has  x  X  as  the  plane  of  symmetry- 
Let  us  fix  in  this  field  two  square 

plates  C  D,  C  D'  parallel  to  A  A'  and 

symmetrical  with  respect  to    x    x  , 

and  then  solder  to  tlie  middle  points 

D,  C  of  their  inner  edges  two  wires 

terminating  at  E  and  E'  in  two  carbon 

poiuts  kept  facing  each  other  at  a 

very  small  distance  apart. 

Although  the  coil  is  working,  we 

do  not  observe  any  hght  between  E 

and  E' ;  this  results  from  the  sym- 
metry   of    the    apparatus.      If   we       ,_0 SjilS! c* 

interpose    a    glass    plate    between 

A  A'  and   C  D,  sparks  immediately        -^  '^^  ^ 

pass    between    E   and    E' ;    this    is  £  ;  jg/ 

caused  by  the  induction  I'eceived  by  j 

CD  becoming  less  strong  than  that 

received  by  C  D'. 

Let    us    now   interpose   between  I 

A  A'  and  CD'  a  plate  of  sulphur;  | 

if   we   give  to  it   such  a  thickness  ! 

that  the  inductive   action  on  C  D' 

is  equal  to  that  on  C  D,  the  sparks  disappear  between  E  and  E.' 

Conversely,  the  disappearance  of  sparks  between  E,  E'  indicates 


^ 
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that  the  inductions  transmitted  to  C  D  and  C  D'  are  equal ;  it  is 
suflicient  therefore  to  measure  the  thicknesses  of  the  dielectric 
plates  to  determine  by  an  easy  calculation  the  ratio  of  the  dielectric 
constants  of  glass  and  sulphur.  By  means  of  experimental  pre- 
cautions which  I  cannot  mention  here  I  have  been  able  to  render 
this  method  sensitive  and  exact. 

The  glass  plate  which  I  employed  was  exactly  3  centim.  thick. 
For  the  other  side,  I  cast  two  plates  of  sulphur  in  the  form  of 
prisms  of  the  same  angle,  in  such  a  manner  that  by  clipping  them 
together,  as  in  Babinet's  compensator,  a  plate  with  parallel  faces 
was  formed  the  thickness  of  which  could  be  varied.  I  found  3"15 
centim.  for  the  thickness  of  the  plate  of  sulphur  which  exactly 
compensated  the  plate  of  glass.  To  complete  the  determination  of 
the  dielectric  constant  of  glass  that  of  sulphur  had  to  be  obtained ; 
this  was  easy,  since  sulphur  is  a  nearly  perfect  dielectric.  I 
emploved  the  method  indicated  by  M.  J.  Curie*  and  found  the 
number  2-94= (1-67/. 

This  result  is  almost  identical  with  that  of  Prof.  J.  J.  Thomson, 
Maxwell's  law  is  not  exactly  verified,  as  the  mean  index  of  my 
plate  of  glass  is  about  1"51,  but  the  difference  is  much  less  than 
that  given  by  the  values  of  dielectric  constants  obtained  by  the  aid 
of  slower  methods.  My  conclusion  is  the  same  as  that  of  Prof. 
J.  J.  Thomson. — Comptes  Rendus,  May  11,  1891,  p.  1058. 


ON  AN  IMPROVED  METHOD  OF  DETERMINING  SPECIFIC  HEAT  BY 
MEANS  OF  THE  ELECTRICAL  CURRENT.     BY  PROF.  PFAUNDLER, 

The  method  published  in  1869,  which  depends  on  Joule's  law 
according  to  which  the  same  current  develops  in  spirals  of  -wire 
arranged  in  series  quantities  of  heat  which  are  proportional  to  the 
resistances,  has  hitherto  met  with  but  few  applications,  owing  to 
the  fact  that  it  is  only  applicable  to  nonconducting  liquids.  The 
author  has  got  rid  of  this  objection  by  replacing  the  spirals  of  wire 
by  thin  glass  spirals  filled  with  mercury.  He  obtained  also  greater 
accuracy  and  certainty  by  interposing  these  resistances  as  branches 
in  a  Wheatstone's  bridge,  so  that  it  was  possible  to  control  the  ratio 
of  the  resistances  during  the  passage  of  the  current  and  keep  it 
constant.  Slight  alterations  of  the  resistances  were  compensated 
bv  placing  glass  threads  in  the  straight  ends  of  the  tubes  which 
contained  the  mercury.  In  other  cases  those  alterations  were 
measured  by  displacing  the  contact-key,  and  in  this  way  the  result 
was  corrected. 

The  comparative  measurement  of  the  rise  of  temperature  is 
made  more  sensitive  by  the  aid  of  a  thermopile. 

Experiments  are  communicated  which  show  the  applicability  of 
the  method  both  for  direct  and  alternating  currents. —  Wiener 
Berichte,  April  9,  1891. 

*    Ann.  de  Chim.  et  de  Phjs.  1889. 
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XXXIII.  Some  Applications  of  Physics  and  Mathematics  to 
Geology.  By  C.  Chree,  M.A.,  Fellow  of  King's  College, 
Cambridge*. 

Part  I.   Some  Physical  and  Mathematical  Data. 

MANY  of  the  terms  employed  in  treating  of  the  properties 
and  conditions  of  matter  have  in  common  use  a  some- 
what vague  meaning.  The  meaning,  so  far  as  clearly  outlined, 
is  also  only  too  often  different  from  that  which  the  physicist 
intends  to  convey.  As  regards  terms  such  as  rigid,  solid, 
2}lastic,  viscous,  &c.  it  seems  to  me  that  even  eminent  geologists 
are  apt  to  be  misled  by  the  popular  usage,  so  that  they  fall 
into  error  respecting  the  data  which  mathematical  and 
physical  science  places  at  their  disposal.  It  thus  seems 
advisable  on  the  present  occasion  to  clear  the  ground  by 
briefly  considering  the  sense  attached  to  these  terms  by  the 
more  exact  school  of  physicists.  To  render  the  following 
statements  intelligible  it  is  necessary  to  explain  the  meaning 
scientifically  attached  to  the  terms  stress  and  strain.  By 
stress  is  meant  a  force  referred  to  unit  of  area  of  the  surface 
across  which  it  acts,  by  strain  the  increase  in  the  distance 
between  two  material  points  divided  by  the  original  distance. 
For  instance  if  a  vertical  bar  n  square  inches  in  cross  section 
fixed  at  the  upper  end,  sust;iin  a  load  of  t  tons,  and  the  load 
be  uniformly  distributed  over  the  cross  section,  the  longi- 
tudinal stress  is  tn,  taking  the  square  inch  as  unit  of  area 
*  Cominubicatcd  by  the  Author. 
Phil.  Mag.  S.  5.  Vol.  M.  No.  1»J().  Sept.  1801.  \i 
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and  the  weight,  of  one  ton  as  nnit  of  force.  If  a  portion  of 
the  bar  increase  in  length  from  100  to  lOO'Ol  inclie.s,  and  the 
increase  be  uniforndy  distributed  over  the  portion  lengthened, 
the  longitudinal  strain  is  (lOO'Ol-lOO)  x  lO-^,  or  -0001. 

The  writers  who  have  had  most  influence  on  the  ]n-esent 
scientific  usage  of  English  terms  dealing  with  physical 
properties  are  unquestionably  Professor  Clerk  Maxwell  and 
Sir  William  Thomson.  TIk^  former  gives  the  following 
definitions  in  his  '  Theory  of  Heat''*  : — "  A  body  which  when 
subjected  to  a  stress  experiences  no  strain  would,  if  it  existed, 
be  called  a  Perfectly  Rigid  Body.  There  are  no  such 
bodies. . .  ." 

"  A  body  which  when  subjected  to  a  given  stress  at  a 
given  temperature  experiences  a  strain  of  definite  amount, 
which  does  not  increase  when  the  stress  is  prolonged,  and 
which  disappears  completely  when  the  stress  is  removed,  is 
called  a  Perfectly  Elastic  Body." 

"  If  the  form  of  the  body  is  found  to  be  permanentl)' 
altered  when  the  stress  exceeds  a  certain  value,  the  body  is 
said  to  be  soft  or  plastic,  and  the  state  of  the  body  when 
alteration  is  just  going  to  take  place  is  called  the  Limit  of 
Perfect  Elasticity." 

"  If  the  stress,  when  it  is  maintained  constant,  causes  a 
strain  . .  .  which  increases  continually^  with  the  time,  the 
substance  is  said  to  be  viscous." 

A  viscous  material  may  be  either  solid  or  fluid.  It  is 
regarded  by  Maxwell  as  fluid  when  any  stress,  hoioever  small, 
produces  a  constantly  increasing  strain.  Maxwell  draws  a 
distinction  between  elasticity  of  bulk  and  elasticity  of  shape — 
the  latter  being  peculiar  to  solids — which  is  more  fully  treated 
of  by  Sir  W.  Thomson.  A  body  possesses  perfect  elasticity 
of  bulk  when  on  the  removal  of  the  stress  it  returns  to  its 
original  volume,  even  though  the  form  of  its  surface  be  per- 
manently altered.  Both  writers  regard  it  as  certain  that  solid 
bodies  will  retain  perfect  elasticity  of  bulk  under  compressive 
stresses  which  far  exceed  the  limit  of  elasticity  of  shape. 
The  following  statement  embodies  the  views  of  Sir  W. 
Thomson!: — "If  we  reckon  by  the  amount  of  pressure, 
there  is  probably  no  limit  to  the  elasticity  of  bulk  in  the 
direction  of  the  increase  of  pressure  for  any  solid  or  fluid  ; 
but  whether  continued  augmentation  produces  continued 
diminution  of  bulk  towards  zero  without  limit,  or  whether  for 
any  or  every  solid  or  fluid  there  is  a  limit  towards  which  it 

*  5th  edition,  chapter  xxi. 

t  Mathematical  and  Physical  Papers,  vol.  iii.  pp.  7-8. 
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may  })e  reduced  in  bulk,  but,  smaller  than  wliich  no  degree  of 
pressure,  however  great,  can  condense  it,  is  a  question  which 
cannot  be  answered  in  the  present  state  of  science." 

Maxwell,  by  denying  the  existence  of  a  perfectly  rigid  body, 
nuiintains  that  every  solid  can  sustain  stress  or  transmit 
force  only  by  suffering  strain.  Thus  on  depositing  a  feather 
on  the  most  solid  block  of  ii'on  we  produce  in  the  iron  a 
system  of  strains,  intinit(!simally  small  it  is  true,  but  whose 
existence  can  no  more  be  questioned  than  the  existence  across 
the  surface  separating  the  iron  and  the  feather  of  forces 
balancing  the  portion  of  the  feather's  weight  left  uncom- 
]>ensated  by  the  air-pressure.  The  hypothesis  quoted  above 
from  Sir  W.  Thomson,  that  there  may  be  a  limit  beyond 
which  no  body  can  be  compressed,  is  not  inconsistent  with 
Maxwell's  statement.  The  hy[)othesis  regards  the  ratio  of 
the  increment  of  strain  to  the  increment  of  pressure  as 
ultimately  becoming  infinitesimally  small,  but  it  in  no  way 
implies  that  this  ratio  ever  becomes  absolutely  zero. 

In  a  solid  bar,  supposed  perfectly  elastic,  exposed  to  longi- 
tudinal stress,  the  ratio  of  the  stress  to  the  strain  is  styled 
Young's  Modulus.  In  many  materials  Young's  modulus  varies 
in  magnitude  according  to  the  direction  in  which  the  axis  of 
the  bar  is  taken.  Thus,  in  ordinary  woods,  there  is  a  marked 
difference  between  the  value  of  Young's  modulus  in  the 
direction  of  the  pith  of  the  tree  and  in  any  perpendicular 
direction.  Materials  in  which  Young's  modulus  is  independent 
of  the  direction  in  which  the  axis  of  the  experimental  bar  is 
taken  are  termed  isotropic^  all  others  are  termed  solotropic. 

In  an  isotropic  elastic  solid  it  is  supposed,  on  the  ordinary 
British  or  hiconstant  theory,  that  the  value  of  Young's  modulus, 
E,  alone  is  insufHcient  to  define  the  elastic  structure,  and  that 
some  other  elastic  constant  must  be  known.  For  inany 
purposes  the  most  convenient  additional  constant  is  the  ratio 
of  the  lateral  contraction  to  the  longitudinal  extension — each 
measured  per  unit  of  leng-th — in  a  bar  exposed  to  simple 
longitudinal  ti-action.  For  instance,  if  the  diameter  of  a  bar 
under  uniform  longitudinal  stress  change  from  10  to  D'UyUT 
inches  the  lateral  contraction  is  'OOOO^,  and  if  the  longitudinal 
strain  be  'OOUl,  the  ratio  of  Literal  contraction  to  longitudinal 
extension  is  ''6.  This  ratio  is  termed  Poisson's  Ratio,  and  is 
represented  here  by  t}. 

On  the  iiniconstant  theory  of  isoti'opy  rj  must  have  tlui  value 
•25,  which  certainly  accords  well  with  experiments  on  glass 
and  some  of  the  moni  common  metals,  es[)ecially  iron  and 
steel  under  certain  conditions. 

On   the  hiconstant  theorv  r)   may   have   any   value    uithin 
'II  2 
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certain  limits.  The  existence  of  these  limits,  it  must  be 
admitted,  is  seldom  recot^nized,  and  experimental  results  are 
not  infrequently  referred  to  which  are  inconsistent  with  the 
view  taken  here,  viz.  that  r]  must  lie  between  0  and  '5.  If, 
however,  17  were  negative  in  any  material  a  circular  bar  of 
this  material,  when  subjected  to  uniform  longitudinal  tension, 
would  increase  in  diameter  ;  while  if  77  were  greater  than  '5, 
the  bar,  when  fixed  at  one  end  and  subjected  to  a  torsional 
couple  at  the  other,  would  twist  in  the  o[)posite  direction  to 
the  applied  force.  Until  these  phenomena  are  shown  to 
present  themselves  in  isotropic  materials — and  the  experi- 
mental verification  ought  to  be  easy — it  seems  legitimate  to 
sup})ose  that  when  experimentalists  deduce  values  for  77  which 
lie  outside  of  these  limits,  their  experiments  refer  to  bodies 
whose  constitution  is  different  from  nhat  is  assumed  in  their 
mathematical  calculations. 

The  ])roperties  attributed  to  an  isotropic  elastic  solid  by  the 
ordinary  mathematical  theory  are  as  follows  : — 

(A)  The  strain  must  be  elastic,  /.  e.  it  must  disappear  on 
the  removal  of  the  stress. 

(B)  The  ratio  of  stress  to  strain  must  be  independent  of 
the  magnitude  of  the  stress,  or,  in  Professor  Pearson's  words, 
the  stress-strain  relation  must  be  linear. 

(C)  The  strains  must  be  small. 

(D)  The  values  of  Young's  modulus  and  Poisson's  ratio  in 
a  bar  of  the  material  must  be  independent  of  the  direction  in 
which  the  axis  of  the  bar  is  taken. 

The  last  property  alone  distinguishes  isotropic  from  aeolo- 
tropic  elastic  solids. 

(A)  answers  to  Maxwell's  definition,  but  (B)  and  (C)  are 
not  assumed  by  Maxwell.  In  other  words,  a  solid  may  be 
perfectly  elastic  without  showing  a  linear  stress-strain  rela- 
tion, or  possibly  even  after  the  strains  have  become  large. 
Thus,  for  the  sake  of  clearness,  I  shall  call  Maxwell's  limit  of 
perfect  elasticity  the  Physical  limit,  and  the  limits  supplied 
by  (B)  and  (C)  the  first  and  second  Mathematical  limits 
respectively. 

It  is  not  infrequently  taken  for  granted  that  the  physical 
and  the  first  mathematical  limit  are  necessarily  identical,  i.  e. 
that  the  elasticity  is  certainly  not  perfect  when  the  stress- 
strain  relation  ceases  to  be  linear.  According,  however,  to 
some  expenmentahsts  cast  iron  is  as  perfectly  elastic  as  any 
other  metal  in  the  sense  of  Maxwell's  definition,  but  the  stress- 
strain  relation  for  even  small  strains  is  sensibly  not  linear*. 

*  See  Todhunter  and  Pear.son's  '  History  of  Elasticity,'  vol.  i.  art.  [1411] 
and  pp.  891-3. 
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This  is  of  course  a  question  for  experimentalists  to  decide, 
but  in  any  case  where  their  final  verdict  is  that  the  stress- 
strain  relation  is  seneibly  not  linear  the  employment  of  the 
ordinary  mathematical  theory  is  unjustifiable.  It  must  be 
admitted  that  the  principle  (C)  is  a  very  vague  one,  leading 
to  no  exact  limit,  and  that  it  seldom  receives  any  very  form  d 
acknowledgment.  It  is,  however,  clearly  recognized,  and  a 
reason  for  it  assigned  in  the  foUovvino;  statiunent  due  to 
Thomson  and  Tait  *  : — "  The  mathematical  theory  of  elastic 
solids  imposes  no  restrictions  on  the  magnitudes  of  the  stresses, 
except  in  so  far  as  that  matheinatlcal  iiecesstty  requires  the 
strains  to  be  small  enough  to  admit  of  the  principle  of  super- 
position." The  italics  are  mine.  The  meaning  is  that  the 
strains  must  be  small  fractions  whose  squares  are  negligible 
compared  to  themselves.  If  this  principle  be  neglected  and 
the  mathematical  equations  be  supposed  to  apply  when  the 
strains  are  large,  the  difficulty  of  giving  them  a  consistent 
physical  interpretation  is  very  great  if  not  wholly  unsur- 
mountable. 

In  most  materials  having  any  claim  to  be  regarded  as 
elastic  solids,  the  stress-strain  relation  for  most  ordinary  stress 
systems  certainly  ceases  to  be  linear  while  the  strains  are  still 
small.  AVe  shall  thus  in  the  meantime  leave  the  condition 
(0)  out  of  account,  though  wo  shall  have  to  return  to  it  in 
treating  of  the  so-called  "  theories  of  rupture." 

The  existence  of  the  properties  (A),  (B),  (D),  presupposed 
by  the  mathematical  theory,  is  determined  not  solely  by  the 
chemical  constitution  of  the  body,  but  also  by  the  treatment 
to  which  it  has  been  subjected.  Thus  a  freshly  annealed 
copper  wire  may,  when  loaded  for  the  first  time,  be  far  from 
satisfying  conditions  (A)  or  (B),  and  yet  by  the  ])rocess  of 
loading  and  unloading  it  may  be  brought  into  a  state  of  ease, 
wherein  these  two  conditions  are  very  approximately,  if  not 
exactly  fulfilled,  so  long  as  the  stress  does  not  exceed  a  certain 
limit.  Again,  the  fact  that  a  large  mass  of  metal  is  sensibly 
isotropic  is  no  sufficient  reason  for  attributing  isotropy  to  the 
same  metal  when  rolled  into  thin  plates  or  drawn  into  thin 
wires. 

It  is  quite  possible  that  the  three  conditions  (A),  (B),  and 
(D)  represent  an  ideal  state  which  is  never  actually  reached, 
and  tiiat  a  divergence  may  always  be  shown  by  the  use  of 
v(!ry  dc^licate  a[)paratus.  If  this  be  true,  then  the  results 
obtain(Ml  by  the  mathematical  theory  cannot  claim  absolute 
correctness.    It  seems,  hovvev(;r,  to  bo  satisfactorily  established 

*  Nut.  riiil.  \ol.  1.  I'iU'l  ii.  i\  422. 
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that  nianv  materials  in  the  statu  of  ease  satisfy  these  con- 
ditions with  at  least  a  very  close  approach  to  exactness,  so 
that  the  results  of  the  mathematical  theory  when  ])roperly 
restricted  are  then  snfficic^itjy  exact  for  jiraetical  j)in'})oses. 

From  the  ])rece(lin^  statements  it  will  he  seen  that  it  is  of 
the  utmost  im|)ortance  to  know  what  are  th<!  limits  within 
which  the  conditions  assumed  by  the  mathematical  theory  are 
satisfied  with  sufficient  exactness  to  justify  its  application. 
This  question  must  of  course  he  settled  hy  experiment,  hut  it 
is  beset  by  various  difficulties  which  ou^ht  to  be  clearly 
recognized.  Tliese  arise  in  }»art  from  the  serious  obstachis 
in  the  way  of  a  complete  experimental  knowledge,  and  in 
part  fiom  the  want  of  a  pro])er  mulerstanding  between  those 
interested  in  the  practical  and  theoretical  sides  of  the  subject, 
and  a  consequent  confusion  in  the  terms  used. 

To  avoid  com])lication  let  ns  begin  by  supposing  the 
mathematical  limit  of  perfect  elasticity  to  coincide  with  the 
physical.  Let  us  consider  the  sim])le  case  of  a  bar  under 
uniform  longitudinal  traction.  We  may  suppose  the  bar 
isotropic,  and  in  consequence  of  suitable  treatment  perfectly 
elastic  for  loads  not  exceeding  L,.  No  mechanical  treatment, 
w^e  shall  suppose,  can  render  it  perfectly  elastic  for  loads 
greater  than  L2.  It  does  not  follow  that  a  load  L2  will 
necessarily  rupture  the  bar  either  immediately  or  in  course  of 
time,  but  simply  that  for  any  load  greater  than  L^  the  strain 
is  not  perfectly  elastic.  Increasing  the  load  from  zero  we 
shoidd  reach  a  load  L3,  probably  greater  than  L2,  that  would 
in  process  of  time  ruptin-e  the  bar,  or  a  load  L4  greater  than 
L3  that  produces  immediate  rupture.  All  these  loads  are 
su])posed  to  refer  to  unit  of  area. 

Now  in  the  initial  state  of  the  bar  we  shotild  be  entitled  to 
apply  the  mathematical  theory  oidy  until  the  load  Li  was 
reached.  When  we  aim  at  finding  the  utmost  capability  of 
the  material  inider  longitudinal  load,  we  may  perhaps  apj)!}^ 
the  theor}^  until  the  load  Lg  is  reached,  but  here  we  must 
stop.  To  apply  it  until  the  loads  L3  or  L4  are  reached — 
assuming  these  greater  than  L2 — is  clearly  inadmissible. 

Kesults  of  a  similar  kind  hokl  for  all  the  com[)aratively 
simple  forms  of  stress, — such  as  pure  compression,  torsion,  or 
bending — in  which  practical  men  are  interested.  There  are 
limits  to  the  state  of  perfect  elasticity  lower  than  the  limits 
at  which  rupture  takes  place,  at  least  innnediately. 

The  usual  aim  of  the  engineer  is  that  no  part  of  the 
structure  he  is  designing  should  ever  be  strained  beyond  the 
elastic  limit,  and  this  end  he  of  course  desires  to  obtain  with 
the  least  possible  expenditure  of  material.     Thus  ideally  he 


Physics  and  Mathematics  to  Geology.  239 

might  be  expected  to  calculate  the  dimensions  of  each  piece, 
so  that  for  the  maximum  load  it  is  to  be  subjected  to  it  shall 
just  not  pass  beyond  the  limit  of  perfect  elasticity.  There 
are,  however,  in  general  agencies,  such  as  wind  pressure, 
dynamical  aciion  of  a  moving  load,  &c.,  whose  effects  are  not 
very  fully  understood  and  whose  magnitude  cannot  always 
be  foreseen.  Thus  it  is  the  custom  to  allow  a  wide  margin 
for  contingencies.  Now  the  limit  of  perfect  elasticity  seems 
the  natural  quantity  to  employ  in  allowing  for  this  margin, 
but  the  uncertainties  attending  its  determination  are  such 
that  it  is  customary  to  employ  the  breaking-load  instead. 
The  breaking-load  for  the  particular  kind  of  stress  the  member 
in  question  is  to  be  exposed  to  is  divided  by  some  number, 
e.  g.  4  or  5,  called  ?i  factor  of  safety,  and  the  dimensions  of  the 
member  are  calculated  so  that  its  estimated  load  shall  not 
exceed  the  quotient  of  the  breaking-load  by  the  factor  of 
safety.  The  engineer  varies  the  factor  of  safety  according 
to  the  nature  of  the  load,  and  according  to  the  confidence  he 
])Ossesses  in  the  uniformity  of  the  material  and  in  the  com- 
pleteness of  his  knowledge  as  to  the  vicissitudes  the  structure 
is  exposed  to.  It  has  thus  come  to  pass  that  attention  has  been 
largely  directed  to  the  breaking-loads,  and  theories  have  been 
constructed  which  aim  professedly  at  supplying  a  law  for  the 
tendency  to  rupture,  under  the  most  general  stress-systems 
possible,  of  materials  whose  rupture-points  have  been  found 
under  the  ordinary  simple  stress-systems  employed  in 
experiment. 

There  are  only  two  such  theories  of  rupture  for  isotropic 
materials  that  at  ])resent  possess  any  general  repute.  To 
understand  them  the  reader  requires  to  know  that  for  any 
stress-system  there  are  at  every  point  in  an  isotroj)ic  elastic 
material  three  pmicij>al  stresses  along  three  mutually  ortho- 
gonal directions,  and  likewise  three  jynncipal  strains,  whose 
directions  coincide  with  those  of  the  principal  stresses.  If 
an  imaginary  small  cube  of  the  material  be  taken  at  the  point 
considered  with  its  faces  perpendicular  respectively  to  the 
three  })rincipal  stresses,  then  no  tangential  stresses  act  over 
these  faces.  In  a  bar  under  a  uniformly  distributed  longi- 
tudinal stress  L  per  unit  of  cross  section,  two  of  the  principal 
stresses  are  everywhere  zero,  and  the  third  is  parallel  to 
the  axis  and  equals  L.  If  E  be  Young's  modulus,  and  rj 
Poisson's  ratio  for  the  material,  supposed  isotropic  and  elastic, 
the  greatest  {)rincij)al  f^train  is  evervvhere  L/E  and  its  direction 
is  parallel  to  the  axis.  The  two  rcuiainiiig  ytriiieipal  strains 
are  each  — /^Ij/E,  and  ihcy  in;iy  be  ,sii|i|)osed  to  iiave  for  tlieir 
directions  any  two  mutually  perpendicular  lines  in  the  cross 
section  of  the  bar. 
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One  of  the  theories  referred  to  above  is  tluit  when  the 
alf^ebraic  difference  between  the  greatest  and  least  of  the 
princi|)al  stresses  at  any  point — a  pressure  being  reckoned 
negative — attains  a  certain  value,  rupture  will  ensue  at  this 
point.  Thus,  if  in  descending  order  of  magnitude  the  prin- 
cipal stresses  at  a  point  be  Tj,  Tg,  Tj,  then  Tj  — T3  is  the  stress- 
cajft'i-ence"^  at  this  point,  and  the  theory  asserts  that  rupture 
will  ultimately  ensue  if  the  stress-difference  anywhere  equals 
L3,  the  load  for  ultimate  rupture  of  a  bar  of  the  material  by 
longitudinal  traction  ;  while  if  the  stress-difference  anywhere 
equals  L^,  the  load  for  immediate  rupture  by  longitudinal 
traction,  then  immediate  rupture  will  ensue. 

The  second  theory,  which  is  supported  by  the  great 
authority  of  de  Saint-Venantf,  replaces  the  stress-difference 
of  the  first  theory  by  the  greatest  strain.  It  thus  asserts 
that  the  condition  for  rupture  is  found  by  equating  the 
largest  value  found  anywhere  for  the  greatest  strain  to  the 
longitudinal  strain  answering  to  longitudinal  traction  L3,  or 
to  that  answering  to  the  traction  L^,  according  as  the  rupture 
is  ultimate  or  immediate.  This  theory  maintains  that  extension 
in  some  direction  is  necessary  for  rupture. 

The  two  theories  may,  as  in  the  case  of  pure  longitudinal 
traction,  lead  to  the  same  result ;  but  in  general  they  do  not, 
so  one  at  least  of  them  must  be  wrong.  When  we  examine 
the  theories,  still  supposing  the  mathematical  and  ])hysical 
limits  of  j)erfect  elasticity  the  same,  a  very  obvious  difficulty  t 
presents  itself.  It  is  assumed  that  the  stress-difference  and 
greatest  strain  are  dei'ived  by  the  mathematical  theory  ;  but 
that  theory  applies  only  so  long  as  the  material  is  everywhere 
})erfectly  elastic,  whereas  rupture,  at  least  when  immediate, 
presents  itself  after  the  eListic  limit  has  been  passed.  Thus 
if  the  application  of  the  mathematical  theory  lead  to  values 
for  the  maximum  stress-difference  and  greatest  strain  equal  to 
the  Aalues  of  these  quantities  answering  to  rupture,  at  all 
events  when  immediate,  the  true  conclusion  would  seem  to 
be  that  the  fundamental  hypothesis  on  which  the  treatment 
proceeds,  viz.  that  the  material  follows  the  laws  assumed  by 
the  mathematical  theory,  has  been  shown  to  be  incorrect. 
Nothing  has  been  proved  except  that  the  elastic  limit  must 
be  passed  and  that  the  mathematical  theory  does  not  apply. 
The   only  logical  way  of   interpreting   the  theories  is  to 

*  See  Professor  Darwin,  Phil.  Trans.  1882,  pp.  220-1,  &c. ;  also 
Thomson  and  Tail's  Nat.  Phil.  vol.  i.  Part  ii.  p.  423. 

t  See  Pearson  s  '  The  Elastical  Researches  of  Bari6  de  Saint- Venaut,' 
Arts,  o  (c),  &c. 

I  Ibid.  Ai-ts.  4  (y),  o  (a),  Sic. 
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suppose  that  th^  inaximum  stress-difference  and  greatest  strain 
are  to  be  compared  not  with  the  vahies  that  answer  to  rup- 
ture, but  either  with  those  that  answer  to  the  hniit  of  perfect 
elasticity  or  with  those  derived  by  dividino;  the  values  an- 
swering to  nipture  by  some  factor  of  safety.  This  factor 
must  then  be  large  enough  to  prevent  the  limit  of  perfect 
elasticity  being  passed.  Thus  from  either  point  of  view  we 
encounter  a  formidable  difficulty,  viz.  the  uncertainty  of  what 
is  the  limit  of  perfect  elasticity. 

We  have  supposed  that  a  bar  may  be  brought  into  a  state 
in  which  it  is  perfectly  elastic  for  longitudinal  tractions  not 
exceeding  L2.  Answering  to  this  we  have  L2  for  the  stress- 
difference,  and  L2/E  for  the  greatest  strain.  Now  if  the  two 
theories  described  above  really  apply  to  the  limit  of  perfect 
elasticity,  the  one  would  seem  to  maintain  that  L2  is  the 
limiting  value  of  the  stress-difference,  the  other  that  L2/E  is 
the  limiting  value  of  the  greatest  strain  for  all  possible  stress- 
systems  in  materia]  of  the  same  kind  as  that  in  the  bar.  The 
complete  experimental  proof  or  disproof  of  such  theories  is 
not  likely  to  be  easy.  Thus  taking,  for  instance,  the  case  of 
longitudinal  traction,  suppose  it  were  shown  that  a  certain 
method  of  treatment  which  raises  the  elastic  limit  for  load 
parallel  to  the  axis  of  a  bar  does  not  raise  the  elastic  limit  for 
longitudinal  load  in  a  bar  whose  length  lay  in  the  cross 
section  of  the  original  bar.  This  would  only  suffice  to  prove 
that  the  treatment  adopted  did  not  give  a  fixed  elastic  limit 
the  same  for  all  kinds  of  strain,  it  would  leave  the  possibility 
of  such  a  limit  being  obtained  in  some  other  way  an  open 
question. 

In  the  preceding  remarks  the  mathematical  and  physical 
limits  of  perfect  elasticity  have  been  supposed  identical. 
When  they  differ,  the  mathematical  limit  is  of  course  that 
which  must  be  employed  in  determining  the  range  of  the 
mathematical  theory.  It  will  certainly  not  exceed  the  phy- 
sical limit.  I  may  add  that,  while  for  certain  structures  such 
\,as  isolated  boilers  the  physical  limit  may  most  nearly  concern 
the  practical  engineer,  in  other  structures,  such  as  girder 
bridges,  the  stress-strain  relation  is  assumed  to  be  hnear  in 
designing  the  several  ])arts,  so  that  the  first  mathematical 
limit  is  then  of  the  utmost  practical  importance. 

In  the  previous  discussion  of  the  strcss-diflFereuce  and 
greatest  strain  theories,  as  settling  the  limits  of  application  of 
the  mathematical  theory,  it  lias  been  taken  for  granted  that 
the  condition  (C)  was  safeguarded  by  them.  Now  in  most 
ordinary  systems  ot'  loading  this  is  probably  the  case,  but  it 
is   not  always  so.      For  instance,  if  we  assume   the   mathc- 
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niatical  theory  to  hold,  a  solid  isotropic  sphere  under  a  uniform 
surface-pressure  shows  none  but  neoativo  strains,  and  the 
three  principal  stresses  are  everywhere  equal.  Thus  the 
greatest  strain  is  everywhere  negative,  and  the  stress-dif- 
ference everywhere  zero.  This  is  true  irrespective  of  the 
magnitude  of  the  surface-pressure,  and  so,  according  to  both 
theories,  the  stress-strain  relation  would  be  linear  and  the 
mathematical  theory  would  a})ply,  however  large  the  pressure 
was.  According  to  the  theories,  one  might  continue  to  em- 
ploy mathematical  formula  which  indicated  a  reduction  of 
the  sphere  to  one  millionth  of  its  original  volume.  It  is 
obvious,  however,  that  a  reduction  of  the  volume  by  even  a 
tenth  would  produce  strains  which  are  probably  far  in  excess 
of  those  admitted  by  the  principle  (C).  In  formulating  an 
objection  to  the  universal  application  of  the  theories,  1  have 
pi-eferred  to  attack  them  on  the  side  of  the  principle  (C)  so 
as  to  show  clearly  that  the  high  authority  of  Thomson  and 
Tait  is  on  my  side.  The  exam}>le  considered  raises,  however, 
what  seems  to  me  at  least  an  equally  strong  argument  against 
the  theories  from  the  side  of  the  principle  (B).  For  we  must 
remember  that  the  stresses  inside  the  material  are  determined 
by  the  intermolecular  forces.  Now,  whatever  molecules  may 
be,  and  however  they  may  act  on  one  another,  it  seems  in- 
credible thiit  the  molecular  forces  should  lead  to  one  and  the 
same  stress-strain  relation,  however  much  the  menu  molecular 
distance  may  be  reduced.  The  fact  that  Sir  W.  Thomson 
regards  the  existence  of  an  irreducible  minimum  volume  as 
possible  may,  I  think,  be  taken  as  proof  that  he  is  opposed  to 
the  view  that  it  is  possible  for  the  stress-strain  relacion  to 
remain  linear  under  such  circumstances.  It  thus  seems  to 
me,  on  various  grounds,  that  the  inevitable  conclusion  is  that 
while  one  or  other  of  the  two  theories  may,  under  ordinary 
circumstances,  be  sufficient  to  define  the  limits  of  the  mathe- 
matical theory,  the  result  must  always  be  checked  by  reference 
to  the  condition  (C) ,  or,  what  comes  to  the  same  thing,  we 
must  give  up  the  mathematical  theory  when  the  strains  it 
indicates  are  such  as  would  markedly  alter  the  mean  mole- 
cular distance. 

I  next  proceed  to  discuss  the  possibility  of  the  earth's 
possessing  an  elastic  solid  structure,  deriving  the  necessary 
data  from  three  papers  published  in  the  '  Transactions'  of  the 
Cambridge  Philosophical  Society.  For  brevity  these  will  be 
referred  to  as  {a)*,  (l')t,  and  (c)|. 

•  Vol.  xiv.  pp.  2-50-aGO. 

t  Vol.  xiv.  pp.  4G7-4b3.  |    Vol.  xv.  pp.  1-30. 
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The  strains  due  to  the  action  of  the  snn  and  moon  being 
comparatively  insignificant,  we  need  consider  only  the  "  cen- 
trifugal "  I'orces  due  to  the  earth's  diurnal  rotation,  and  the 
gravitational  forces  due  to  the  mutual  attraction  of  its  parts. 

The  data  supplied  by  Geology  do  not  enable  us  to  formu- 
late any  likely  theory  as  to  a  probable  distribution  of  density 
and  elasticity  throughout  the  earth  regarded  as  an  elastic 
solid.  All  we  know  with  certainty  is  that  the  surface  strata 
are  on  an  average  considerably  ])elow  the  mean  density,  that 
they  differ  widely  in  character,  many  being  markedly  a3olo- 
tro[)ic,  and  that  frequently  they  are  far  from  horizontal. 
Thus,  as  our  object  is  merely  to  consider  what  are  the  possi- 
bilities on  the  hypothesis  of  solidity,  it  will  be  best  to  make 
the  hy[)othesis  as  simple  as  possible.  Now,  if  the  deviations 
from  the  earth's  mean  density  and  from  an  isotropic  elastic 
structure  uere  limited  to  the  surface-strata,  where  alone  we 
are  certain  of  their  existence,  the  efJect  of  the  "  centrifugal " 
forces  would  be  nearly  the  same  as  if  these  deviations  did  not 
exist;  but  the  effect  of  the  gravitational  forces  on  the  eccen- 
tricity of  the  surface  may  depend  largely  on  the  nature  of 
the  deviations.  I  thus  propose  to  treat  the  problem  in 
stages. 

The  first  stage  neglects  entirely  the  gravitational  forces 
and  regards  the  earth  as  a  slightly  spheroidal  body — which 
has  de[)arted  from  the  spherical  form  in  consequence  of  its 
rotation — of  uniform  density  and  of  the  same  isotropic  elastic 
structure  throughout,  rotating  with  uniform  angular  velocity 
CO  about  its  polar  axis. 

Let  a  denote  the  mean  radius,  d  the  difference  between 
the  equatorial  and  ])olar  semi-axes  of  the  surface,  E 
Young's  modulus,  and  77  Poisson's  ratio  for  the  material. 
Then  the  ratio  f/  :  a  is  given  for  various  values  of  t]  in  the 
following  Table  *: — 

Table  1. 


0 

•2 

•25 

•3 

•4 

■28G 

■33() 

■341 

•352 

•373 

■31)5 


Ln  the  case  of  an  originally  spherical  solid  assuming  the 
slia[)e  of  the  earth  under  rotation,  it  is  of  no  j)ractical  im- 
])ortance  whether  we  regard  a  as  the  radius  of  the  original 
spherical  surface,  or  as  the  mean  radius  under  rotation,  nor 
does  it  matt(4'  practically  whether  the  density  be  supposed 
uuilbrm  previous  to  or  during  the   rotation.     There  is,  it  is 

■*  Sec  {<i)  luimula  (5j  p.  287  ;  or  {<■)  Tablui  111.,  \'.,  and  VI. 
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true,  for  all  values  of  r}  except  '5,  a  slight  increase  in  the 
volume  *,  and  consequent  diminution  in  the  mean  density 
accompanying  the  rotation^  but  for  our  present  purpose  this 
may  be  neglected. 

The  mathematical  solution  on  which  Table  I.  is  based  treats 
the  spherical  surface  of  radius  a  as  that  over  which  the  con- 
ditions for  a  free  surface  are  satisfied.  Now  some  uncertainty 
may  exist,  depending  on  the  phj-sical  interpretation  put  upon 
the  mathematical  equations,  whether  these  surface  conditions 
should  be  applied  over  what  is  the  surface  before  the  dis- 
placement— in  this  case  the  surface  of  the  true  s})here  which 
it  is  assumed  the  earth  would  form  if  the  rotation  disappeared, 
— or  over  what  is  the  surface  during  the  rotation.  This  un- 
certainty might  constitute  a  very  serious  difficulty  if  the  de- 
formations were  supposed  to  be  large — a  contingency  which 
may  arise  when  the  limitation  (C)  in  the  magnitude  of  the 
strains  is  neglected  ;  but  in  such  problems  as  the  present 
where  the  strains  are,  as  we  shall  see  presently,  of  the  same 
order  of  magnitude  as  occur  in  ordinary  engineering  struc- 
tures, it  is  ot  no  material  consequence.  In  the  present  case 
complete  assurance  on  this  point  may  be  derived  from  figures 
1  and  2,  plate  ii.  of  (c),  which  show  the  changes  induced  by 
rotation  in  the  equatorial  and  polar  semi-axes  of  spheroids  of 
various  shapes. 

For  given  values  of  d,  a,  w,  and  /?,  Table  I.  shows  that  E 
and  t]  increase  together.  Giving  co  the  value  it  has  for  the 
earth,  and  assuming  p  =  5"5,  a  =  3950,  (/=13"25,  I  find  for 
the  values  of  E,  measured  in  grammes  weight  per  square 
centim.,  answering  respectively  to  the  values  0,  '25,  and  '5 
of  r],  the  approximate  numbers 

1020  xlO«,     1220x10'     and     14l0xl0«. 

It  is  obvious  from  Table  I.  that  to  equal  increments  in  •?; 
there  corres])ond  nearly  equal  increments  in  E  ;  thus  the 
numbers  given  above  will  enable  a  sufficiently  close  approxi- 
mation to  the  value  of  E  for  any  other  value  of  -q  to  be 
immediately  written  down. 

For  the  sake  of  comparison  with  the  values  found,  for  E  in 
some  of  the  commoner  materials  under  ordinary  conditions  I 
append  the  following  data,  taken  from  Sir  W.  Thomson's 
article  on  'Elasticity'  in  the  Enci/clopoidia  Britannica. 
The  units  are  the  same  as  above. 

*  See  {b)  Table  II.,  and  compare  Tables  V.  and  VI.  of  (<?). 


Physics  and  Mathematics  to  Geology. 

Table  II. 

Values  of  E/10^ 
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Iron  and  Steel. 

Copper. 

Slate. 

Ziuc. 

Stone. 

Lead. 

Highest  value  . 
Lowest  value... 

2953 
984 

1254 
1052 

1120 
910 

955 
873 

about 
350 

199 
51 

This  table  will  give  a  general  idea  of  the  limits  within 
which  E  may  reasonably  be  expected  to  lie,  though  some  of 
the  data  refer  to  material  which  is  hardly  likely  to  have  been 
isotropic.  It  shows  that  if  the  influence  of  the  gravitational 
forces  on  the  eccentricity  were  negligible — which,  however, 
is  not  the  case — the  earth,  though  perfectly  solid  and  elastic, 
might  reasonably  be  expected  to  display  not  a  smaller  but  a 
considerably  greater  eccentricity  than  it  actually  does. 

The  question  next  arises  whether  the  strains  and  stresses 
produced  by  the  rotation  are  such  as  are  consistent  with  the 
principles  on  which  the  application  of  the  mathematical  theory 
rests.  In  the  actual  case  of  the  earth  this  question  is  of  im- 
portance only  in  exceptional  circumstances,  owing  to  the  pre- 
ponderating influence  of  the  gravitational  forces,  still  it 
possesses  sufficient  interest  to  claim  separate  consideration. 
The  following  table  gives  a  sufficiently  close  approximation 
to  the  numerical  results  obtained  for  the  rotating  body  treated 
above,  when  for  E  are  substituted  the  values  which  answer  to 
the  production  by  rotation  alone  of  an  eccentricity  equal  to 
that  of  the  earth. 

Table  III.* 


v= 

0 

•25 

•5 

Maximum      stress-differ-  1 
ence  in  tons  weight  per  I 
square  inch 1 

Greatest  strain 

32| 
•0040 

26 

32i 
•0029 

23 

32 
•0018 

16 

Longitudinal     stress    in'^ 
tons    per    square    inch  | 
which  would  produce  a  ^ 
strain  equal  to  the  great-  | 
est  strain ) 

*  See  (c)  Tables  III.,  VII.,  and  IX. 
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The  maximnm  stress-difference  and  the  frreatest  strain,  as 
given  in  th(!  table,  are  both  found  at  the  centre. 

The  result  on  the  stress-difference  theory  is  nearly  inde- 
pendent of  7],  and  is  more  unfavourable  in  every  case  than 
that  oiven  by  the  greatest  strain  theory  to  the  view  that  the 
material  remains  perfectly  elastic.  A  stress  of  10  tons  })er 
square  inch  is  not  one  that  an  engineer  would  view  with  com- 
placency in  nny  structure  intended  to  be  permanent,  but  it  is 
a  low  value  for  the  tenacity  of  good  wrought  iron.  A  stress 
of  even  33  tons  per  square  inch  can  easily  be  borne  without 
rupture  by  good  steel,  and  is  perhaps  not  in  excess  of  the 
stress  under  which  the  best  steel  remains  practically  ])erfectly 
elastic.  The  greatest  strains  are  not  of  such  a  magnitude  as 
to  raise  any  presumption  against  the  linearity  of  the  stress- 
strain  relation.  Thus,  according  to  all  the  tests,  it  is  quite 
possible  that  an  originally  spherical  solid  of  the  earth^s  mass 
but  devoid  of  gravitation  should  remain  solid  and  elastic 
while  assuming  the  form  of  the  earth  under  rotation.  Its 
material,  however,  at  least  if  homogeneous  and  isotropic, 
would  require  to  possess  an  unusually  high  limit  of  perfect 
elasticity. 

The  next  subject  for  consideration  is  how  the  question  is 
affected  by  the  existence  of  gravitational  forces  siich  as  are 
found  in  the  case  of  the  earth.  The  strains  and  stresses  in  a 
slightly  oblate  s[)heroid,  treated  as  an  isotropic  elastic  solid, 
all  consist  of  two  parts,  the  first  part  being  the  same  as  if  the 
surf^ice  were  truly  spherical,  the  second  depending  on  the 
eccentricity.  It  is  the  second  parts  that  represent  the  action 
of  the  gravitational  forces  in  modifying  the  eccentricity,  but 
these  parts  are  in  general  insignificant  so  far  as  the  question 
of  the  applicability  of  the  mathematical  theory  is  concerned.  I 
shall  therefore  postpone  cdnsideration  of  them  until  an  account 
has  l>een  oiven  of  the  strains  and  stresses  which  are  inde- 
pendent  of  the  eccentricity. 

The  mathematical  difficulties  in  applying  the  ordinary 
theory  to  the  case  of  a  homogeneous  solid  gravitating  sphere 
are  trifling,  but  the  difficulty  of  putting  a  physical  interpre- 
tation upon  the  mathematical  expressions  answering  to  most 
values  of  r)  is  such  as  very  forcibly  to  call  attention  to  the 
necessity  of  the  limitation  (C).  Since  the  gravitational  force 
at  an  element  of  a  solid  sphere  depends  not  only  on  the  total 
mass  which  lies  nearer  the  centre  than  does  the  element,  but 
also  on  its  absolute  distance  from  the  centre,  we  must  assume 
that  the  equations  supplied  by  the  ordinary  mathematical 
theory,  if  they  apply  at  all,  hold  for  the  position  of  final 
equilibrium  after  the  deformations  have   taken  place.     This 
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seemingly  requires  that  strain  should  bo  defined  as  the  ratio 
of  the  increase  of  length  to  the  final  length,  which  is  not  in 
accordance  with  the  usual  interpretation  of  Hooke's  law 
unless  the  square  of  the  strain  be  negligible.  Sup[)0sing  the 
internal  equations  to  refer  to  the  fijial  deformed  condition, 
the  surface  equations  will  undoubtedly  also  refer  to  this  con- 
dition. Thus,  so  far  as  the  terms  independent  of  the  eccen- 
tricity are  concerned,  we  may  suppose  the  mathematical 
theory  applied  to  a  sphere  whose  density  p  is  uniform  through- 
out, and  whose  radius  a  equals  the  earth^s  mean  radius. 

In  this  case  the  maximum  stress-difference  and  the  al- 
gebraically greatest  strain  are  both  found  at  the  surface. 
Let  us  denote  these  by  IS  and  "s  respectively;  and  let  .sq  denote 
the  greatest  compression,  which  occurs  at  the  centre,  and  ?/„ 
the  radial  displacement  at  the  surface.  Employing  E  and  -q 
as  before,  and  denoting  by  g  the  acceleration  due  to  the 
sphere's  attraction  at  its  surface,  I  find"^ 


^      1         1-27? 

-  _  2  gpn  7/(1  —  2?;) 
"^  ~5    E        1-77    ' 


3  .<7pa(l-27;)(1^7;/3) 


10  E 


1-7? 


.„=-J-^^l-27;), 


(1) 

(3) 
(4) 


Assuming  for  a  moment  these  results  to  hold  for  a  sphere  in 
which  g  =  gravity  f  at  the  earth's  surface,  p  =  5*5  times  the 
density  of  water,  and  a  =  39.50  miles,  the  following  are  tlie 
approximate  nmnerical  values  answering  to  the  values  0,  '25, 
and  "5  of  7? : — 

Table  IV. 


n= 

0 

•25 

•5 

S,  in  tons  weight  per  square  inch  

4440 

0 

103 
2700 

2960 

1480 

•53 
1130 

0 

0 

0 
0 

Longitudinal  stress  E  .s,  in  tons  weight  1 
per  square  inch,  wliich  would  produce  i 
a  strain  ~    J 

— s„  (see  below)    

— tia,  in  miles  (see  below)  

♦  Seo  (a)  formulcc  (17),  (18a),  and  (19a),  p.  281. 

t  Tlu!  calculations  treat  tho  attraction  on  a  cubic  centimetre  of  water 
nt  tlie  surface  aa  equal  to  tho  weif^ht  of  one  gramme.  In  reality  of  com'so 
"  gravity  "  includca  the  "  centrifugal "  force. 
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For  a  given  value  of  ?;  the  value  of  S  is  independent  of  E. 
It  diminishes  continually  as  77  increases  from  zero.  Since 
the  value  of  s  depends  on  E,  I  have  given  the  value  of  EI,  or 
the  longitudinal  stress  which  would  produce  in  a  bar  of  the 
material  a  strain  equal  "s.  The  value  of  E  ~  has  a  maximum 
of  ahout  1520  tons  weight  per  square  inch,  for  7;=  1  —  i/ 1/2 
or  '293  nearly. 

For  7;  = '5  the  values  of  Sq  and  Va  are  zero  supposing  E 
finite,  but  for  other  values  of  r)  one  can  obtain  numerical 
measures  of  these  quantities  only  by  assigning  numerical 
values  to  E.  Now  if  the  earth  were  an  elastic  solid  truly 
spherical  but  for  its  rotation,  the  value  of  E  answering  to  a 
given  value  of  77  would  be  determined  from  the  eccentricity 
of  the  surface.  But  the  action  of  the  gravitational  forces,  as 
will  be  seen  more  clearly  presently,  largely  reduces  the  eccen- 
tricity which  rotation  would  produce  in  a  sphere  of  given 
material.  Thus  the  eccentricity  varying  inversely  as  E,  the 
value  of  E  answering  to  a  given  eccentricity  is  necessarily 
considerably  smaller  when  gravitational  forces  act  along  with 
the  "  centrifugal "  than  when  the  latter  act  alone.  Since  the 
surface-strata  are  very  variable  and  of  much  smaller  mean 
density  than  the  earth  as  a  whole,  any  calculation  of  the 
reduction  of  our  estimates  of  E,  when  gravitational  forces  are 
allowed  for,  which  treats  the  earth  as  of  uniform  density  can- 
not lay  claim  to  great  accuracy.  For  this  reason,  and  also 
because  I  am  specially  desirous  not  to  overstate  the  case 
against  the  application  of  the  mathematical  theory,  I  have  in 
calculating  the  values  of  ^o  ^nd  ?<„  in  Table  IV.  ascribed  to  E 
the  values  it  would  possess  in  the  total  absence  of  gravita- 
tional forces,  viz.  the  values  1020  x  10**  for  7;  =  0  and  1220  x  10^ 
for  7/  = '25  in  the  same  units  as  before.  The  numerical  values 
ascribed  to  Sq  and  «„  in  the  table  are  thus  essentially  minima, 
which  would  in  reality  have  to  be  increased  probably  to  a 
considerable  extent. 

It  will  be  seen  from  the  formulae  and  from  Table  IV.  that 
when  rj  is  zero  or  is  small,  the  application  of  the  mathematical 
theory  would  be  fully  justified  on  the  greatest  strain  theorj', 
while  utterly  condemned  on  the  stress-difference  theory. 
The  principle  (C)  is  in  this  case  entirely  in  agreement  with 
the  stress-difference  theory,  and  the  application  of  the  mathe- 
matical theory  can  "in  fact  be  supported  only  by  those  who 
reject  this  principle,  and  consider  it  possible  for  the  stress- 
strain  relation  to  remain  linear  though  a  solid  sphere  is 
reduced  to  one  fourth  or  less  of  its  original  volume. 

Noticing  from  (1)  and  (2)  that  E"/S  =  2j7,  we  see  that  for 
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all  valtaes  of  ?;  less  than  "o  the  strcr^s-difference  theory  is  h>ss 
favourable  to  the  view  that  the  mathematical  theory  is  appli- 
cable than  the  greatest  strain  theory.  If  there  is  any  truth  in 
either  theory,  the  earth's  material  cannot  possibly  possess  a 
linear  stress-strain  relation  for  values  of  t)  such  as  '25  {%.  e. 
with  a  structure  such  as  that  of  the  metals)  unless  it  be  of  a 
strength  compared  to  which  that  of  steel  is  insignificant. 
For  such  values  of  t)  the  strains  are  also  enormously  in  excess 
of  those  which  can  be  admitted  according  to  the  principle  (C). 

When,  however,  i)  approaches  the  limiting  value  "5  a  com- 
plete change  comes  over  the  features  of  the  case.  The 
maximum  stress-difference  and  all  the  strains  diminish,  even- 
tually vanishing  when  7]  =  '5.  Thus  none  of  the  objections 
hitherto  encountered  can  be  urged  against  the  application  of 
the  mathematical  theory  when  r}  equals  or  nearly  equals  '5. 
To  the  exact  value  "5  of  rj  there  is,  I  admit,  a  physical  objec- 
tion, which  would  doubtless  have  been  urged  by  Maxwell,  viz. 
that,  supposing  Young's  modulus  to  be  finite,  this  implies  the 
material  to  be  absolutely  incompressible.  There  is,  however, 
no  obvious  physical  objection  to  the  hypothesis  that  the 
material  is  very  nearly  incompressible,  i.  e.  that  '5 — 77  is  very 
small*;  and  an  isotropic  sphere  with  such  a  structure  would, 
according  to  all  our  tests,  remain  perfectly  elastic  when 
possessed  of  the  earth's  mass  and  exposed  to  its  gravitational 
forces. 

In  our  previous  estimate  of  the  value  of  E  the  action  of  the 
gravitational  forces  in  reducing  the  eccentricity  was  not  taken 
ill  to  account.  If  the  princi[)les  we  have  laid  down  as  regula- 
ting the  applicability  of  the  mathematical  theory  be  conceded, 
we  need  only  consider  the  case  when  'b—rj  is  very  small  ;  and 
since  the  formulae  show  that  in  this  case  a  small  variation  in 
the  value  of  77  is  of  little  consequence,  we  may  for  simplicity 
sujipose  ?7  =  "5  exactly. 

In  order  to  show  the  nature  of  the  uncertaint}^  that  must 
in  reality  be  attached  to  the  result,  it  seems  desirable  to  give 
a  general  idea  of  the  way  in  which  the  existence  of  gravita- 
tional forces  affects  the  eccentricity.  Let  us  imagine,  then, 
that  over  the  surface  of  a  perfect  sphere  weightless  matter 
is  piled  up,  which  transforms  the  surface  into  that  of  a  slightly 
oblate  s))heroid  whose  polar  and  equatorial  senn-axes  are  re- 
sjx'ctively  a  —  2(I/o  and  a  +  dj'd.  Now  suppose  the  heaped-up 
material  to  become  heavy.  The  jjressure  it  exerts  on  the 
surface  below  it  is  greatest  in  the  equator  and  is  zero  at  the 

*  Stewart  and  Gee.  in  their  'Elementary  Practical  Diysics.'  vol  i. 
pp.  in2-''j,  p-ivo  data  from  whicli  tliey  conclude  that  iiidia-riibher  is  sucli 
a  mati'vial. 

/'///•/.  M,„i.  S.  ;').  Vol.  32.  No.  VM\.  Srj>i.  1S;)1.         S 
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])oles.  Thus  the  originally  spherical  surface  ^v^ll  tend  to  sink 
at  the  equator  and  to  rise  at  the  poles  ;  consequently  the 
difference  d  between  the  equatorial  and  polar  "semi-axes  of  the 
s[)heroidal  surface  will  diminish,  but  the  diminution  is  clearly 
less  the  smaller  the  density  of  the  heaped-up  material. 

It  must  be  understood  that  this  does  not  profess  to  be  a 
complete  account  of  what  actually  happens  ;  but  it  may  suffice 
to  show  that  the  gravitational  forces  tend  to  reduce  the  eccen- 
tricity which  the  centrifugal  forces  tend  to  develop,  and  also 
that  this  reduction  may  depend  largely  on  the  density  of  the 
surface  layers.  If  the  departure  of  the  surface  layers  from 
the  earth^s  mean  density  occurs  mainly  near  the  equator, 
then  the  action  of  the  gravitational  forces  in  reducinjr  the 
eccentricity  may  be  much  less  than  it  would  seem  to  be  on 
the  hypothesis  of  an  earth  of  uniform  density. 

Treating  the  density  as  uniform  and  77  as  equal  '5, 1  find  that, 
for  a  given  value  of  E,  the  existence  of  the  gravitational  forces 
■would  in  such  a  case  as  that  of  the  earth  reduce  the  diflFerence 
between  the  equatorial  and  polar  diameters  called  for  by  the 
rotation  in  the  ratio  of  9  :  40  approximately*.  Thus,  for  a 
given  eccentricity,  the  value  of  E  when  the  gravitational 
forces  act  is  to  its  value  when  the  centrifugal  forces  alone 
exist  as  9  :  40.  So  in  the  supposed  case  of  the  earth,  we 
should  have  to  reduce  E  from  141  x  10^  to  32  X  10'^  grammes 
weight  per  square  centim.  The  maximum  stress-difference 
reduces  to  7*2  tons  weight  per  square  inch.  The  greatest 
strain  remains  "0018,  as  before,  but  it  would  answer  to  a 
purely  longitudinal  stress  of  only  3' 6  tons  per  square  inch. 
Owing  to  the  less  density  of  the  surface-strata  these  reductions 
may  be  considerably  too  great,  so  that  it  is  advisable  to  regard 
32  X  10'  as  essentially  a  lower  limit  to  the  value  of  E.  As 
stated  above,  the  numerical  result  for  the  value  of  E  would 
be  but  little  altered  if  we  supposed  77  slightly  less  than  "5  ; 
but  unless  "S— 7/  be  very  small,  the  terms  independent  of  the 
eccentricity  become  of  importance  in  estimating  the  maximum 
stress-difference  and  greatest  strain. 

The  conclusion  to  which  the  previous  investigations  lead  is, 
that  none  of  the  princi})les  at  present  recognized  in  the 
biconstant  theory  of  isotropy  are  opposed  to  the  hypothesis 
that  the  earth  possesses  in  its  interior  an  isotropic  elastic 
solid  structure  with  a  linear  stress-strain  relation,  provided 
its  material  be  very  nearly  incompressible.  But  the  hypo- 
thesis that  the  material  in  the  interior  shows  an  isotropic  elastic 
structure,  such  as  that  of  the  ordinary  metals  under  the 
ordinary  conditions  to  which  they  are  exposed  on  the  earth's 
*  Cf.  {a)  formula  (21),  p.  288,  and  (o),  p.  287. 
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surface,  can  bo  maintained  only  by  those  who  are  ]ireparecl  to 
reject  the  usual  theories  of  the  rupture,  the  limitation  ( C)  in 
the  size  of  the  strains,  and  the  aranment  introduced  here 
from  the  theory  of  intermolecular  forces.  This  raises  no 
presumption  against  the  hypothesis  that  the  interior  is  in  a 
perfectly  solid  state,  and  possessed  of  such  a  chemical  consti- 
tution, say,  as  iron,  if  it  be  admitted  that  it  is  of  a  material 
in  which  the  linearity  of  the  stress-strain  i-elation  ceases  when 
the  compression  becomes  large. 

The  results  obtained  raise  no  presumption  for  or  against 
the  theory  that  the  earth  is  in  a  liquid  or  plastic  state.  They 
merely  show  that  any  argument  against  the  possibiHty  of  an 
elastic  solid  structure  in  a  body  of  the  earth's /o ,»'/><  is  without 
foundation  ;  and  that  any  argument  based  on  the  destructive 
tendency  of  the  enormous  gravitational  forces  in  a  solid  of  its 
mass  is  inconclusive,  even  as  directed  against  such  structures 
as  are  compassed  by  the  ordinary  mathematical  theory.  It 
has  not  been  shown  that  an  ?eolotropic  solid  structure  of  some 
kind,  or  of  a  variety  of  kinds,  may  not  satisfy  all  the  con- 
ditions as  well  as  or  even  better  than  a  nearly  incompressible 
isotropic  material.  The  presumption  is,  in  fact,  that  the  con- 
ditions may  be  satisfied  in  an  infinite  number  of  ways. 

It  must  be  borne  in  mind  that  there  may  be  fatal  objections 
to  an  elastic  solid  structure  which  do  not  arise  innnediately 
from  the  theory  of  elasticity.  Such  an  objection  may  arise 
from  the  rapid  increase  with  the  depth  shown  by  the  tempe- 
rature near  the  earth's  surface.  My  principal  reason  for 
referring  to  this  is  to  point  out  that  the  common  argument 
against  the  production  of  fluidity  by  the  high  internal  tempe- 
rature (viz.  an  assumed  raising  of  the  melting-point  by 
pressure)  has  just  as  much  weight  for  a  nearly  incompressible 
solid  earth  as  for  any  other,  because  w^hile  the  stress-difference 
in  such  an  earth  is  small  the  internal  pressures  are  extremely 
large. 

Before  passing  to  the  second  part  of  the  paper,  I  have  to 
confess  that  there  is  no  reason  to  believe  that  some  of  the 
limitations  assigned  here  to  the  application  of  the  mathema- 
tical theory  will  be  accepted  by  all  or  even  by  a  majority  of 
elasticians.  In  fact  the  mathematical  theory  has  actually  been 
applied  by  several  recent  writers  under  circumstances  when 
most  or  all  of  the  limitations  proposed  here  are  violated.  For 
instance,  this  is  to  a  certain  extent  the  case  in  Professor  Dar- 
win's jiaper*,  "On  the  Stresses  caused  in  the  Interior  of  the 
Earth  by  the  Weight  of  Continents  and  Mountains."  In  the 
]irincipal  part  of  the  paper  he  supposes  77  =  "5.  when,  as  we 
*  riiil.  TiMus.  lS8-_',  pp.  1S7-2.JO. 
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have  seen,  none  of  the  objections  apply  ;  but  in  his  §  10,  in 
order  "  to  know  how  far  the  results  ....  may  differ,  if  the 
elastic  solid  be  compressible,"  he  supposes  that  Avhile  the 
riojidity  constant  is  finite  the  bulk  modulus  is  very  small.  In 
other  words,  he  applies  mathematical  formula  which  assume  r} 
nearly  equal  to  — 1.  Such  a  value  has  been  here  regarded 
as  impossible.  It  should  also  be  noticed  that  if  t]  were  equal 
—  1  then  E  would  vanish,  and  if  77  be  nearly  —1  the  value  of 
E  must  be  very  small.  Thus  the  strains  and  displacements 
given  by  equations  (2)  to  (4)  would  in  the  ciise  supposed  by 
Professor  Darwin  be  enoi'mously  greater  than  even  those 
given  in  Table  IV.  I  do  not  observe,  however,  that  either  in 
the  pa])er  itself  or  in  one  supplementary*  to  it  Professor 
Darwin  makes  any  explicit  reference  to  the  terms  in  the  strain 
independent  of  the  angular  coordinates,  from  which  the  equa- 
tions (1)  to  (4)  are  derived.  I  am  thus  unable  to  say  whether 
his  neglect  of  the  limitations  that  these  terms  are  here  regarded 
as  setting  to  the  application  of  the  mathematical  theory  is 
intentional  or  not.  Again,  in  a  recent  paper f,  "On  Sir 
William  Thomson's  estimate  of  the  Rigidity  of  the  Earth, '^ 
Mr.  Love  has  also  considered  the  problem  of  the  earth  treated 
as  an  isotropic  elastic  sphere,  more  especially  for  the  value 
*25  of  T],  In  his  equations  (14)  and  (18)  Mr.  Love  deter- 
mines the  values  of  two  arbitrary  constants  which  occur  in  the 
terms  independent  of  the  angular  coordinates  ;  and  it  is  easily 
seen  that  the  expression  he  would  thence  obtain  for  these 
terms  is  identical  with  minel.     After  determinino  the  second 

•  •  •  • 

constant  he,  however,  dismisses  the  subject  with  the  remark, 
"  This  ....  gives  the  mean  radial  displacement,  a  matter 
which  need  not  detain  us  here."  So  far  as  I  can  see,  Mr. 
Love  makes  no  reference  to  any  principle  such  as  (C),  nor  to 
the  possibility  of  the  stress-strain  relation  ceasing  to  be  linear. 
I  ought  also  to  explain  that  in  my  paper  (a),  directing  my 
attention  solely  to  the  theories  of  rupture,  I  left  out  of  sight 
any  such  limitation  as  (B)  or  (C),  and  treated  the  case  of  an 
earth  in  which  77  =  0  as  one  in  which,  according  to  the  greatest- 
strain  theory  of  rupture,  the  mathematical  theory  was  ap- 
plicable. I  also  failed  to  notice  that  the  case  9;  =  *5  was 
sanctioned  by  the  greatest-strain  theory  as  well  as  by  the 
stress-difference  theory. 

[To  be  continued.] 

*  Proceedings  of  tlie  Royal  Society,  vol.  xxxviii.  (I880),  pp.  322-8. 
t  Trans.  Camb.  Phil.  Soc.  vol.  xv.  pp.  107-118. 
+  {(i),  equation  (17),  p.  281. 


[     253     ] 


XXXIV.  The  Theon/  of  Magnetism  and  the  Alisuvd'dy  of 
Dlamagnetic  Polarity.  By  J.  Paeker,  AI.A.,  Fellow  of 
St.  Johns  College,  Cambridge. 

[Continued  from  p.  203.] 

IT  appears  from  experiment  that  the  properties  of  exerti no- 
actions  at  a  distance  by  a  magnet  are  mainly  situated  at  or 
near  the  ends  of  the  magnet.  Suppose,  then,  that  we  have 
two  long  magnets  A,  B,  which  may  be  considered  to  possess 
the  magnetic  properties  only  in  their  ends,  and  let  these 
magnets  be  so  placed  that  we  need  only  take  into  account  one 
end  of  each.  Also  let  these  two  ends  be  so  far  from  each 
other  that  they  may  be  regarded  as  mathematical  points 
P,  Q.  Then  the  only  magnetic  forces  between  the  two 
magnets  will  be  equal  forces  at  the  poles  P,  Q,  acting  along 
the  line  PQ  in  opposite  directions. 

Xow  let  the  two  magnets  be  situated  in  a  "  vacuum  "  and  be 
made  to  undergo  a  reversible  cycle  in  which  the  velocities 
are  constantly  zero.  To  do  this,  they  must  be  held  by  external 
forces  equal  and  opposite  to  gravity  and  to  the  magnetic 
forces  between  P  and  Q.  But  if  the  equal  forces  between  P 
and  Q  be  denoted  by  F,  a  repulsion  being  considered  ])ositive 
and  an  attraction  negative,  the  work  done  by  F  in  a  small 
change  of  the  distance  PQ(^r)  will  be  Fdr.  Hence  the 
work  done  on  the  system  during  the  cycle  by  the  external 
forces  is  —J  F  dr,  where  the  two  limits  are  identical.  This 
must  be  zero,  by  the  principles  of  thermodynamics,  and  there- 
fore F  must  depend  only  on  r,  or  F=/(i*).  From  experi- 
ment it  appears  that  f^r)  is  proportional  to  ^,  so  that  if  the 
force  between  P  and  Q  when  their  distance  is  one  centimetre 

be  X,  dynes,  the  force  will  be     g  dynes  when  the  distance  is 
r  centimetres.  ' 

Now  l(;t  there  be  any  number  of  poles  R,  R',  R",  .  .  .  , 
which  may  be  treated  as  mathematical  points,  acted  on  simul- 
taneously by  P  and  Q.  Then  it  is  inferred  from  experiment, 
supported  by  theory,  that  if  the  two  poles  P,  Q  repel  each 
other,  the  forces  they  exert  on  any  one  of  the  other  })oles, 
R,  will  be  both  repulsive  or  both  attractive;  but  that  if  P 
and  Q  attract  each  other,  the  forces  they  exert  on  any  one 
of  the  other  poles  will  be  one  repulsive  and  the  other  attrac- 
tive. Conversely,  if  P  and  Q  both  re|)ol  or  both  attract  the 
pole  1 1,  they  will  i'c|i('l   each   (itiu-r  ;  while  if  one  attract  and 


254  Mr.  J.  Pai-ker  on  the  'I'/ieurij  of  Mayiidion  and 

the  other  re})el,  they  will  sittract  each  other  ;  and  the  very 
same  properties  are  true  ol"  all  the  poles. 

Thus  it  appears  that  there  are  two  kinds  of  poles,  or  of 
magnetism.  Like  kinds  repel  ;  unlike  kinds  attract.  For 
instance,  if  P  and  Q  repel  each  other,  they  are  of  the  same 
kind.  If  both  P  and  Q  repel  a  third  pole  R,  R  will  be  of 
the  same  kind  as  P  and  Q  ;  if  both  P  and  Q  attract  R,  it  will 
be  of  unlike  kind  to  P  and  Q. 

The  two  kinds  of  magnetism  may  be  distinguished  by  the 
signs  +  and  — .  It  is  immaterial  which  kind  of  magnetism 
be  considered  positive  ;  but  it  is  generally  agreed  to  take  the 
kind  found  at  that  end  of  a  soft  bar  of  iron  which,  when 
freely  suspended  and  in  stable  equilibrium,  points  to  the 
north. 

If  the  poles  P,  Q  exert  equal  forces,  both  attractive  or  both 
re])ulsive,  on  any  third  pole  R  from  which  they  are  equally 
distant,  the  poles  P,  Q,  or  the  quantities  of  magnetism  at  P 
and  Q  are  said  to  be  equal.  If  the  forces  be  equal,  but  one 
attractive  and  the  other  repulsive,  the  poles  P,  Q  are  said  to 
be  equal  and  opposite,  or  the  quantities  of  magnetism  at  P 
and  Q  are  said  to  be  numerically  equal  but  of  opposite  sign. 
Again,  if  the  pole  P  exert  m  times  as  great  a  force  as  Q,  and 
both  be  attractive  or  both  repulsive,  the  magnetism  at  P  is 
said  to  be  +m  times  that  at  Q.  If  one  force  be  attractive 
and  the  other  repulsive,  the  magnetism  at  P  is  said  to  be 
— m  times  that  at  Q.  Lastly,  it  is  inferred  from  experiment, 
supported  by  theory,  that  if  two  poles  X,  Y  be  at  the  same 
distance  as  two  equal  poles  P,  Q,  and  the  magnetism  at  X  be 
a;  times  that  at  P,  and  that  at  Y  y  times  that  at  Q,  the  force 
between  X  and  Y  will  l)e  xii  times  that  between  P  and  Q. 
The  force  between  X  and  Y  is  repulsive  if  X  and  Y,  or  x  and 
y,  be  of  the  same  sign,  that  is,  if  the  product  xy  be  positive  : 
the  force  is  attractive  if  x  and  y  be  of  opposite  signs,  or  xy 
negative. 

These  results  lead  to  the  C.G.S,  system  of  units.  If  two 
equal  positive  poles  P,  Q,  situated  at  a  distance  of  one  centi- 
metre, repel  each  other  with  a  force  of  one  dyne,  the  quan- 
tity of  magnetism  at  P  or  Q  is  defined  to  be  the  unit  of 
magnetism.  It  therefore  follows  that  if  two  poles  X,  Y,  at 
which  the  quantities  of  magnetism  are  m  and  in' ,  be  at  a  dis- 
tance of  '/■  centimetres,  the  magnetic  force  between  them  will 

f}i'}n 
be  — ^  dynes,  repulsive  forces  being  considered  positive  and 

attractive  negative. 

To  complete  the  fundamental  principles  of  magnetism,  we 
must  add  the  great  principle  of  the  Conservation  of  Magne- 
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tisin,  which  asserts  that  whatever  changes  take  place  in  the 
niao-netization  ot"  a  s\  stem,  the  quantity  of  magnetism  remains' 
constant. 

In  the  ordinary  text-books,  the  fundamental  definitions  &c. 
are  given  in  a  manner  which  we  cannot  accept.  Thus,  let 
A,  B  be  two  long  magnets  which  may  be  supposed  to  possess 
the  magnetic  ])roperties  only  in  their  ends,  and  let  them  be  so 
])laced  that  we  need  only  consider  the  {)ositive  pole  of  each, 
viz.,  P  on  A  and  Q  on  B.  Then,  if  these  poles  are  equal,  and 
if,  when  they  are  placed  "  in  air  '•'  at  a  distance  of  one  centi- 
metre, a  force  of  one  dyne  is  required  to  overcome  the  force 
which  tends  to  separate  them,  the  strength  of  each  pole  is 
defined  to  be  unity,  and  it  is  asserted  that  at  a  distance  of  r 
centimetres  "  in  air,'^  the  force  which  tends  to  separate  them 

is  -g  dynes.     In  our  method  of  treating  the  subject,  we  should 

say  that  the  force  wdiich  tends  to  separate  the  two  poles  is 
})artly  due  to  the  magnetisms  of  the  poles  themselves,  partly 
to  the  mao;netization  of  the  air  in  which  the  two  mao-nets  are 
])laced,  and  partly  to  the  inequalities  in  the  pressure  of  the 
air.  In  some  ex})eriments,  the  pressure  of  the  air  is  the  most 
important  factor.  The  so-called  definitions  of  the  text-books 
are  therefore  not  definitions  at  all,  but  propositions  in  the 
Kinetic  Theory  of  Gases,  and  are  possibly  incorrect. 

Having  now  explained  the  fundamental  principles  of  the 
subject,  we  must  consider  how  magnetism  is  distributed  in 
bodies.  In  the  first  place,  it  is  evident  that  a  finite  quantity 
of  magnetism  cannot  be  concentrated  into  a  })oint — that  is 
into  an  indefinitely  small  sphere  ;  for  any  two  ])arts  of  the 
sphere  would  exert  very  great  forces  on  each  other,  and  the 
sphere  would  fly  to  pieces. 

A  finite  (juantity  of  magnetism  can  be  distributed  on  a  finite 
area.  For  if  a  be  the  quantity  of  magnetism  per  unit  area, 
or  the  surface  density,  on  an  infinite  plate,  this  plate  will 
exert  a  magnetic  force  ^liram  on  a  body  P  with  a  quantity  of 
magnetism  m.  If  P  be  a  second  plate  on  which  the  surface- 
density  is  o-',  the  force  exerted  by  the  infinite  plate  on  each 
unit  of  area  of  P  will  always  have  the  finite  value  'Iira-a'. 

If  we  break  a  magnet  into  any  number  of  pieces,  each 
piece  is  found  to  be  a  complete  magnet.  From  this  it  is  in- 
ferred that  each  atom  or  molecule  is  a  complete  magnet  with 
equal  quantities  of  positive  and  negative  magnetism  at  its 
ends.  The  total  quiintity  of  magnetism  on  each  atom  or 
molecule  is  therefore  zero,  and  tiie  distribution  on  it  may 
b(^  supposed  to  be  a  surface  distribution.  To  ])revent  any 
ditficully  being  felt  with  respect  to  surface  distriliutions   of 
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mai^netism,  avc  liave  only  to  mention  that,  according  to  the 
physical  theories  of  magnetism^  all  that  is  meant  is  a  finite 
pressure  or  tension  per  unit  area  on  the  surface. 

The  reason  why,  in  an  ordinary  bar-magnet,  there  is  little 
manifestation  of  the  magnetic  properties  except  near  the  ends, 
is  supposed  to  be  that  the  positive  end  of  one  atom  or  mole- 
cule and  the  negative  end  of  the  next  partially  neutralize 
one  another, 

-  +  -H \ —  +  -  +  -+-  +  -  + 

oooooooo 

as  indicated  by  the  figure. 

To  calculate  to  what  extent  the  magnetisms  of  successive 
molecules  neutralize  one  another,  we  require  some  preliminary 
propositions. 

Suppose  that  a  xerj  short,  thin,  straight  magnet  of  length  / 
is  placed  with  its  centre  at  0  and  let  the  quantities  of  mag- 
netism at  its  two  ends  A,  B,  which   may  be  treated   as  mere 

Fiff.  6. 


])oints,  be  —m  and  +m.  Let  a  unit  positive  pole  be  situated 
at  a  point  P  whose  distance  from  0  is  r,  and  let  6  be  the 
angle  between  OP  and  the  line  AB,  or  the  axis  of  the  magnet. 

Then  the  magnet  AB  exerts    on  P  a  repulsive  force  p^^ 


m        ,  T^ .         -.-r  tn 


along  BP  and  an   attraction  p    ^    along   PA.       Now     p-fTz 
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along  BP  is  equivalent  to  p^  p^  parallel  to  BA  and  p^ 

PO  m  PA'^ 

X   p^  parallel  to  OP  ;  and  p-^  along  PA  is  equivalent  to — — 

AO  ra     PO 

X  p^  parallel  to  BA  and-p-^g-p^  parallel  to  PO.     Hence  the 

action  of  the  elementary  magnet  AB  on  P  is  equivalent  to  a 
force  -^l  pTTs  +pX3  )  ^c*ii^8"  ^^  -^  parallel  to  BA  and  a  force 
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But,  if  we  retain  only  the  most  important  terms, 

ml  /    1  1  \  _  m/    ( ~ +  - ^ ) 


ml) 


Smlr' 

cos  tf. 


Thus  if  we  can  neglect  -^,  as  we  certainly  can  when  AB  is 

comparable  to  the  size  of  a  molecule,  the  action  on  P  reduces 

to  —  parallel  to  BA  and  — j-  cos  6  along  OP.     These  forces 

are  exactly  the  same  as  would  have  been  produced  by  another 
short  magnet  similar  to  AB,  placed  along  AB  with  its  centre 
at  0,  provided  that  m'l'  =  ml.  Defining  ml  to  be  the  magnetic 
moment  of  the  elementary  magnet  AB,  w^e  see  that  two  ele- 
mentary magnets  placed  at  the  same  point  0  with  their  axes 
coincident  are  equivalent  to  each  other  if  their  moments  are 
equal. 

If  we  take  three  rectangular  axes  Ox,  Oy,  Oz  through  0 
and  denote  the  coordinates  of  P  by  [x,  y,  z)  and  the  ano-les 
AB  makes  with  the  axes  by  (a,  ;g,  7) ,  the  forces  exerted  on  P 
by  three  small  magnets  placed  at  0  : — 

ml 
ml  cos  a.  along  Ox,  are ^^3  cos  «  j)arallel   to   O.c  and 

?>ml  cos  u  X     ,         „-r, 
T. -  alono;  UP  ; 

fill 

ml  cos  ^  along  Oy,  are 3  cos /3  parallel  to  Oy  and 


3--     ^  along  OP  ; 
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vd  cos  7  along   Uz,  iire    —     ^  cos  7   ])tinillel   to   0~  iind 

3mZcos7   z    ,  ,,,, 
7, -  ulonir  Or. 


These  forces  combined  give  — ^  parallel  to  BA  and 

3???/  /.r  y         r,     ~  \ 

— 5   I  -cosa4--cos  «  +  -cos7  I, 

r     \  r  /•  r  } 

O         7 

or    — J-  cos  Q,   along  OP.      We  may   therefore   say  that  the 

action  of  a  small  magnet  AB  is  eqnal  to  the  sum  of  the  actions 
of  its  components. 

A  molecule  may  be  supposed  made  up  of  several  elementary 
magnets  such  as  AB.  As  each  of  these  constituent  elemen- 
tary magnets  is  equivalent  to  three  component  magnets 
parallel  respectively  to  the  three  rectangular  axes,  the  whole 
molecule  is  equivalent  to  three  elementary  magnets  parallel 
respectively  to  the  axes,  and  therefore  equivalent  to  a  single 
resultant  elementary  magnet.  The  magnetic  moment  and 
direction  of  this  resultant  magnet  may  be  called  the  magnetic 
moment  and  axis  of  the  molecule. 

As  neighbouring  molecules  may  be  magnetized  differently, 
we  shall  avoid  the  irregularities  by  considering  a  volume 
dv  which,  though  very  small,  is  still  large  enough  to  con- 
tain many  molecules.  Since  each  molecule  in  the  volume 
is  equivalent  to  three  small  component  magnets  parallel  to 
the  axes,  the  whole  volume  dv  is  equivalent  to  three  small 
component  magnets,  and  therefore  to  a  single  small  magnet. 
If  we  denote  the  moment  of  this  single  magnet  by  \dv^ 
I  is  defined  to  be  the  intensity  of  magnetization  of  the  ele- 
ment, or  at  a  point  in  the  element,  and  the  direction  of  I  is 
defined  to  be  the  direction  of  magnetization. 

If  A,  B,  C  be  the  components  of  I  parallel  to  the  axes,  it 
is  evident  that  the  external  action  of  the  element  dv  is  equal 
to  the  sum  of  the  actions  of  three  equal  volumes  placed  suc- 
cessively in  the  same  position,  whose  magnetizations  are 
respectively  parallel  to  the  axes  and  equal  to  A,  B,  and  C. 

If  we  draw  a  curve  such  that  the  tangent  at  any  point  is 
the  direction  of  magnetization  at  that  point,  the  curve  may  be 
called  a  line  of  magnetization.  It  is  generally  continuous  so 
long  as  we  keep  to  the  same  body.  If  at  any  point  two  con- 
secutive tangents  cut  at  a  finite  angle,  we  shall  consider,  that, 
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for  magnetic  purposes,  we  enter  a  new  body  when  we  travel 
along  the  hne  of  magnetization  past  the  point  at  which  the 
(Uscontinuity  takes  place. 

If  the  elementary  volume  dv  be  in  the  form  of  a  cylinder , 
of  small  length  and  thickness,  whose  generators  are  lines  of" 
inagnetization  and  whose  ends  are  orthogonal  sections,  it  i  s 
evident,  from  what  has  been  shown,  that  the  external  mag  - 
netic  action  of  the  volume  is  the  same  as  that  of  layers  of 
magnetism  on  the  ends,  of  surface-densities  I  on  the  positive 
end  and  —I  on  the  negative  end. 

We  shall  now  suppose  the  body  divided  into  a  vast  number 
of  elementary  cylinders  such  as  these,  and  we  shall  examine 
how  far  the  magnetic  layers  on  contiguous  ends  neutralize 
one  another.  Let  0  be  a  fixed  point  on  a  line  of  magnetiza- 
tion and  P,  Q  two  other  points,  such  that  the  distance  OP  =  i' 
and  Oil  =  s-\-ds.  Pound  the  line  OPQ  describe  a  small  closed 
curve  and  let  a  line  of  magnetization  travel  round  it  so  as  to 
trace  out  a  thin  tube  in  tlie  body.     Through  P  and  Q  draw 

Fi-?.  7. 


normal  surfaces  to  the  line  OPQ,  and  let  da  be  the  area  of  the 
section  of  the  tube  at  P  or  Q.  Then  let  the  length  PQ  be 
divided  into  an  infinite  number  of  equal  parts,  each  of  which 
may  be  supposed  considerable  in  comparison  with  the  size  of 
a  molecule,  and  through  each  of  the  points  of  division  draw 
surfaces  normal  to  PQ,  so  as  to  divide  the  small  cylinder  PQ 
into  an  infinite  number  of  infinitely  thinner  cylinders.  Then, 
since  each  of  these  constituent  cylinders  of  PQ  is  equivalent 
to  e(]ual  surface-layers  on  its  ends,  the  densities  of  which  vary 

uniformly  from  I  at  P  to  T  +  -,  ds  at  Q,  it  is  clear  that  the 
cylinder  PQ  is  equivalent  to   layers  on  its  ends,  of  surface- 

ds 
quantity     of     magnetism     — -dsdu     uniformly     di>l  i-il)uted 


densities   —I    at    P    and    I  +  -— c^^^    at   O,    tou'ether    with    a 


(Is 
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tliroiifrhout   its  volume.     The   density  of  the  volume  distri- 

Lutiou  is  therefore  —      where  the  differential  coefficient  is 
as 

found  on  a  line  of  magnetization. 

Now  let  a  finite  hody  be  divided  into  an  infinite  numher  of 

thin  tubes  such  as  that  surrounding  the  curve  OPQ.     Let  one 

of  these  tubes  meet  the  surface  of  the  body  in  the  curves 

XY,  X'Y',  and  draw  two  normal  sections  XZ,  X'Z'  to  the 

tube,  entirely  within  the  tube  and  just  touching  the  curves 

XY,  X'Y'  at  the  j)oiuts  X,  X'.     Then,  when  the  section  of  the 

tube  is  indefinitely  diminished,  the  external  magnetic  action 


Fm.  8. 


of  XYY'X'  is  ultimately  the  same  as  that  of  XZZ'X',  and  is 

therefore  equivalent  to  a  volume-density  whose  value  p  at  any 

.      .        dl 
point  IS  —-J-,  and  a  layer  of  surface-density  I^  on  XZ  and 

another  layer  —  I^.,  on  X'Z'.     Consider  the  section  XZ.     The 

layer  on  this   section   is  equivalent  to  an  equal  quantity  of 

magnetism  distributed  uniformly  on  the  neighbouring  small 

area  XY.     But  if  0-^  be  the  angle  between  the  direction  of 

magnetization  and  the  outward  drawn  normal  at  X,  the  area 

XY=the  area  XZ  X  sec  ^^.       The    surface-density    on    XY 

is  therefore    I^  cos  6  .       Similarly  the    density   on    X'Y'   is 

Ij^/  cos  6-^,.     Hence  we  arrive  at  the  simple  result,  generally 

obscured  or  made  mysterious  by  formidable  integrations,  that 

a  finite  body  is  magnetically  equivalent  to  a  volume  distribu- 

dl 
tiou  whose  density  p  at  any  point  is  —  — ,  together  with  a 

surface-layer  whose  value  a  at  any  point  of  the  surface  is 
I  cos  6,  where  6  is  the  angle  between  the  direction  of  magneti- 
zation and  the  outward  drawn  normal  at  the  point. 

The  expression  for  p  can  be  put  in  a  more  convenient  form. 
For  if  three  equal   bodies  whose  magnetizations  are  respec- 
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tively  parallel  to   the  axes  and  equal  to  A,  B,  C,   be   placed 

successively  in  the  same  position  us  the  given  body,  the  sum 

of  their  actions   will    be  equal  to   that  of   the  given   body. 

Hence,  since  the  bodv  whose  magnetization  is  parallel  to  0.c 

clA. 

is  equivalent  to  a  volume   distribution -—  and  a  surface- 

^  civ 

layer  whose  density  at  a  point  P  where  the  outward  drawn 

normal  makes   angles  (X,  fi,  v)  with  the  axes,  is  A  cos  A-,  we 

obtain 

fdK       d^       (1G\ 

^=-W  +  ^  +  dz)^ 

and 

0"  =  A  cos  A-  +  B  cos  /i  +  C  cos  v, 

or,  if  the  direction   of  magnetization   make  angles  [a,  /3,  y) 
with  the  axes, 

cr=  I(cos  a  cos  A,  +  cos  ^  cos  u,  +  cos  7  cos  v) 

=  I  cos  6, 
as  before. 

We  may  now  find  the  energy  U  and  the  entropy  ^  of  any 
magnetized  system  at  rest,  with  its  magnetization  in  equili- 
brium, stable  or  unstable.  For  this  purpose  we  shall  tirst 
obtain  the  energy  U'  and  the  entropy  (f)'  of  a  magnetized 
system  identical  with  the  given  system  except  that  it  is  broken 
up  into  an  infinite  number  of  small  pieces. 

Without  altering  the  internal  conditions  or  the  magnetic 
distribution  of  any  ])art  of  the  system  (XT',  <f)'),  let  all  its 
elementary  portions  be  removed  to  infinite  distances  from 
one  another,  and  left  without  velocity.  Suppose  that  in  thus 
preventing  the  forces  acting  between  the  various  elements 
from  producing  velocities,  the  work  obtained  from  the  system 
is  y  +  W,  where  the  part  Y  is  due  to  the  magnetization  of 
the  system  and  W  to  gravitation.  Then,  since  the  operation 
is  clearly  reversible  and  unattended  by  any  thermal  pheno- 
menon, the  energy  will  now  be  XT'  — Y  —  W,  and  the  entropy 
^'.  Also,  since  the  values  of  the  energy  before  and  after  the 
operation  (U',  U'  — Y  — W)  depend  only  on  the  two  states,  it 
is  clear  that  Y  +  W,  and  therefore  Y  alone,  is  independent  of 
the  manner  in  which  the  change  of  state  is  effected. 

Let  us  now  consider  one  of  the  elements  after  it  has  been 
removed  to  an  infinite  distance  from  all  the  other  elements. 
Its  energy  will  be  projjortional  to  its  volume  dv,  if  that 
volume  is  small  enough  ;  and,  if  the  substance  be  homo- 
geneous (that  is  non-crystalline),  will  be  independent  of  the 
anoxic  the  direction   of  ma<>netization   makes   with   am    line 
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fixed  in  the  element.  If,  therefore,  the  element  be  homo- 
geneous, and  we  su])pose,  for  simplicity,  that  its  state  depends 
only  on  the  intensity  of  mat^netization  I  and  the  absolute 
temperature  0,  the  energy  of  the  element  may  be  written 
F(I,  0)dr.  Calling  0  the  value  of  F(I,  0)  when  1  =  0,  which 
is  clearly  finite,  we  may  put  F[I,  0)do  in  the  form  (V/y'  + 
\F{l,0\-(j\dv,  or  a/« +/■(!,  ^>/r,  where  /(I,  ^)  =  ()  when 
1  =  0.     We  have  then 


or 


U'-Y-W=J(V/r+j*/(I,  0)dv, 
U'  =  Y  +  W+jG?r+J/(l,  0)dv. 


Now  if  Uq'  be  the  value  of  U'  wlien  tlie  system  (in  its  original 
state)  is  deprived  of  its  magnetization,  but  otherwise  un- 
changed, we  shall  have,  since  both  Y  and  \f{l:  0)dv  vaiu'sh 
wlien  1  =  0  and  W  does  not  alter, 

Uo'=w+Jazy. 

Hence 

U'  =  Uo'  +  Y+J/{I,  ^>Zt'. 

If,  therefore,  we  assuiue  that  U'  — U,,'  is  the  same  as  if  the 
system  was  not  broken  up,  or  equal  to  U  — Uo,  we  obtain 

U  =  Uo  +  Y+j'/(I,  ^)(?r ri) 

Similarly  we  may  obtain 

</>'=jD(/r+jA(T,  0)dfi, 

^^=^Ddr, 
and  therefore 

<^'=.<^,'+^h{i,e)dv, 

from  which  we  may  infer 

<^  =  <^,+^h{l,0)dv.      .....     (2) 

The  very  simple  expressions  (1)  and  (2)  are  due,  I  believe, 
to  Duhem,  by  whom  they  were  given  in  1888.  Before 
making  use  of  them,  I  will  show  how  the  energy  of  a 
magnetized  system  is  discussed  in  the  ordinary  text-books. 

The  principle  of  the  conservation  of  magnetism  being  taken 
for  granted,  it  is  first  assumed  that  magnetization  may  be 
separated  from  material  bodies  ;  in  other  words,  that  the  ]"»ro- 
perty  of  matter  of  exerting  actions  at  a   distance  may  exist 
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apart  from  matter.  It  is  next  assumed  that  there  is  an  in- 
finite store  of  positive  and  negative  magnetism  at  infinity  at 
which  we  can  be  supphed  gratis  with  as  much  as  we  require. 
Lastly,  it  is  assumed  that  the  attraction  or  repulsion  between 
any  two  small  quantities  of  magnetism  m,  m',  dissevered  from 
matter,  is  exactly  the  same  as  the  attraction  or  repulsion 
between  two  small  portions  of  matter  at  the  same  distance, 
magnetized  with  the  same  quantities  of  magnetism  m,  m' .  Then, 
in  order  to  fi^nd  the  energy  U  of  any  magnetized  system,  we  sup- 
pose its  magnetism  made  up  of  an  infinite  number  of  elements 
which  were  originally  at  an  infinite  distance  from  the  given 
material  system  and  from  one  another,  and  unassociated  with 
matter.  If,  therefore,  we  denote  by  Uq  the  energy  that  the 
given  system  would  have  if  it  were  deprived  of  its  magneti- 
zation, but  otherwise  unchanged,  and  imagine  some  agent 
capable  of  bringing  the  magnetic  elements  from  infinity  up 
to  the  given  system,  and  there  placing  them  in  the  positions 
they  are  to  occupy,  without  exerting  more  force  than  is  just 
necessary  to  overcome  the  attractions  and  repulsions  between 
them,  we  are  supposed  to  get 

U=[Jo  +  Y. 

The  ordinary  text-books  make  no  attempt  to  find  the  en- 
tropy of  a  magnetized  system.  In  fact,  until  the  appenranee 
of  Duhem's  book  in  1888,  the  rigid  methods  of  thermodynamics 
do  not  seem  to  have  been  thought  necessary. 

In  order  to  find  the  condition  of  magnetic  stability  on  a 
homogeneous  body  of  uniform  temperature  6,  we  suppose  the 
body  inca{)able  of  receiving  or  losing  heat  except  at  the  con- 
stant temperature  6.  Then  we  imagine  the  magnetization  of 
a  single  volume  element  dv  to  change  slightly  in  direction, 
and  to  increase  from  I  to  I +  81  ;  and  we  suppose  that  when 
the  temperature  has  again  become  equal  to  6,  no  other  change 
has  been  made  in  the  system. 

If  8Q  be  the  heat  absorbed  in  the  process,  the  [)rinciples  of 
thermodynamics  require  that 

or,  since  no  work  has  been   done  on  the   system  during  llie 
operation, 

8U<^80. 
Hence 

aY+(;;;,-.;«),..M<o, 

or 

5Y  +  >/r([,  6')r/,-SI<0,  (say).       .      .      .      (;}) 
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Let  us  now  iiii;i_i;-ino  a  systoui  identical  with  th(^  given 
system  before  the  change  inr/r,  and  let  this  ])articiilar  element 
be  removed  to  infinity  without  causing  any  other  change  in 
the  system.  Then  if  lo  be  the  work  so  obtained,  we  have* 
clearly 

hY  =  hw. 

To  find  hv,  we  may  take  the  volume  dv  of  any  form  wo. 
please.  Sup[)Ose  it  is  a  cylinder  with  its  ends  perpendicular 
to  the  axis,  and  the  axis  parallel  to  1.  Then,  by  the  principles 
of  the  potential,  if  do3  be  the  section  of  the  cjdinder  and  ds 
its  length,  we  have 

dy 

W  =  Jdo)  dti  —r-  , 

ds 
or 

jdY  . 

w  =  l  —r  dv 
ds 

dV 
where,  in  finding  -j-  ,  we  travel  on  the  line  of  magnetization. 

Now  since  the  potential  V  at  any  point  (.r,  ?/,  r)  is  a  function 
onl}'  of  the  three  coordinates  of  that  point,  we  obtain,  if 
(a,  y8,  7)  be  the  angles  the  direction  of  magnetization  at  the 
point  (,%■,  ?/,  ~)  makes  with  the  axes, 

dY^_  dN  dx       dVdy       dYdz 
ds        dx  ds        d)j  ds        dz  ds 

dV  ^dY  dY 

=  cos  a  — -  +  cos  p~,    +  COS  7  —f  , 
d.v  dy  dz 


and  therefore 


w/V      ,(/V      ^dY      .,dY 
ds  dx  dt/  dz 


ThuSj  since  the  potential  at  any  point  of  the  element  dv,  and 

therefore  the  values  of  -^- ,  -r- ,  -^—  are  independent  of  the 
dx     dy      dz 

magnetization  of  that  particular  element  when  it  is  small 

enough,  w^e  obtain 

hw  =  8 A  -,-  +  SB  -—  +  SC  ^  ]di\ 
\        dx  dy  dzJ 

If  the  element  dv  be  to  any  extent  magnetically  "  rigid, '^ 
its  magnetization  will  not  be  fully  able  to  obey  the  directing 
causes,  and  there  will  be  relations  between  SA,  SB,  and  SC  ; 
but  if  the  element  be  "  ])erfectly  soft,"  we  may  consider 
SA,  SB,  SC  independent.  In  the  latter  case,  if  we  ])ut  SB 
and  SC  both  zero,  equation  (3)  gives 
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5A'^+i/r(I,  ^)gl<0. 

But  since  P^A^  +  B^+C^  we  have,  wlioii  B  ana  C  are 
constant, 

ISI  =  ASA. 

Hence,  for  all  values  of  8A,  we  have 

If  the  qnantitv  — h  -pTlr,  within  {,..},  bo  positive,  A  can 

"    ax        i  '  ^ 

only  decrease  ;  if  it  be  negative,  A  can  onl}'  increase  ;  if  it 
be  zero,  A  can  neither  increase  nor  decrease.  We  have, 
therefore,  in  stable  equilibrium,  at  every  point  of  a  "  perfectly 
soft ''  substance, 

IcZV       \dN      Ir/V  1  ,,T   .,  ,,, 

A;z7^B;5r=cz-=-i^(^'^)'  •  •  •  (4) 

We  must  now  explain  the  meaning;  of  the  differential  co- 
eftieients  of  V.  We  know  that  if  at  any  extcu'nal  j)oint 
l'(.7,',  _y,  c),  a  unit  positive  j)ole  be  j)laced  without  disturbintr 
(li(^  maon(^tization  of  any  part  of  the;  given  matciial  system, 

(  ~"  k^'~  ^  '~  7/1 )  ""^^'^  '^^  *^^^  magnetic  forces  (X,  Y,  Z), 
])arallel  to  the  axes,  exerted  on  the  unit  pole  at  P  by  the 
given  system.  When  the  point  F  is  within  the  given  sj^stem, 
we  cannot  place  a  unit  pole  there  without  disturbing  the 
system.  We  therefore  imagine  a  small  right  circular  cylinder, 
whose  axis  coincides  with  the  direction  of  magnetization  and 
A\hose  ends  are  per{)endicular  to  the  axis,  removed  tVom  about 
the  point  F  ;  and  suppose  that  no  change  is  made  in  the 
system  beyond  the  removal  of  the  contents  of  the  cylinder. 
If  the  point  F  is  in  the  midst  of  a  liquid  or  gas,  a  thin  sub- 
stance, the  magnetization  of  which  may  be  neglected,  must 
b(i  used  as  a  lining  for  the  cylinder,  so  that  the  interior  of 
the  cylinder  is  vacuous.  Then  if  V  be  the  potential  at  F  of 
till!  new  system   obtained  by  removing  the  contents  of  the 

/      dN'       dN'        dV\ 
cylinder  from  the  original  system,  ( j-^, j—, —  ) 

will  be  the   magnetic  forces  ])arallel  to  the  axes,  exerted  bj 
tli(!  iHHv  system  on  a  miit  positive   })ole  placed  ;it  F  without 
disturbing  the  system.     But  if  V"  was  the  potential  at    F  of 
r/ul.  Ma;f.  s!  .5.  Vol.  32.  No.  U>G.  Sept.  1891.  T 
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tlie  contents  of  the  cylinder  before  removal,  and  V  tbe  poten- 
tial of  the  whole  of  the  given  system,  we  should  have 


and  therefore 


—  =  -  —  -  "^^    &c 

dx  dx  dx  '       *' 


Now  the  contents  of  the  small  cylinder,  before  bein^  cut 
away,  were  mngnetically  equivalent  to  layers  on  the  ends,  of 
densities  +Ion  the  positive   end  and  — I  on  the   neffative 

end.     Thus -, —  is  simply  the  force,  parallel  to  the  axis 

of  X,  arising  from  these  two  layers.  But  if  we  take  a  cir- 
cular layer  of  uniform  density  I,  the  force  it  exerts  on  a 
unit  pole  in  the  axis  of  the  layer  at  a  point  where  the  radius 
of  the  layer  subtends  an  angle  a,  is  27rl(l —  cosa^,  and  may 
therefore  be  neglected  when  a  is  small.  Hence,  if  the  radius 
of  the  right  circular  cylinder  be  infinitely  small  in  comparison 
with  the  length,  the  differential  coefhcients  of  V"  will  be  zero. 

Consequently,  i l~i~~T  ' 7^/  '^^^  ^^  magnetic  forces 

parallel  to  the  axes,  exerted  by  the  new  system  V  on  a  unit 
pole  placed  at  P  without  disturbing  that  system.  These 
forces  are  written  (X,  Y,  Z),  and  are  called  the  forces  of  the 
given  system  at  P. 

If  F  be  the  resultant  of  (X,  Y,  Z),  or  the  resultant  force 
of  the  given  system  at  P,  equations  (4)  become 

^-Y_Z_, F_l 

Now  it  has  been  shown  by  Duhem  {Des  Corjys  Diamaq- 
ndiques)  that  ■>|r(I,  6)  must  always  be  positive.     We  must 

therefore  always  take  the  positive  sign  before  y,  and  may 

write 

where  p^;(I,  ^)  is  always  positive. 

The  meaning  of  equations  (5)  is  that,  at  any  point  of  a 
"  perfectly  soft  "  homogeneous  substance,  the  magnetization, 
when  in  stable  equilibrium,  coincides  in  direction  with  the 
force  at  that  point.  If  there  is  any  magnetic  "  rigidity " 
about  the  substance,  the  magnetization  at  a  point  may,  of 
course,  make  a  finite  angle  with  the  force  at  that  point. 
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We  can  now  explain  Weber's  hypothesis  of  magnetism. 
He  considers  that  a  body  which  appears  to  be  neutral  is  as 
much  magnetized  as  when  it  exhibits  active  magnetic  pro- 
perties, only  that,  in  the  former  case,  the  magnetized  mole- 
cules has'e  their  axes  pointing  in  all  directions  so  as  exactly  to 
neutralize  one  another.  He  then  supposes  that  the  act  of 
magnetization  merely  consists  in  giving  the  axes  of  the  mag- 
netized molecules  a  definite  direction.  In  fact,  if  we  suppose 
;in  elementary  magnet  suspended  freely  by  the  centre  of  mass, 
it  is  clear  that  it  will  set  its  axis  in  the  direction  of  the  external 
magnetic  force  which  acts  upon  it. 

In  the  connnon  theorv  of  ma";netism  it  is  admitted  that  in 
a  "  perfectly  soft "  homogeneous  substance,  the  magnetiza- 
tion at  any  point  is  in  the  same  straight  line  as  the  force  ; 
but  it  is  supposed  that  in  the  so-called  diamagnetic  homo- 
geneous "  soft  substances,"  i/r,  or  p^^  is  negative,  or  that 
the  magnetization  is  in  the  opposite  direction  to  the 
force.  This  gives  rise  to  a  difficulty  in  Weber's  theory  ; 
for  it  appears  to  follow  that  when  an  elementary  magnet 
is  freely  suspended  by  the  centre  of  mass,  it  may  perma- 
nently set  its  axis  in  the  opposite  direction  to  the  external 
magnetic  force.  To  escape  from  this  difficulty  it  might  be 
assumed  that  in  every  diamagnetic  body  a  number  of  mole- 
cules form  a  kind  of  lock-work,  similar  to  that  of  a  gun, 
and  that  the  first  act  of  the  extei-nal  magnetizing  force 
is  to  set  the  lock.  In  this  way,  it  might  be  thought,  we 
should  have  a  means  of  setting  the  magnetized  molecules  in 
the  opposite  direction  to  the  force  and  keeping  them  there  ; 
but  it  would  follow  that  a  diamagnetic  body  could  not  be  mag- 
netized until  the  external  raao-netizina;  force  exceeded  a  certain 
value,  and  would  not  lose  its  magnetization  when  the  force 
was  withdrawn.  As  this  appears  to  be  contrary  to  experi- 
ment, wecon<?lude  that  our  explanation  of  the  difficulty  due  to 
the  common  theory  of  diamagnetisin  must  be  insufficient. 

In  the  case  of  a  quasi-homogeneous  substance,  like  air  or 
any  gas,  the   mass-density  will   vary   from   point  to    })oint. 

Denoting  the  mass-density  bv  p,  and  putting  1=    - 1',  where 

Pq  is  a  standard  fixed  value  of  p,  the  state  of  the  air  or  gas  at 
any  point  may  be   defined  by  the   three  variables  (1',  p,  6). 

If  wo  put  A=—  A',  &c.  &c.,  it  is  easy  to  see  that  equations 

(5),  which  hold  lor  the   stable  distribution   of  magneti/.ati(»i, 
b(H'ome 

T  2 
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A/  T>l  fV  T/ 

X=T  =  E-  =  F=^'^^>'^>'    .    ■    .    (6) 

where  ')^  is  always  positive. 

Now  let  the  air  be  mapped  out  by  equipotential  surfaces 
and  lines  of  force,  just  as  in  electrostatics,  and  imagine  a 
small  right  circular  cylinder  described  in  the  air  with  its  ends 
at  right  angles  to  the  axis  and  the  radius  of  its  normal  section 
very  small  in  comparison  with  the  length  of  the  axis.  Then, 
by  taking  the  axis  of  the  cylinder  tangential  to  an  equi- 
potential surface,  it  is  easily  seen  that  the  pressure  and  density 
of  the  air  have  constant  values  all  over  the  same  equipotential 
surface.  If  the  axis  coincide  with  a  line  of  force,  and  we 
suppose  ourselves  to  travel  in  the  direction  of  the  force,  we 
obtain,  since  the  force  exerted  at  any  point  by  the  neigh- 
bouring molecules  is  zero, 

dp  =  \-i-ds  =  V r-ds. 

as  Pq  as 

or,  if  we  assume  the  simple  law  of  gases,  p  =  JXp6,  where  R  is 
a  constant  for  the  same  gas, 

or 

dp_X'^lfU 
P  ~  Pods 

Integrating  this  equation,  we  get 

log'^  =  — I    I'-r-ds. 
Pi      Poji      ds 

Now  it  is  usually  assumed  that  for  the  feebly  magnetic 

substances,  the   positive  quantity  ')^  is  practically  constant, 

and  its  value  is  written  k.     We  have  then,  in  a  homogeneous 

dY 
soft  body  (liquid  or  solid),  A  =  kX=—k~  ,  &c.  &c.,  so  that 

if  p  be  the  volume-density  of  the  magnetism  in  the  interior 
of  the  body, 

/dA       dB  ,    dC\     ,„„„ 

Hence,  since  V^V=  —4:7rp,  we  have 

and  therefore  p  =  0,  or  the  body  is  magnetically  equivalent  to 
a  layer  of  magnetism  on  the  surface. 
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A  similar  result  would  follow  for  a  gas,  provided  the  mass- 
density  be  nearly  uniform. 
In  air  or  a  gas, 


Po 
and,  therefore,  along  a  line  of  force  in  air, 

Pi      ^Po 


or 


P2  .7-  (F22-F,*) 

Pi 


or  a[)proximately,  since  k  is  very  small, 


that  is,  nearly, 


P2 Pi ^  rF  2_F  2\ 


/>2-/>i=.t(F/-F, 


(7) 


In  a  liquid,  I  =  /(-F,  and  therefore,  along  a  line  of  force 


^       .dF  ,       ,^dF  ^ 

ap  =  l  —r-  ds  —  kh  —7-  ds. 


ds 


ds 


and  therefore 


Pr 


Fig.  9. 


-y^i=^(F,^-Fr) (7/) 

The  important  simplification  effected  by  putting  ;;^  constant 
makes  it  easy  to  determine  the  abrupt  change  which  takes 
place  in  the  force  when  we  pass  from 
one  soft  body  to  another.  For  let  V^ 
be  the  force  just  inside  a  soft  body  A 
and  Fj  the  force  just  inside  another 
soft  body  B,  near  any  point  P  of 
their  common  surface  ;  and  let  ^^,  9^ 
be  the  angles  F  and  F.  make  with 
the  common  normal  at  P,  drawn  from 
A  to  B.  Then  the  density  at  P  of 
the  surface-layer  of  A  will  be  I   cos  6 

•J  a  at 

and  of  the   layer  of  B,  —  I,cos^j 
A  to  B,  wo  have 

Fj  cos  e^  -  F^  cos  0^  =  Itt  -|  - 1  ^  eos  6^,,  +  1  „  cos  ^„ } . 


H(;nce,  in  passing  from 
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If  both  A  and  13  be  liquid  or  solid,  we  obtain 

(1  +47r/-jF,  cos  e,=(i  +  4nk^)h\  cos  e^. 

U  A  be  air  or  any  gas,  and  p  be  the  mass  density  at  P, 
( 1  +  M,)i\  cos  ^,  =  ( 1  +  47r^„  ^  )  F„  cos  e^. 

If  A  be  a  perfect  "  vacuum/'  we  put  k  —0. 

This  result,  which  is  even  more  important  in  electricity 
than  in  magnetism,  can  be  written  in  a  very  brief  form.  For 
if  F_^^,  Fj^^  be  the  normal  components  of  F^  and  F^,  and  if  //.^ 

stand  for  1  +4:Trk^  or  1  +4:7rA-^  —  and  fi^  for  1  +  47r/-j,  we  have 

Po 

a,¥,    -aF (,S). 

~&      on        la      an  \  -  /  • 

The  foregoing  is  the  usual  method  of  stating  the  result; 
but  if  we  keep  to  the  convention  of  supposing  every  turrmal 
to  be  drawn  outu-ards,  we  shall  have 

fi  F    +/a,F,  =0. 

•^u     an       '0     on 

Since  for  many  substances  k  is  very  small  (being  loss  than 
T-r^TTT;^),  it  follows  from  the  preceding  investio-ation  that  the 
abrupt  change  of  the  force  in  crossing  the  boundary  of  two 
soft  bodies  may  generally  be  neglected.  Hence,  if  a  number 
of  soft,  feebly  magnetic  bodies  be  magnetized  by  permanent 
steel  magnets,  we  may  suppose,  without  sensible  error,  that 
the  force  at  any  point  is  entirely  due  to  the  permanent 
magnets;  in  other  words,  we  may  neglect  the  force  due  to 
the  magnetization  induced  in  the  soft  bodies.  This  may  also 
be  shown  as  follows: — Let  B  be  any  soft,  feebly  magnetic  body. 
Then  the  Ibrce  at  any  point  is  the  resultant  of  two  forces — F^ 
due  to  B  and  F^  due  to  the  rest  of  the  system.  To  make  a 
rough  comparison  between  Fj  and  F^,  we  take  the  point 
close  to  the  surface  of  B,  in  which  case  it  is  evident  that  Fj 
is  comparable  with  27rij,  that  is,  with  2'7rk^F,  or  with  the 
resultant  of  27r^jFj  along  F^  and  27r^jF^  along  F^.  Thus  F^ 
is  comparable  with  27r^:jF^,  or  if  ^1,  =  ^^^^,,  with  the  60,000th 
of  F  ;  and  we  draw  the  same  conclusion  as  before. 

a' 

Let  us  now  suppose  that  a  soft,  feebly  magnetic  body  B, 
which  is  either  a  solid  or  a  liquid  contained  in  a  bag,  is 
magnetized  inductively  by  a  permanent  steel  magnet  situated 
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to  tlie  left;  and  let  us  imagine,  for  the  sake  of  simplicity, 

that  the  magnetic  force  within  the  body    B   is   everywhere 

parallel  to  the  axis  of  x,  so  that  as  we  travel  parallel  to  0^  in 

the  positive  direction,  the  force  diminishes  numerically,  whether 

it    be    the  positive  or  the    negative  pole   of  the  permanent 

magnet  which  acts  on  B.     Then  if  we  consider  a  parallelopiped 

on  the  base  dy  dz,  the  force  acting  on  it  parallel  to  Ox  will 

be 

dY  . 
-r—  ax. 


or 


or 

■"2 

dw 


1,- 


which  is  always  negative,  since  F^  diminishes  as  x  increases, 
and  /(.'j  is  positive.  Hence  the  soft  body  B  is  always  attracted 
by  the  permanent  magnet.  The  same  result  would  have  been 
obtained  if  B  had  been  air  or  a  gas  contained  in  a  bag. 

If  the  body  B  be  immersed  in  air  or  in  a  gas,  or  in  a  soft 
liquid,  the  pressures  on  the  two  ends  of  the  small  parallelo- 
piped will,  by  equations  (7)  and  (7'),  give  a  force  in  the 
opposite  direction  to  Ox  of 


^kjydz 


where  F  has  the  same  meaning  as  before. 

Hence  if  k^^  be  greater  than  /L'^,  or  the  body  B  more  mag- 
netic than  the  gaseous  or  liquid  medium  by  which  it  is 
surrounded,  the  attraction  of  the  permanent  magnet  will  over- 
power the  pressure  on  the  surface  and  the  body  B  will  be 
drawn  towards  the  pole  of  the  magnet  ;  but  if  A-^  be  less  than 
X;^,  or  B  less  magnetic  than  the  surrounding  medium,  the 
attraction  of  the  permanent  magnet  will  be  overpowered  by 
the  pressui-e  on  the  sui-faco,  and  the  body  B  will  appear  to  be 
repelled  by  the  permanent  magnet. 

We  may  now  snm  up  the  analogies  we  have  found  be- 
tween magnetism  and  gravitation  in  the  case  of  homogeneous 
bodies.  First  of  all,  every  soft  substance  is  attracted  when 
placed  near  one  pole  of  a  magnet  ;  and  every  body  is 
attracted  to  the  earth.  Secondly,  if  a  number  of  soft 
bodies  be   magnetized   by   a   steel   magnet,  we  may   neglect 
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the  action  of  the  inagiic^tizcd  solt  bodies  oi)  one  another  ; 
and  if  a  mmibcr  of  small  bodies  be  [)laced  near  the  earth, 
we  may  neglect  their  gravitational  attraction  on  one  another 
in  comparison  with  that  of  the  whole  earth.  Lastly,  if  a 
soft  body  be  immersed  in  a  gas  or  liquid,  and  then  placed 
near  the  pole  of  a  magnet,  it  will  a{)})ear  to  be  attracted  oi- 
repelled  according  as  it  is  more  or  less  magnetic  than  the  gas 
or  liquid  by  which  it  is  surrounded  ;  and  if  any  body  \h'. 
innnersed  in  a  gas  or  liquid,  it  will  appear  to  be  attracted  oi' 
rejielled  by  the  earth  according  as  it  is  heavier  or  lighter  than 
the  gas  or  liquid  in  which  it  is  placed. 

The  theory  we  have  given  is  beautifully  illustrated  and 
confirmed  by  the  following  experiments  of  Faraday's,  described 
in  Tyndall's  '  Diamagnetism.'  Theory  and  experiment  fit 
together  so  exquisitely  that  we  cannot  but  wonder  the  true 
theoiy  sliould  not  have  been  seen  from  the  first. 

"  If  a  weak  solution  of  protosulj)hate  of  iron,  m,  be  put  into  a 
selected  thin  glass  tube  about  an  inch  long,  and  one  third  or 
one  fourth  of  an  inch  in  diameter,  and  sealed  up  hermetically, 
and  be  then  suspended  horizontally  between  the  magn(^tic. 
j)oles  in  the  air,  it  will  point  axially,  and  behave  in  other 
respects  like  iron  ;  if  instead  of  air  between  the  poles,  a  solu- 
tion of  the  same  kind  as  ?«,  but  a  little  stronger,  n,  be  sub- 
stituted, the  solution  in  the  tube  will  point  equatorially,  or  as 
bismuth.  A  like  solution  somewhat  weaker  than  m,  to  be 
called  /,  enclosed  in  a  similar  tube,  will  behave  like  bismuth 
in  air  but  like  iron  in  water." 

It  now  remains  to  desci'ibe  how  it  is  generally  attem])led 
to  gloss  over  the  imaginary  dithculties  of  diamagnetism. 

It  is  generally  admitted  that  the  ap])arent  magnetic  or  dia- 
magnetic  properties  of  a  soft  body  B  immersed  in  air  or  any 
other  gas  or  a  liquid,  are  merely  differential — that  is,  depend 
on  the  algebraic  excess  of  the  coefficient  ^^  of  the  body  B 
over  the  coefficient  k^^  of  the  substance  A  in  which  it  is 
immersed.  This  result  is  thought  to  be  "proved"  in  the 
following  way  : — Since  every  soft  body  is  magnetically  equiva- 
lent to  a  layer  of  magnetism  on  its  surface,  it  follows  that 
there  are  two  layeis  on  the  connnon  surface  of  A  and  B,  one 
belonging  to  A,  the  other  to  B.  It  is  then  suj)posed  that  the 
layer  on  this  surface  which  properly  belongs  to  A,  does  not 
really  belong  to  A  at  all,  but  to  B.  The  body  A  being  mag- 
netically equivalent  to  a  layer  on  its  surface,  it  is  assumed 
that,  as  the  layer  on  the  connnon  surface  of  A  and  B  is 
sup[)osed  transferred  to  B,  we  may  treat  A  as  unmagnetized. 
With  this  assumption  the  pressure  of  A  would   be  uniform, 
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and  the  behaviour  of  B  would  be  entirely  determined  by  the 
supposed  compound  layer  on  its  surface. 
Wow  if  6  be  the  angle  at  any  point  P  pj-  jq 

of  the  common  surface  of  A  and  B 
between  the  normal  at  P,  supposed 
drawn  from  A  to  B,  and  the  force, 
which  may  be  considered  continuous  in 
crossing  the  bounding  surface,  the  super- 
ficial density  of  the  layer  at  P  which 
Ixdongs  to  B  will  be  — 1^,^008  6^,  and  of 
that  which  belongs  to  A,  I^  cos  6. 
Hence  the  density  at  P  of  the  com- 
pound layer  is  (I^^  — I^)  cos  6.     The  ratio  of  this  to  the  density 

at  P  of  the  laver  which  properly  belongs  to  B,  is  -^ — -,  which 

is  equal  to  a  constant  —^ — ".     Thus,  since  the  attraction  of  the 

[(crmanent  magnet  on  B,]  due  to  the  surface-layer  which 
{)roperly  belongs  to  B,  may  be  written  kf^G,  where  G  would 
have  the  same  value  for  any  soft  body  of  the  same  shape  and 
size  as  B,  when  placed  in  the  same  position,  the  attraction  of 
the  {)ermanent  magnet  on  B,  when  immersed  in  A,  will 
be  (kf^  —  k^)  G,  or  equal  to  the  force  due  to  the  layer  which 
properly  belongs  to  B,  diminished  by  what  this  force  would 
be  for  the  gas  or  liquid.  A,  displaced  by  B. 

According  to  the  remarkable  caricature  of  reasoning  just 
noticed,  it  follows  that  we  do  not  need  to  know  the  absolute 
value  of  the  coetticient  k  belonging  to  any  soft  substance,  but 
merely  the  algebraic  excess  of  the  coefficient  over  that  of 
some  standard  substance.  This  standard  "  substance "  is 
often  chosen  to  be  a  "  vacuum,^'  and  its  coefficient  is  put 
zero.  Then,  since  many  bodies  are  apparently  repelled  by  a 
magnet  pole  in  a  comparatively  slight  '*  vacuum  "  of  2  to  3 
millimetres  of  mercury,  it  is  concluded  that  the  .coefficients  of 
ilu'se  bodii'S,  or,  rather,  the  excesses  of  their  coefficients  over 
that  of  a  vacuum,  are  negative. 

Granting,  for  the  present,  the  first  part  of  this  so-called 
reasoning,  we  must  point  out  that  a  vacuum  can  only  be 
obtained  by  removing  the  air  completely  from  the  interior  of 
a  closed  vessel,  and  not  by  merely  reducing  the  pressure  to  2 
or  3  millimerres  of  mercury.  Jf  we  were  allowed  to  consider 
such  a  comparatively  slight  reduction  of  density  as  consti- 
tuting a  vacuum,  we  could  prove  the  existence  of  diagravita- 
tion;  for  if  wc  could  find  a  gas  KM)  times  as  light  as  hydrogen, 
a  balloon  could  l>o  ma<le  wliicli  would  float  in  this  so-called 
vacuum. 
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We  must  now  consider  the  two  layers  on  the  connnon  sur- 
face of  two  soft  bodies  A,  B,  A  being  a  gas  or  litjuid.  If  the 
surface-molecules  of  A  were  provided  with  sharp  points  and 
were  caused  by  the  smallest  amount  of  magnetization  to  stick 
to  B,  it  might  be  thought  that  both  surface-layers  would  then 
belong  to  B ;  but  a  little  consideration  tells  us  that  the 
molectdes  which  stick  to  B  would  take  with  them  two  layers 
of  o})posite  signs,  and  it  is  clear  that  the  remainder  of  A 
would  still  have  a  surface-layer  of  its  own,  adjoining  the 
modified  surface  of  B.  In  order,  therefore,  to  cause  the  two 
surface-layers  both  to  belong  to  B,  we  must  make  the  follow- 
ing assumptions: — It  must  be  supposed  that  every  molecule 
of  A  is  provided  with  a  sharp  point,  and  that  the  act  of 
magnetization  causes  each  molecule  to  be  broken  into  two 
halves,  on  one  of  which  is  the  positive  magnetism,  on  the 
other  the  negative.  Then  it  must  be  supposed  that  those 
half-molecules  on  which  are  the  surface-layers  of  A  stick  to 
the  bodies  B  .  .  .  ,  with  which  they  happen  to  be  in  contact, 
and  lastly,  that  the  other  half-molecules  stick  together  in 
pairs  in  such  a  way  that  their  magnetisms  neutralize  one 
another.  In  this  way,  we  should  have  both  surface-layers 
belonging  to  B,  and  we  might  treat  the  free  part  of  the  gas 
or  liquid  A  as  unmagnetized.  A  difficulty  would,  however, 
arise  when  the  magnetizing  force  was  withdrawn,  unless  we 
had  some  means  of  reminding  the  half-molecules  to  take 
partners.  We  might  avoid  the  difficulty  by  imagining  the 
two  halves  of  each  molecule  tied  together  by  a  piece  of  thread, 
but  then  we  should  introduce  the  absui'dity  that  magnetiza- 
tion changed  the  gas  or  liquid  A  into  a  solid.  Lastly,  we 
should  be  obliged  to  conclude  that  when  a  system  is  once 
magnetized,  it  is  impossible  to  increase  the  magnetization — a 
conclusion  which,  of  course,  is  necessarily  false. 

There  is  one  other  way  of  treating  diamagnetism  which 
requires  to  be  noticed.  This  is  the  method  of  induced  electric 
currents  used  by  Weber,  by  which  it  is  thought  to  be  proved 
that  k  is  negative  for  bismuth  and  some  other  substances. 
To  this  I  reply  that  I  have  already  sufficiently  disproved 
the  common  theory  of  diamagnetism;  and  secondly,  it  will  be 
proved  in  a  future  paper  that  the  connnon  theory  of  induced 
currents  generally  involves  an  absurdity,  and  can  seldom  be 
correct. 

The  rest  of  the  paper  will  be  occupied  with  a  brief  dis- 
cussion of  a  few  important  problems  in  the  light  of  the  new 
theory. 

I.  If  a  body  P,  placed  near  a  number  of  fixed  bodies  X,  Y, 
Z,  .  .  .  .  ,  be  subject  to  no  actions  at  a  distance,  but   those  of 
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magnetism  and  gravitation  arising  from  tlie  fixed  bodies 
X,  Y,  Z  ....  J  it  can  easily  be  shown  that  no  state  of  equi- 
librium of  the  body  P  can  be  stable  unless  it  be  in  material 
contact  with  one  or  more  of  the  fixed  bodies.  This  proposition 
is  proved  in  Duhem's  U aimayitation  per  influence.  When  P 
is  in  material  contact  with  one  or  more  of  the  fixed  bodies, 
its  equilibrium  may,  of  course,  be  stable.  The  most  useful 
case  to  consider  is  the  following  : — 

Imagine   a  small  bar  of  bismuth  B,  suspended  from   two 
saiall  balloons  by  threads,  as  in  the  figure,  and  suppose  that 
the  mass  of  the  system  is  slightly  less  than  the  mass  of  the 
air    which    it   displaces 
when  unmagnetized  and 

near  the  ground.    Then,  ^'^o-  ^^• 

if  the  system  be  set  free, 

it  will  ascend  in  the  air,  x  ^ 

and,  of  course,  a  state 
of  stable  equilibrium 
will  be  attained  when  it 
has  risen  high  enough, 
if  the  weather  be  calm. 
We  may,  however,  ob- 
tain a  state  of  stable  equilibritim  in  a  more  convenient  way. 
For  if  a  permanent  strong  steel  magnet  M  be  fixed  some 
distance  from  the  ground,  just  over  the  bar  B,  the  system  of 
the  bismuth  and  balloons,  when  let  go,  will  ascend  until  the 
motion  is  checked  by  the  increased  density  and  pressure  of 
the  air  about  M,  and  will  ultimately  take  up  a  state  of  stable 
equilibrium  suspended  in  the  air  at  a  moderate  distance  from 
the  ground. 

The  |)roblem  just  given  was,  we  believe,  first  considered  by- 
Sir  W.  Thomson,  to  whom  it  was  suggested  by  the  story  of 
the  coffin  of  Mahomet. 

II.  We  will  next  consider  the  thermal  [)henomena  due  to  the 
motion  of  a  soft  body  B  in  presence  of  a  permanent  magnet 
M.  For  simplicity,  let  M  be  held  at  rest  and  suppose  its 
magnetism  "  rigid."  Also  let  B  be  homogeneous,  and  let  our 
magnetized  system  consist  merely  of  the  two  bodies  B  and  M, 
situated  in  a  vacuum.  Then  if  the  temperature,  in  every 
state  of  equilibriun)^  is  uniform  and  equal  to  6,  and  if  no  heat 
can  be  absorbed  or  given  out  exce})t  at  the  temperature  6,  wo 
shall  have,  in  any  small  reversible  operation. 

Now  the  formula  for  the  entropy  is 

0-</,o+J/<I,^yv (2) 
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We  have,  therefore,  if  no  appreciable  change  takes  place  in 
the  form  or  size  of  B, 


where  the  integral  refers  only  to  the  soft  body  B,  since  no 
change  can  take  place  in  M. 

If  the  operation  consist  in   moving  B  nearer  to  M,  I  will 

increase  or  SI  be  positive.     Hence,  if  -rr  be  positive  for  all 

values  of  I,  the  operation  will  cause  an  absorption  of  heat,  or 
would  cool  the  body  B,  if  heat  was  not  supplied  from  without: 

if  -yy  be  always  negative,  there  will  be  an  evolution  of  heat, 

or  the  operation  would  heat  the  body  B. 

III.  We  will,  last  of  all,  examine,  with  Duhem,  the  method 
proposed  by  Jamin  for  the  determination  of  the  distribution 
of  magnetism  on  a  permanent  magnet. 

A  small  piece  of  soft  iron,  B,  being  placed  in  contact  with 
the  permanent  magnet  at  any  point  P,  the  smallest  force 
required  to  detach  it  is  measured,  and  it  is  supposed  by  Jamin 

that  this  force  is  proportional  tol  -y-  I  ,  where  V  is  the  poten- 
tial of  the  permanent  magnet  at  P  and  dn  an  element  of  the 
outward  drawn  normal. 

We  observe,  in  the  first  place,  that  the  small  piece  of  soft 
iron  B  is  magnetically  equivalent  to  a  layer  on  its  surface. 
(Consequently,  the  magnetic  force  at  any  point  is  the  resultant 
of  that  due  to  the  surface-layer  of  B  and  of  that  due  to  the 
permanent  magnet.  Within  the  body  B,  the  force  due  to  the 
surface-layer  of  B  is  the  greater  of  the  two.  This  will  com- 
plicate the  problem,  and  so,  for  the  sake  of  argument,  we  Avill 
agree  to  ignore  the  surface-layer  of  B.  With  this  assumption, 
it  follows  that  the  equipotential  surfaces  and  lines  of  force 
will  be  due  entirely  to  the  permanent  magnet,  and  that  the 
total  magnetic  force  exerted  on  B  by  the  permanent  magnet 

acts  along  the  line  of  force  at   P,  and  is  equal  to  I  y-  dv, 

where  dv  is  the  volume  of  B,  and  ds  an  element  of  the  line  of 

force  in  the  positive  direction  of  F.     If,  for  simplicity,  we  put 

d¥^ 
I  =  ^^F,  this  result  becomes   \k  —r-  dv.     Now   if  the  line  of 

dW 
force  at  P  be  directed  outwards,  —r-   will  be  negative,  and  if 

d¥^     .  .  . 

it  be  directed  inwards,  -^—  will   bo    positive.     Thus    in    both 
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cases,  the  total  magnetic  force  exerted  by   the   permanent 
magnet  on  B  is  an  attraction  ;  and  its  component  along  the 

outward-drawn  normal  is  ^k—j—dv. 

Thus  even  with  all  our  assumptions,  the  force  which  Jamin 

requires  to  be  measured  is  proportional,  not  to  ( -j-  )  ,  that  is 

to  F2  but  to  ^. 
'  dn 

The  preceding  three  examples,  and  many  others,  are  dis- 
cussed in  Duhem's  U aimantation  par  influence — a  book 
which  seems  to  contain  the  first  systematic  application  of  the 
principles  of  thermodynamics  to  magnetism. 

XXXV.  The.  Expansion  of  Cidorine  hy  Light  as  applied  to 
the  Measurement  of  the  Intensity  of  Rays  of  High  Refran- 
gihility.  By  Dr.  A.  Richardson,  Lecturer  on  Chemistry, 
University  College,  Bristol*. 

[Plates  III.  &  IV.] 

IT  has  been  shown  by  Budde  (Phil.  Mag.  iv.  1871;  Pogg. 
Ann.  Ergbd.  vi.  1873)  that  when  chlorine  is  exposed  to 
the  influence  of  sunlight,  an  expansion  of  the  gas  occurs 
which  is  independent  of  the  direct  heating-effects  due  to  the 
light ;  the  volume  to  which  the  gas  first  expands  is  maintained 
during  exposure  provided  that  the  intensity  of  the  light 
remains  constant,  contraction  to  the  original  volume  taking 
place  when  the  gas  is  shaded.  He  further  found  that  the 
rays  of  high  refrangibility  were  influential  in  promoting  this 
change,  no  expansion  being  occasioned  by  the  rays  at  the  red 
end  of  the  spectrum.  The  application  of  this  property  of 
chlorine  to  the  measurement  of  the  "  actinic  "  f  intensity  of 
light  was  suggested  by  Budde  many  years  ago,  but  no  further 
steps  appear  to  have  been  taken  in  this  direction. 

Some  experiments  on  which  I  am  at  present  engaged  have 
rendered  it  necessary  that  the  actinic  intensity  of  light  should 
be  measured  during  periods  of  many  months  together,  and  it 
seemed  possible  that  the  expansion  of  chlorine  by  light  might 
bo  applied  to  this  purpose.  As,  however,  the  researches  of 
Bunsen  and  Roscoe  (Trans.  lioy.  Soc.  1887,  p.  381)  led  them  to 
the  conclusion  that  no  change  in  volume  occurred  in  chlorine, 
when  exposed  to  light,  other  than  that  due  to  direct  heating- 
effects,  it  became  necessary  to  repeat  some  of  Budde's  experi- 
ments so  as  if  possible  to  decide  this  point.    In  order  to  do  this 

*  (Communicated  by  the  Tliysical  Society  :  read  Juue  2G,  IHDl. 
t  The  lenu  "actinic"  is  used  for  brevity  to  doiiolo  rays  at  the  violet 
end  of  the  spectrum. 
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a  differential  apparatus  was  taken,  consisting  of  two  bnll)S  of 
160  cubic  centini.  capacity  each  and  connected  by  a  capillary 
tube  containing  strong  sulphuric  acid  ;  any  change  in  pressure 
of  the  gas  in  either  bulb  was  indicated  by  the  movement  of  an 
index  of  air  contained  in  the  capillary. 

The  bulbs  were  first  filled  with  dry  air  and  placed  in  a  glass 
tank  through  which  a  current  of  cold  water  circulated  ;  under 
these  conditions  it  was  found  that  no  movement  of  the  index 
took  place  on  exposure  to  bright  sunlight.  The  air  in  one  of 
the  bulbs  was  then  replaced  by  dry  chlorine,  and  both  bulbs 
were  again  exposed  under  precisely  similar  conditions  ;  an 
immediate  expansion  of  the  chlorine  took  place,  causing  th(i 
index  to  move  through  a  distance  of  from  20  to  30  centim., 
but  on  shading  the  bulbs  the  index  returned  to  zero.  On 
interposing  variously  coloured  glasses  between  the  bulbs  and 
the  source  of  light,  it  was  found  that  with  cobalt  glass  the 
index  receded  15  to  20  centim.  from  the  zero-point,  whilst 
even  faintly  yellow  glass  as  well  as  ruby  glass  caused  it  to 
return  to  zero.  It  was  further  found  that  the  radiations  from 
a  cannon-ball  at  a  temperature  just  below  a  red  heat  produced 
practically  no  movement  of  the  index  when  the  bulbs  were 
exposed  in  the  air  at  a  distance  of  from  1  to  *5  metre. 

Budde's  observations  being  thus  confirmed,  it  was  next 
necessary  to  determine  how  far  the  expansion  of  chlorine  is 
proportional  to  the  actinic  intensity  of  the  light  to  which  it  is 
exposed.  In  order  to  do  this  a  series  of  measurements  of  the 
expansion  of  the  gas  were  made,  whilst  at  the  same  time  the 
intensity  of  the  light  to  which  the  gas  was  exposed  was 
determined  by  means  of  an  actinometer. 

The  expansion  of  the  gas  was  measured  in  a  differential 
arrangement,  consisting  of  tw^o  tubes  of  55  cubic  centim. 
capacity  and  10  centim.  in  length  ;  these  were  connected 
wdth  a  horizontal  gauge  graduated  in  '5  centim.,  provided 
with  a  small  bulb  at  each  end.  These  bulbs  and  also  the 
gauge  contained  strong  sulphuric  acid,  a  short  column  of  air 
being  introduced  to  serve  as  index. 

The  tubes  to  be  exposed  were  suspended  in  a  box,  which 
could  be  placed  at  any  required  angle  so  as  to  face  the  sun, 
and  when  filled  with  dry  air  were  found  to  be  equally  heated; 
the  bulbs  containing  the  acid  were  in  all  cases  protected  from 
the  light.  One  tube  was  then  filled  with  dry  chlorine  and  the 
acid  up  to  the  index  was  saturated  with  the  gas. 

The  chlorine  used  in  this  and  subsequent  experiments  was 
prepared  by  the  action  of  hydrochloric  acid  on  potassium  bichro- 
mate ;  traces  of  hydrochloric  acid  were  removed  by  passing 
the  ffas  through  U-tubes  containing  solutions  of  chromic  acid, 
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and  subsequently  dried  by  means  of  sulphuric  acid.  In 
order  to  determine  the  actinic  intensity  of  the  light,  a  modified 
form  of  Bunsen  and  Roscoe's  pendulum-actinometer  was 
used  (Trans.  Roy.  Soc.  1862,  p.  139)  ;  in  this  method  paper 
coated  with  silver  chloride  is  exposed  to  light,  and  the  time 
required  to  produce  a  degree  of  darkening  equal  to  a  standard 
tint  is  measured.  The  intensity  of  light  necessary  to  pro- 
duce this  tint  in  one  second  of  time  is  taken  as  the  unit  of 
intensity.  The  measurements  were  made  in  the  open  air, 
care  beinsf  taken  that  the  air-  and  chlorine-tubes  were  ex- 
posed  to  light  in  the  same  plane  as  the  sensitive  paper. 
When  the  maximum  expansion  of  the  chlorine  was  reached  at 
any  one  time,  as  shown  by  the  index  remaining  stationary, 
the  intensity  of  the  light  was  measured  by  exposing  the  sen- 
sitive paper.  Two  series  of  observations  were  made  under 
widely  different  conditions  of  light ;  one  on  June  8,  which 
was  a  cloudy  day,  the  other  on  June  9,  on  which  the  sun  was 
shining.  The  results  of  these  measurements  are  given  in  the 
followincf  table : — 


First  Series. 

I. 

II. 

III. 

IV. 

Time. 

Intensity  of  light 
(unit  =1). 

Expansion  of  CI, 
expressed  iu  centi- 
metres on  scale. 

Ratio  — 

Recalculation 
of  intensities 
from  observed 

expansion. 

m.   8. 

2  50 

0-0242 

1-95 

0-0124 

0  0263 

2  55 

00571 

3-20 

0-0178 

0-0432 

3    0 

00461 

3-20 

00144 

0-0432 

3    5 

00291 

1-87 

0-01.55 

0-0252 

3  15 

0  0196 

1-40 

0-0140 

00188 

4    0 

00382 

2-70 

0-0141 

00364 

Second  Series. 

10  45 

0-3758 

28-15 

0-0133 

0-3799 

10  50 

01022 

7-95 

00128 

0-1073 

11    0 

01693 

122 

00138 

0-1647 

11    5 

0-3240 

27-95 

0-0116 

03773 

11  15 

0-4381 

26-20  ? 

0-0167 

0-3537 

11  30 

0-3348 
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0-0119 

03779 

11  35 

0-3212 

29-95 

0-0107 

0-4042 

11  m 

0-4457 

.30-80 

00144 

0-4 1.18 

12  20 

0-0779 

6- 15 

00126 

00S90 

12  30 

0-1210 

7-70 

0-0157 

0-10)0 

12  32 

01087 

7-65 

0-0142 

010;52 

12  35 

01133 

925 

0-0122 

0-1 --'49 

4    0 

0-1108 

1075 

00103 

0  1-151 

4    5 

01141 

1005 

0  0113 

0-13.57 

4  15 

0-1150 

7-75 

0-0148 

0-1046 
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In  column  I,  the  intensity  of  the  h'ght  is  given  as  measureil 
by  the  actinometer.  In  column  II.  the  exjjansion  of  the 
chlorine,  as  shown  by  the  movement  of  the  index  from  zero, 
is  given  in  centimetres  ;  the  zero-point,  which  was  determined 
I'rom  time  to  time  by  shading  the  tubes,  was  found  to  remain 
nearly  stationary  throughout.  The  calculated  intensity,  in 
terms  of  the  movement  of  the  index  through  1  centim.,  is 
given  in  column  III.,  and  from  the  mean  value  so  obtained 
the  intensity  is  recalculated  in  terms  of  the  observed  ex- 
pansion (column  IV.).  In  making  these  observations  great 
difficulty  was  experienced  owing  to  the  constant  variation  in 
the  intensity  of  the  light ;  and  as  the  maximum  movement 
of  the  index  was  only  reached  after  some  time,  these  sudden 
variations,  which  were  registered  accurately  by  the  actino- 
meter, did  not  produce  a  corresponding  change  in  the  position 
of  the  index.  The  close  agreement  between  the  results  ob- 
tained directly  by  the  actinometer  and  those  calculated  from 
the  expansion  of  the  gas  lead,  however,  to  the  conclusion  that 
the  change  in  volume  in  chlorine  gas  is  directly  proportional 
to  the  actinic  intensity  of  the  light  to  which  it  is  exposed, 
although  the  friction  of  the  acid  in  the  gauge  tends  to  smooth 
out  the  more  sudden  variations. 

By  the  aid  of  such  a  differential  apparatus  as  that  above 
described,  to  which  the  name  of  "  chlorine  actinometer  "  may 
be  appKed,  the  intensity  of  the  light  can  be  read  directly  from 
the  gauge,  and  it  is  thus  found  possible  to  study  other  light- 
effects  under  constant  conditions  of  intensity  by  making 
exposures  whenever  the  index  stands  at  a  given  point. 

It  was  next  necessary  to  inquire  how  flir  dilution  with  air 
influenced  the  amount  of  expansion  of  chlorine  when  exposed 
to  light.  To  do  this  a  differential  apparatus,  shown  in  fig.  1, 
Plate  III.,  was  used,  in  which  the  gas  to  be  exposed  was  con- 
tained in  the  tubes  A  and  B,  15  centim.  in  length  and  about 
3  centim.  in  diameter.  Two  glass  stop-cocks,  C  and  D,  were 
sealed  on  to  A,  the  lower  one,  D,  being  connected  with  a 
graduated  pipette  E  containing  air  and  dipping  under  strong 
sulphuric  acid  contained  in  F.  The  graduated  capillary  tube 
G  was  filled  with  strong  sulphui'ic  acid,  as  also  the  bulbs 
H  and  I,  the  movement  of  a  short  column  of  air  serving  to 
indicate  any  change  in  volume  in  either  tube.  The  tube  A 
was  first  filled  with  chlorine,  whilst  B  contained  dry  air 
throughout  the  experiment.  Both  tubes  were  then  exposed 
to  light  and  the  expansion  of  the  chlorine  determined,  the 
intensity  of  the  light  being  at  the  same  time  noted  by  means 
of  the  chlorine  actinometer  ;  the  tubes  were  then  shaded  and 
the  zero-point  found.     The  stop-cocks  ( '  and   D  were   then 
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opened,  and  bj  blowing  air  in  at  the  side  tube  J  a  measured 
volume  of  acid  was  caused  to  rise  in  E,  thus  forcing  an  equal 
volume  of  air  into  A,  Chlorine  being  expelled  at  C  ;  C  and 
D  were  then  closed,  and,  after  the  gas  had  thoroughly  mixed, 
the  tubes  were  again  exposed  to  light  of  the  same  intensity 
as  in  the  first  case  :  this  process  was  repeated  until  all  the 
chlorine  was  replaced  by  air.  Knowing  the  capacity  of  A 
and  the  proportion  of  air  introduced  at  each  operation,  the 
amount  of  chlorine  could  be  calculated.  Two  series  of  ex- 
periments were  made  under  different  conditions  of  light,  the 
intensity  for  each  series  remaining  nearly  constant.  The 
results  are  given  in  the  next  table. 


First  Series. 

No. 

Expansion  of  CI 
in  centim. 

Per  cent,  of 
CI  in  gas. 

Expansion  of  CI 
in  actinometer. 

Corresponding 

intensity  of  light 

(unit  =1). 

1. 

2(>-5 

100 

80 

•1107 

2. 

14-5 

63-7 

7-9 

•lU'.t2 

3. 

9-25 

410 

17-9 

■1()92 

4. 

6-25 

261 

17-9 

1092 

ri. 

4-75 

71 

7-9 

•1092 

6. 

2-0 

2-0 

7-9 

•1092 

rr 

1. 

0-5 

0-5 

7-95 

•1100 

8. 

00 

01 

7-9 

-1092 

Second  Series. 

No. 

Expansion  of  CI 
in  centim. 

Per  cent,  of 
CI  in  gas. 

Expansion  of  CI 
in  actinometer. 

Corresponding 

intensity  of  liglit 

(unit=  1). 

1. 

11-7 

100 

3-5o 

■0491 

2. 

6-25 

63-7 

3-5 

•04S4 

,3. 

5-95 

410 

3-5 

•0484 

4. 

4-35 

11-3 

3-3 

-04r.G 

5. 

1-0 

30 

22 

•0;i04 

G. 

015 

0-8 

34 

0400 

It  is  seen  from  the  double  nature  of  the  curve,  fig.  5,  Plate 
III.,  that  the  first  effect  of  dilution  is  very  marked,  diminish- 
ing after  a  time,  and  finally  increasing  when  only  a  small 
per  cent,  of  chlorine  remains  in  the  tube.  It  was  found, 
however,  that  chlorine  was  gradually  given  off  (from  tlie 
sulphuric  acid  which  was  saturated  with  the  gas)  to  such  an 
extent  that,  after  complete  expulsion  of  the  chlorine  by  air, 
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on  again  exposing  the  tube  to  light,  after  two  days,  an  ex- 
pansion of  5  centim.  occurred.  This  is  a  point  of  some  im- 
portance where  the  expansion  of  chlorine  as  against  air  is 
made  a  measure  of  the  actinic  intensity  of  light,  as  the 
diffusion  of  chlorine  from  the  sulphuric  acid  into  the  air- bulb 
would  introduce  a  gradually  increasing  source  ot  error*. 

As  it  seemed  possible  that  the  sensitiveness  of  chlorine  to 
light  might  be  influenced  by  the  temperature  of  the  gas 
during  exposure,  an  experiment  was  made  in  which  the  two 
tubes  A  and  B,  fig.  2,  Plate  III.,  were  filled  with  chlorine, 
these  were  connected  together  by  a  tube  which  could  be 
closed  by  means  of  a  stop-cock  F  ;  changes  in  volume  being 
measured  as  before  by  means  of  the  gauge  C  containing  sul- 
phuric acid  and  bubbles  of  air.  The  tube  A  was  kept  at  a 
temperature  of  14°  C.  by  a  current  of  water  circulating 
through  the  outer  tube  D,  whilst  B  was  heated  in  the  jacketing 
tube  G  G,  by  the  vapour  from  chlorobenzene  boiling  in  E  at  a 
temperature  of  132°  C.  The  pressure  in  the  two  tubes  was  at 
first  equalized  by  opening  the  stop-cock  F  ;  and  when  the 
temperature  was  constant  in  the  two  tubes  (as  shown  by  the 
index  remaining  stationary  when  F  was  closed),  the  tubes 
were  alternately  exposed  to  and  shaded  from  the  light.  The 
following  is  the  mean  of  a  series  of  experiments  made  :  — 

Both  tubes  shaded,  zero  =  0. 

Heated  tubes  exposed  =  6*0  centim.  expansion. 

Both  tubes  shaded,  zero  =  0. 

Cooled  tubes  exposed  =  6*7  centim.  expansion. 

Both  tubes  shaded,  zero  =  0. 

In  the  heated  tube  the  illumination  of  the  gas  was  interfered 
with  by  the  partial  refraction  of  the  light,  due  to  the  con- 
densation of  the  chlorobenzene  on  the  sides  of  the  jacketing 
tube,  and  further  it  is  possible  that  the  vapour  of  chlorobenzene 
may  absorb  a  portion  of  the  actinic  rays.  This  probably 
accounted  for  the  slight  difference  observed  in  the  expansion 
of  the  gas  in  the  two  tubes.  From  this  experiment  it  is 
concluded  that  the  expansion  of  chlorine  by  light  is  practically 
unaffected  within  a  range  of  temperature  between  14^  and 
138°  C. 

Having  made  these  preliminary  experiments,  an  apparatus 
was  next  devised  whereby  the  automatic  registration  of  the 
actinic  intensity  of  light  was  effected  by  the  expansion  of 
chlorine.     This  was  done  by  suspending  a  differential  appa- 

*  In  the  chlorine  actinometer  it  is  found  desirable  to  cut  off  com- 
munication between  the  two  bulbs,  when  not  in  use,  by  means  of  a 
stop-cock. 
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ratus  on  the  beam  of  a  balance  in  such  a  manner  that  the 
flow  of  acid  from  one  arm  to  the  other  produced  a  movement 
of  the  beam,  which  was  communicated  by  means  of  a  lever  to 
a  pen  and  was  recorded  on  a  rota  tin  g  drum. 

As  has  already  been  stated,  a  dififerential  actinometer,  con- 
taining air  in  one  bulb  and  chlorine  in  the  other,  gradually 
becomes  inaccurate  owing  to  the  diffusion  of  chlorine  into  the 
air-bulb.     This  difficulty  is  avoided  in  the  apparatus  shown 
in  fig.  3,  Plate  III.,  which  consists  of  two  differential  arrange- 
ments A  B  C  D  and  E  F  G  H,  suspended  on  the  beam  of  the 
balance  I ;  one  is  completely  filled  with  dry  chlorine,  the  tubes 
B  and  D  being  half  filled  with  strong  sulphuric  acid  saturated 
with  the  gas.     The   second   contains  dry  air  with  sulphuric 
acid  in  F  and  H.     One  of  the  chlorine-bulbs  A  and  one  of 
the  air-bulbs  E  are  exposed  to  light,  whilst  the  other  chlorine- 
bulb  C  and  air-bulb  G  are  protected  from  the  light  by  a  covering 
of  tin-foil,  and  hang  in  the  box  J,  in  which  the  two  bulbs 
can   swing  freely.     It  will  be  seen  that  when  A  and  E  are 
exposed  to  the  heating-effects  of  sunlight,  the  expansion  of 
the  gas  in   A  causes  acid  to  flow  from  B  to    D,  whilst  a 
corresponding  expansion  in  E  causes  an  equal  weight  of  acid 
to  flow  from  H  to  F.     But  the  chlorine  in  A  undergoes  a 
further   expansion,    due    to    the    actinic    rays,    causing    an 
additional  weight  of  acid  to  pass  from  B  to  D.     A  movement 
of  the  beam  is  thus  produced  which  is  communicated  to  the 
lever  M,  and  is  registered  by  means  of  a  pen  on  a  strip  of 
curve-paper  rotating  on  the  drum  N.     The  capacity  of  the 
bulbs  A  and  E  in  this  case  is   273  cub.  centim.,  that  of  G 
and  (J  319  cub.  centim.;  the  tubes  B  and  F  and  D  and  Hare 
15  centim.  long  and  1"25  centim.  in  diameter,  the  distance 
between  the  two  sets  of  tubes  being  35  centim.     It  is  found 
desirable  that  the  movement  of  the  bulbs  and  beam  should 
be  as  small  as  possible,  and  that  the  effect  should  be  magnified 
by  increasing  the  length  of  the  lever.     After  the  apparatus 
is  blown  together,  care  must  be  taken  to  remove  all  moisture 
by   drawing   dry   air   through   the    bulbs   and    tubes.      The 
apparatus  is  exposed  out  of  doors  in  a  wooden  box  G,  fig.  4, 
Plate  III.,  the  bulbs  A  and  B  passing  through  a  hole  in  the 
lid;  these  are  protected  by  a  glass  shade,  C,  45  centim.  high 
and  20  centim.  in  diameter  ;  this  is  mounted  in  a  block  of 
wood,  D,  so  that  when  the  box  is  in  its  normal  position,  the 
axis  of  the  cylindrical  shade  points  to  the  pole  star.     The  two 
bulbs   occupy   a   position  equidistant  from  the  sides  of  the 
shade  and  about  midway  between  the  top  and  bottom.     The 
tube  E   serves  as  a  ventilator   and   should   be  at   least    2 "5 
centim.   in  diameter  ;  the  cap   F  protects  the  opening  from 
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rain,  &c.  The  bulbs  were  tested,  -when  filled  with  dry  air,  by 
exposing  them  to  intense  sunlight  :  it  was  found  that,  although 
the  temperature  within  the  sliado  varied  from  15°  to  40°  C., 
the  compensation  was  so  complete  that  practically  no  deviation 
from  the  straight  line,  described  by  the  pen  on  the  drum, 
was  observed  ;  the  bulbs  were  fixed  to  the  beam  {as  nearly  as 
possible  over  the  point  of"  support)  by  means  of  cylinders  of 
thin  sheet-brass,  which  were  slipped  over  the  acid  tubes  and 
screwed  to  the  beam.  The  instrument  was  calibrated  by 
means  of  the  silver-chloride  actinometer.  The  result  of  six 
series  of  observations  gave  the  following  values  in  intensity 
units  corresponding  to  one  division  on  the  curve-paper : — 

1  series  mean  of  11  observations  "021 

2  „  „ 

4 

6     „  „ 

Mean  =  -030 
In  the   following  table   the  observation  from   one  of   the 
series  is  given  : — 


14 

•029 

10 

•043 

15 

•025 

9 

•033 

10 

•029 

Intensity 
(unit  =  1). 

Value  of 

1  division  in 

light  units. 

Recalculated 

intensity  from 

curve. 

Time  of  day  in 
hours. 

0-3758 
0-1022 
0-lfi93 
0-3240 
0-3348 
0-3210 
0-4457 
0-0779 
0-1087 

0-0385 

0-0328 

0-027 

0-035 

0-029 

0030 

0039 

0017 

0-021 

0-2925 
01275 
0-1875 
0-2475 
0-3375 
0-3150 
0-3375 
0-1350 
01500 

10-75 

10-8 

110 

11-08 

11-5 

11-6 

11-65 

12-3 

12-6 

The  curve  from  which  the  data  are  obtained  is  shown  in 
fig.  1,  Plate  IV.,  the  value  of  one  division  being  equal  to  -^^ 
of  a  square  therein  represented. 

In  fig.  2,  Plate  IV.^  the  results  obtained  above  are  mul- 
tiplied by  100  and  represented  graphically.  Fig.  3  repre- 
sents the  curves  registered  by  the  recording  apparatus  under 
varying  conditions  of  light  from  June  13  to  16.  It  will  be 
seen  that  such  an  instrument  as  this  will  record  continuously 
the  actinic  intensity  of  the  light  under  all  conditions  of 
weather  throughout  the  year,  and  requires  no  attention 
further  than  winding  the  clock  whereby  the  motion  of  the 
drum  is  maintained. 
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XXXVI.    On  the  Electrification  of  Steel  Needle-Points  in  Air. 
By  A.  P.  Chattock  *, 

fPlate  v.] 

§  1.  AS  Faraday  long  ago  put  it,  the  discharge  of  electricity 
-^-^  from  a  point  into  a  gas  may  be  looked  tipon  as  a 
particular  case  of  sparking  between  a  conductor  (the  point) 
and  a  non-conductor  (the  surrounding  gas).  It  is,  moreover, 
a  particularly  interesting  form  of  discharge,  as  compared 
with  that  taking  place  between  two  conductors,  from  the  fact 
that  it  seems  more  likely  to  throw  light  on  the  unsymmetrical 
behaviour  of  positive  and  negative  electricity.  For  there  is 
evidence  wliich  points  to  the  surface  of  the  electrode  as  the 
origin  of  that  want  of  symmetry  ;  and  by  experimenting 
with  one  electrode  only,  one  is  able  to  a  certain  extent  to 
separate  its  eff.-ct  on  positive  electricity  from  that  on  negative  : 
such  separation  being  impossible  in  the  case  of  sparks  be- 
tween two  conductors,  as  both  effects  are  there  necessarily 
present  together. 

The  phenomena  connected  with  discharge  from  points  group 
themselves  naturally  under  two  heads  : — Those  occurring  be- 
fore or  at  the  beginning  of  discharge  ;  and  those  occurring 
during  the  passage  of  electricity  from  the  point.  What 
follows  refers  to  the  first  of  these  divisions  only. 

§  2.  When  an  earth-connected  sewing-needle  is  placed 
with  its  end  facing  the  centre  of  an  insulated  metal  plate, 
and  the  latter  is  gradually  electrified,  there  comes  a  point  at 
which  the  needle  begins  to  discharge  onto  the  plate.  This 
point,  for  given  conditions,  is  very  definite,  and  con-esponds 
to  a  breaking  down  of  some  resistance  between  the  needle  and 
the  plate.  It  seemed  desirable  to  discover  how  much  of  the 
dielectric  was  concerned  in  this  process.  For  this  purpose 
measurements  were  made  of  the  strength  of  the  electrostatic 
fitdd  at  the  surface  of  the  needle-point  at  the  instant  that  dis- 
charge occurred,  the  distance  of  the  plate  from  the  needle 
being  varied  from  0'04  centini.  to  5  centim.,  while  the  needle 
was  suspended  in  such  a  manner  (§8)  that  the  attraction 
between  it  and  the  plate  could  be  determined. 

Now  the  attraction  is  due  of  course  to  the  tension  in  the 
lines  of  force  which  end  at  the  surfjice  of  the  needle  ;  and 
since  their  direction  is  everywhere  normal  to  the  surtace,  it 
follows  that  if  th(!  needle  be  a  true  cylinder  placed  sym- 
metrically with  regard  to  the  plate,  the  mechanical  pulls  of 

*  Communiuated  by  tlie  Author. 
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tlie  lines  of  force  upon  its  sides  will  balance,  and  the  needle 
will  bo  urged  towards  the  plate  with  a  force  which  depends 
only  on  the  lines  ending  at  its  point  (its  other  end  being 
shielded  from  induction).  Moreover,  so  long  as  the  distance 
from  the  point  to  the  plate  is  greater  than  a  few  times  the 
diameter  of  the  point,  the  distribution  of  electricity  on  the 
latter  will  be  practically  independent  of  that  distance  ;  and 
the  strength  of  the  electrostatic  field  just  in  front  of  the  point 
will  thus  come  to  be  proportional  to  the  square  root  of  the 
mechanical  pull  on  the  point.  The  needle  becomes  in  fact  its 
own  electrometer,  and  measures  the  difference  of  potential 
between  its  point  and  the  air  a  short  distance  from  it. 

In  Table  1.  the  values  of  the  square  root  of  the  pull  (P)  in 
dynes  on  the  point  of  a  fine  *  sewing-needle  at  the  instant  of 
discharge  are  given  for  various  distances  {d)  in  centimetres 
between  its  point  and  a  metal  plate.  The  constancy  of  VP 
speaks  for  itself. 

It  is  true  that  an  ordinary  sewing-needle  is  not  a  perfect 
cylinder,  but  tapers  gradually  to  its  point,  so  that  part  of  P 
must  be  due  to  lines  of  force  on  its  sides  ;  but  this  must  be 
very  small,  for  the  density  of  charge  on  the  sides  is  small 
compared  with  that  at  the  point,  and  the  force  per  square 
centimetre  is  proportional  to  the  square  of  the  density  ;  and 
in  addition  to  this,  the  force  on  the  sides  has  to  be  resolved 
into  a  direction  almost  at  right  angles  to  itself  before  it  can 
affect  P.  Indeed,  the  very  constancy  of  P,  when  d  is  varied, 
may  be  regarded  as  evidence  that  this  part  of  P  is  negligible. 
(Other  reasons  are  given  in  §  3.) 

The  two  needles  A  and  B  on  which  the  measurements  were 
made  were  numbered  alike  by  the  makers,  and  the  agreement 
in  the  values  of  VP  for  the  two  is  fairly  close.  This  is  the 
more  satisfactory  as  the  readings  were  taken  under  somewhat 
different  conditions.  The  needle  A  was  suspended  in  the 
larger  of  the  two  instruments  described  in  §  8.  It  discharged 
onto  a  disk  of  tin  13  centim.  in  diameter,  with  its  edge  pro- 
tected by  a  ring  of  thick  wire.  The  disk  and  the  inside  of 
the  instrument  were  covered  with  a  thin  film  of  vaseline. 
The  readings  on  B  were  taken  with  the  small  instrument. 
The  disk  in  this  case  was  a  penny  with  its  surface  ground  and 
polished.     No  vaseline  was  used. 

The  positive  values  of  VP  for  the  two  needles  differ  by 
about  3  per  cent.,  whereas  the  negative  values  differ  by  10 
per  cent.  This  is  worth  pointing  out,  as  it  is  in  accordance 
with  what  appears  to  be  a  general  rule,  viz.,  that  the  positive 

*  Sharp's  Egg-eyed  needles,  No.  10. 
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Table  I. 


Nhedlh  a. 

Nebdle  B. 

Vp: 

Vp: 

+ 

— 

+ 

d. 

Discharge. 

Discharge. 

d. 

Discharge.         Discharge. 

V. 

1-35 

1-31 

1-27 

118 

20-6 

1-33 

1-19 

20-7 

1-29 

1-58 

28-6 

1-31 

1-60 

28-0 

1-28 

115 

20-4 

1-27 

1-17 

20-4 

126 

1-60 

28-1 

1-27 

1-59 

28-0 

l-(i2 

1-08 

1-18 

17-4 

r(i5 

1-18 

18-0 

163 

1-61 

23-2 

1-20 

1-62 

23-5 

1-27 

0-76 

1-17 

12-4 

1-26 

114 

12-6 

1-26 

1-60 

17-3 

1-64 

]-59 

17-3 

1()4 

0-45 

1-61 

12-3 

1-63 

1-60 

11-8 

1-64 

115 

8-47 

1-28 

1-18 

8-89 

1-28 

0-28 

116 

710 

1-27 

112 

6-73 

1-29 

1-53 

908 

30 

1-27 

1-57 

9-51 

1-27 

015 

1-59 

7-18 

1-28 

1-59 

7-18 

1-64 

1-13 

5-36 

1-65 

1-15 

5-41 

1  -65 

0-10 

113 

4-63 

50 

1-64 

1-17 

4-63 

1-66 

1-56 

6-05 

1-66 

1-59 

6-27 

127 

0-04 

1-58 

514 

1-28 

1-30 

1-29 

1()4 

1-28 

1-59                   116 

discharge  is  more  constant  and  stable  than  the  negative,  and 
far  less  dependent  on  the  condition  of  the  discharging  point. 

§  3.  One  may,  however,  go  further  than  sinn)ly  showing 
the  constancy  of  the  discharge  field  at  the  point.  In  terms 
of  the  attraction  of  the  needle  and  the  radius  of  curvature  of 
the  point,  it  is  possible  to  calculate  its  value. 
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Let  da  represent  an  element  of  area  of  the  point's  surface, 
and  6  the  angle  between  the  direction  of  the  lines  of  force  at 
da  and  the  axis  of  the  needle.  Then  if  the  pull  on  the  needle 
towards  the  plate  be  P, 


P=-l  f/Zcos^^fa 


over  the  surface  of  the  point,  /  being  the  field-strength  at  dtt. 
Take  now  the  case  of  a  needle  with  its  point  ground  to  a 
hemisphere  ;  and  assume  (what  will  not  be  strictly  true)  that 
the  value  of/  is  uniform  all  over  it  (see  below).  Then  the 
above  equation  becomes 

where  r  is  the  radius  of  curvature  of  the  point.  The  average 
value  of  VP  for  positive  discharge  from  needle  B  (Table  1.) 
is  1*59.  That  for  negative  is  1'16.  The  value  of  r  for  so 
fine  a  needle  is  rather  uncertain,  as  it  tapers  towards  the 
point.  Measured  under  a  microscope  it  seems  to  lie  between 
1'9  X  10~^  and  2'3  x  10^^  centim.  Taking  the  mean  of  these 
numbers,  one  obtains  the  value  of  the  field  of  force  /close  in 
front  of  the  point 

/=  _y^  =  2140  E.S.  units  for  +  discharge, 
r 

=  1560        „        „       -         „ 

The  highest  measured  value  of  /  for  discharge  in  air  is,  I 
believe,  that  obtained  by  Dr.  Liebig  for  sparks  between  plates 
(Phil.  Mag.  July  1887,  p.  106),  viz.  400  E.S.  units  for  a 
spark-length  of  0-0066  centim.  Tliis  is  much  less  than 
either  of  the  above  numbers,  but  the  length  of  discharge  at 
the  point  is  probably  much  less  than  0*0066  centim.  The 
results  may,  moreover,  be  verified  by  calculation  from  potential 
data. 

Although  the  value  of  /  is  so  large  at  the  surface  of  the 
needle-point,  the  lines  of  force  diverge  rapidly,  and  at  a  very 
short  distance  from  the  point  the  field  becomes  inappreciable. 
In  other  words,  there  occurs  within  this  short  distance  a  step 
of  potential  [v]  which,  if  the  point  is  hemispherical  and  small, 

may  be  taken  as  equal  to  — ,  where  Q  is  twice  the  charge  on 

the  hemisphere  (Q,  as  already  assumed,  being  uniformly  dis- 
tributed over  the  point). 
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In  the  same  way,  /=  -g  >  whence 

Q  — 

the  vahie  of"  v  being  thus  independent  of  the  somewhat  un 
certain  quantity  r. 
For  needle  B, 

V  =  4*5  E.S.  units  for  +  discharge 

—       3"3  „  ;,  —  „ 

In  order  to  verify  the  above  values  of/  it  will  be  convenient 
and  sufficient  to  show  that  these  values  of  v  calculated  from  P 
are  in  agreement  with  those  calculated  from  potential  mea- 
surements. 

The  column  headed  V  in  Table  I.  gives  the  difference  of 
potential  in  E.S.  units  between  the  needle  and  the  plate. 
Now,  except  for  the  presence  of  the  needle  itself,  the  field  of 
force  in  which  it  was  placed  would  have  consisted  of  parallel 
lines  ;  for  the  point  of  the  needle  was  arranged  in  this  experi- 
ment to  project  3  or  4  millim.  beyond  a  flat  screen  of  tin-foil 
through  a  small  hole  in  it,  and  the  distance  from  the  tin-foil 
to  the  disk  (a  penny)  onto  which  the  needle  discharged  was 
small  compared  with  the  diameter  of  the  disk,  so  long  as  the 
value  of  d  was  less,  say,  than  a  centimetre.  Even  with  the 
needle  in  position,  the  field  would  be  disturbed  for  a  very 
small  distance  only  round  about  the  point,  on  account  of  the 
extreme  smallness  of  the  latter.  Hence  V  may  be  regarded 
as  consisting  of  two  parts — one  constant  (viz.  v)  and  occurring 
in  a  small  space  close  to  the  point ;  the  other  proportional  to 
d  for  small  values  of  d. 

Taking  the  mean  of  the  values  of  V  for  each  value  of  d, 
we  obtain  the  numbers  plotted  with  d  in  Curves  I.  The 
upper  curve  is  for  positive  discharge,  the  lower  for  negative. 
Uj)  to  a  distance  of  something  less  than  a  centimetre  from 
point  to  plate,  the  values  of  V  lie  very  fairly  on  the  straight 
lines  ruled  through  them.  V— a  constant  is  thus  proportional  to 
d  ;  and  the  values  of  the  constants  are  of  course  to  bo  found 
■wluu'o  the  ruled  linos  cut  the  axis  of  V.  These  points  are 
hardly  distinguishable  from  the  values  (which  are  marked  by 
crosses)  of  the;  step  of  potential  at  the  pt)int  calculated  above 
from  P  (viz.  4"5  and  3'3).  They  show  indeed  a  slight 
tendency  to  exceed  these  values ;  but  the  agreement  is 
certainly  striking,  considering  the  com{)lete  independence  of 
the  two  methods  of  measurement. 
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The  small  amount  (3  to  6  per  cent.)  by  which  the  potential 
step  calculated  from  V  exceeds  that  calculated  from  P 
may  be  accounted  for,  I  think,  by  the  fact  that  the  lines 
of  force  from  the  needle-point  do  not  diverge  quite  as 
rapidly  as  calculation  supposed.  The  parallel  lines  of  the 
rest  of  the  field  keej)  them  together  and  so  increase  the  real 
step  of  potential  at  the  point  without  altering  P  in  pro- 
portion. To  test  this  point  I  measured  P  for  a  needle  of 
about  the  same  size  as  B,  first  suspending  it  in  a  parallel  field, 
and  then  with  its  point  at  the  centre  of  curvature  of  a  spherical 
cup.  In  the  first  case,  VP  was  about  3  or  4  per  cent,  less 
than  in  the  second ;  showing,  as  it  seems  to  me  in  the  light 
of  what  follows,  that,  in  the  parallel  field,  /  at  the  point  was 
nearer  the  average  value  of  the  field  through  a  small  distance 
from  the  point  surface  than  in  the  radial  field  of  the  second 
case  ;  and  to  about  the  same  amount  that  the  above  dis- 
crepancy requires. 

This  accounts,  moreover,  for  the  fact  that  needle  B  is  the 
only  one  which  does  not  agree  with  the  results  of  Table  11. 
Its  constant  (/  x  r^'^)  being  15'5  at  a  pressure  of  76  centim. 

As  regards  the  measurement  of  potential  in  the  above,  the 
electrometer  described  in  §  b  was  used  ;  its  constant  being 
determined  by  comparison  with  short  sparks  between  brass 
knobs  of  5*3  centim.  diameter. 

The  following  are  the  readings  taken  : — 


Spark-length. 

V  from  spark- 
length  (E.S. 
units). 

Constant  of 
electrometer. 

^/  Electrometer- 
^       reading. 

Observed. 

Corrected  for 
flat  plates. 

0127 
0190 

0-125 
0186 

17-8 

24-8 

6-63 
6-63 
9-23 
9-30 

2-69 
2-69 
2-68 
2-67 

The  values  of  V  were  taken  from  Dr.  Liebig's  paper  al- 
ready referred  to. 

I  think,  then,  it  may  be  safely  concluded  that  the  attraction 
of  a  plate  on  a  needle-point  is  practically  due  only  to  the  lines 
of  force  ending  at  its  point — even  when  the  needle  is  not  a 
perfect  cylinder ;  for  a  conical  point  could  only  have  the  effect 
of  increasing  P  and  so  making  the  step  of  potential  calculated 
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from  it  bigger  than  that  from  V,  whereas  the  reverse  is  the 
case.  It  is  true  that  the  density  must  be  greater  at  the  centre 
of  the  point  than  at  the  sides  of  the  hemisphere.  But  this  is 
what  P  chiefly  depends  upon,  and  it  is  also  precisely  here  that 
discharge  occurs  and  the  value  of  /  is  required.  Hence  the 
connexion  established  above  between  P  and  /  seems  to  be 
practically  true,  although  the  assumption  that  /  is  uniform 
over  the  point-surface  is  not. 

In  what  follows,  therefore,  the  values  of  /  have  in  every 
case  been  determined  from  P  and  r. 

Effect  of  Curvature  of  Discharging  Surface. 

§  4.  Two  conclusions  appear,  then,  to  result  from  the  fore- 
going. In  the  first  place,  the  absence  of  discharge  below  a 
certain  definite  potential,  which  is  constant  for  given  con- 
ditions, implies  the  breaking  down  of  some  resistance  before 
electricity  can  pass  off  at  a  point  ;  and,  secondly,  the  fact  that 
/  is  independent  of  d  points  to  the  near  neighbourhood  or 
actual  surface  of  the  point  as  the  seat  of  this  resistance. 

All  this  is  in  accordance  with  what  is  known  regarding  the 
discharge  of  electricity  in  gases,  and  is  indeed  only  what  one 
would  naturally  have  expected.  It  still  remains  to  consider 
whether  the  resistance  to  discharge  is  to  be  sought  in  the  gas 
itself,  in  the  surface  of  the  point,  or  in  both. 

The  possible  ways  in  which  resistance  may  arise  are,  I 
think,  all  to  be  included  under  three  heads  : — 

(a)  It  may  exist  in  the  gas  itself,  to  a  greater  than  mole- 
cular distance  from  the  point.  For  this  the  gas  must  become 
possessed  of  something  in  the  nature  of  structure  round  about 
the  point  {i.  e.  cease  to  be  gas  in  the  ordinary  sense  of  the 
word),  and  the  only  kind  of  structure  that  suggests  itself  as 
likely  is  that  of  the  polarized  Grotthuss  chains  which  Prof. 
J.  J.  Thomson  has  used  with  such  effect  in  his  beautiful  theory 
of  striae. 

(Jj)  It  may  exist  at  the  surface  of  the  metal  only,  and  con- 
sist in  the  tearing  away  from  the  point  by  electrical  force  of 
electrified  particles  which  are  clinging  to  it  (a  special  case  of 
which  is  the  forcing  of  charged  particles  through  a  non- 
conducting layer  on  the  point). 

(c)  Or  it  may  mean  the  pulling  off  of  something  in  the 
nature  of  a  film  possessing  surface-tension. 

As  a  matter  of  fact  [b)  and  (c)  are  two  opposite  extremes 
of  the  same  })henomenon.  In  both,  particles  adhering  to  the 
point  are  pulled  off — but  the  adhesion  of  (/>)  is  normal  to  the 
surface    only,    i.  e.  between    the    particles   and    the    metal  ; 
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while  in  (r)  it  is  tangential  to  the  surface  only  ;  i.  e.  between 
the  particles  themselves.  An  actual  case  would  lie  some- 
where between  tbe  two;  and  probably  much  nearer  to  (/<) 
than  to  (c). 

Now  in  the  case  (a)  of  Grotthuss  chains  the  field  /at  the 
point,  as  measured  by  the  pull  upon  it,  should  increase  as  the 
sharpness  of  the  point  increases  ;  and  for  two  reasons.  In 
the  first  place,  for  chains  of  given  length  there  will  be  some 
avernge  strength  of  field  required  to  break  them,  the  value 
of  which  will  always  be  less  than  that  measured  at  the 
surface  of  the  point  on  account  of  the  divergence  of  the  lines 
of  force  there  ;  and  the  difference  between  the  measured  and 
the  average  field  will  be  more  marked  as  the  divergence  {i.  e. 
the  sharpness  of  the  point)  increases.  Secondly,  the  chains 
will  be  shorter  at  a  sharp  point  than  at  a  blunt  one  on  ac- 
count of  this  same  divergence  ;  and  this  again  will  necessitate 
a  stronger  field  to  break  them,  for  much  the  same  reason  that 
a  short  piece  of  iron  is  harder  to  magnetize  than  a  long  one. 

The  same  sort  of  variation  of/  with  sharpness  of  point  will 
occur  in  the  case  of  (c),  if  the  mechanical  pull  of  the  field  on 
the  point  surface  be  looked  on  as  having  to  tear  off  a  film 
stretched  over  it. 

But  to  pull  small  particles  off  a  point  whose  radius  of 
curvature  is  large  compared  with  their  diameters  will  always 
require  the  same  value  of  /.  Hence  {b)  difi'ers  from  (a)  and 
(c)  in  requiring  that  /'shall  be  independent  of  r. 

The  effect  on  /  of  altering  r  was  therefore  investigated. 
Steel  needles  were  ground  by  a  watchmaker  to  hemispherical 
points  of  dift'erent  diameters  and  burnished  with  a  hard  steel 
tool.  The  values  of /in  air  were  then  determined  for  each  at 
various  pressures  ;  the  instrument  used  being  the  smaller  of 
the  two  described  in  §  8.  Curves  connecting  air-pressure  {p) 
and  /were  then  plotted,  and  from  these  the  numbers  given  in 
Table  IL  were  taken.  The  values  of/ for  positive  discharge 
are  given  for  three  pressures  : — 76,  40,  and  20  centim.  of 
mercury.  Those  for  negative  discharge  are  only  given  at 
.20  centim.  The  reason  being  that  the  latter  show  a  good 
deal  of  irregularity  at  higher  pressures,  seeming  (as  will  be 
seen  later)  to  depend  largely  on  the  condition  of  the  point- 
surface,  which  the  positive  values  do  not.  The  values  of/ 
■for  needle  C  are  inserted  with  queries,  as  they  are  almost 
certainly  too  high.  The  extreme  fineness  of  its  point  necessi- 
tated a  very  rapid  tapering  to  the  sharpest  part,  so  that  a  good 
deal  of  the  measured  pull  must  have  been  due  to  lines  of  force 
starting  from  its  sides.  This  is  borne  out  by  the  numbers  in 
the  four  last  columns. 
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Now  these  columns  show  that  below  a  point-radius  of  -^ 
niillim./ varies  in  close  proportion  with  r~^'^,  and  they  con- 
sequently negative  hypothesis  {h).  But  they  also  negative 
(c),  for  the  pull  per  square  centiin.  normal  to  a  film  of  sur- 
face-tension T  and  radius  of  curvature  r  necessary  to  break  it 
is  proportional  to  T//',  and  if  this  pull  is  to  be  supplied  by  / 
it  follows  that/^  must  be  proportional  to  T/r,  which  gives 
— 0*5  instead  of  —  0*8  as  the  power  of  r  with  which /varies. 
Even  —0*5  is  higher  than  can  be  assumed,  for  it  is  calculated  on 
the  supposition  that  there  is  no  cohesion  between  the  film  and 
the  point,  and  the  existence  of  cohesion  would  still  further 
reduce  the  power  of  r,  as  tending  to  bring  the  film  nearer  to 
class  {h). 

Resistance  to  discharge  at  a  point  is  thus  to  be  found  in 
the  surrounding  gas,  and  is  therefore  practically  reduced  to 
the  breaking  down  of  Grotthuss  chains,  the  lengths  of  which 
are  not  negligible  compared  with  the  radius  of  curvature  of 
the  point.     I  do  not  mean  by  this  to  exclude  surface-resistance 
as  a  possible  factor  in  discharge — indeed  what  follows  shows 
that  it  may  be  very  apj)reciable  ;  but  it  is  not  the  whole,  nor 
I  believe  an  important  part,  of  the  resistance  at  a  clean  point. 
§  5.  After  a  point  has  been  used  for  discharge  for  some 
time  its  resistance    greatly    increases,   and  when    discharge 
occurs  it  begins  with  a  suddenness  and  violence  which  is  very 
suggestive  of  the  bursting  of  a  film.     The  effect  is  increased 
if  the  point  be  now  reburnished  (without  regrinding),  though 
this  process  makes  it  look  as  if  it  had  never  been  used.     For 
instance.  Curves  II.  are  those  connecting  the  pressures   of 
the  air  with/ for  needle  H.     The  continuous  curve  AB  re- 
presents /  at  the  commencement  of  positive  discharge,  0  D 
beincr  for  negative.     The  readings  for  these  two  curves  were 
taken  alternately,  two  at  a  time,  the  pressure  being  gradually 
increased.     They  correspond  to  an  unused  clean  needle.    The 
cloud  of  points  (0  for  positive  and  x  for  negative  discharge) 
was  obtained  on  attempting  to  repeat  the  curves,  and  it  was 
noticeable    that   each   repetition  increased   the   values    of/, 
though  the  needle  was  well  polished  on  dry  wash-leather  and 
rouge  each  time.     Afterwards  the  needle  was  reburnished, 
and  the  dotted  curves  E  F  (  +  )  and  G  H  ( —  )  obtained,  show- 
ing a  still  further  increase  of  /  and  no  less  irregularity  in  its 
values  than  before. 

The  above,  therefore,  furnishes  evidence  of  the  growth  of 
resistance  at  a  point  when  it  is  used.  That  the  current  does 
not  permanently  clear  the  formation  away  in  getting  through 
is  obvious  from  the  readings  ;  but  if  a  reading  be  taken 
quickly   after   another    with    a  point  in   this    condition,   the 
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second  value  of  /  is  often  slightly  lower  than  the  first ;  as  if 
the  film  had  not  had  time  to  finish  forminor  again  after  the 
first  discharge.  Now  if  this  were  so  it  would  follow  that  the 
value  of  f,  when  the  current  stops,  should  be  less  than  when 
it  starts  (for  a  used  point  only  ;  the  two  values  agree  closely 
for  a  clean  one).  To  test  this  needle  H  was  again  taken  and 
the  values  of  /  determined  for  various  air-pressures  at  the 
point  when  the  current  just  stopped,  the  potential  of  the 
needle  being  gradually  diminished  until  a  high-resistance 
(7000  ft))  Elliot  galvanometer  between  the  needle  and  the 
earth  stood  at  zero.  The  results  are  given  in  Curves  III. ; 
A  B  and  C  D  for  the  unused  point  are  repeated  from  Curves  II. 
for  comparison.  J  K  and  L  M  are  the  new  curves.  They 
are  marked  by  circles.  The  agreement  between  J  K  and  A  B 
could  not  be  closer,  and  points  unmistakably  to  a  temporary 
cleaning  of  the  point  while  current  is  flowing.  LM,  for 
negative  discharge,  is  very  curious — coinciding  as  it  does 
with  C  D  at  low  pressures,  while  it  leaves  it  so  completely 
higher  up.  ]t  was  noticeable  that  just  in  proportion  as  the 
two  curves  diverged,  the  stoppage  of  the  current  was  marked 
by  increasing  suddenness.  At  high  pressures  it  was  impossible 
to  get  the  needle  to  discharge  at  ail  with  a  small  current  ; 
either  the  flow  was  strong  or  it  stopped  altogether  with  a 
jerk — the  same  effect,  though  almost  microscopic,  being  just 
perceptible  at  the  cessation  of  positive  discharge  also.  This 
being  so,  it  follows  that  the  values  of/  on  the  negative  curve 
really  correspond  to  a  strong  current  and  not  to  the  point 
where  the  current  stops.  Hence  their  greater  values.  The 
sudden  cutting  off  of  the  negative  current  was  very  striking, 
and  suggested  rather  forcibly  the  covering  over  of  the  point 
by  some  sort  of  film  that  had  been  perforated  by  it.  It  is 
true  that  the  positive  discharge  was  hardly  affected,  but  this 
is  only  an  example  of  what  has  been  already  alluded  to — the 
relatively  greater  instability  of  negative  than  of  positive  dis- 
charge. 

Although  the  silent  discharge  from  a  point  does  not  appear 
to  have  the  power  of  permanently  clearing  away  surface- 
resistance,  sparks  do  so  readily  enough — though  under  suitable 
circumstances  they  will  also  form  it  again.  In  making  the 
measurements  on  needle  B  (Table  I.),  the  discharge  at  the 
last  recorded  (  +  )  reading  took  the  form  of  a  spark.  \/P 
was  here  1'59.  On  repeating  the  reading  it  had  risen  to  1*95. 
A  third  discharge  brought  it  back  to  1*62,  and  after  that  it 
continued  to  oscillate  between  these  two  values  for  some  20  or 
30  times  with  hardly  a  break  in  the  regularity.  Obviously 
one   spark    formed  a   resistances  and  the  next  blew  it  away 
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again.  The  character  of  the  sparks  was  quite  different  too. 
The  one  which  formed  the  resistance  was  thin  and  sharply 
defined,  and  spread  out  for  a  considerahle  distance  over  the 
plate  like  a  splash.  The  other  was  much  brighter,  straight, 
and  without  any  signs  of  a  defined  edge. 

While,  however,  the  above  is  evidence  of  the  existence  of 
surface-resistance  at  used  points,  the  fact  that  the  values  of  / 
at  beginning  and  end  of  discharge  are  practically  identical 
for  a  clean  point  for  both  positive  and  negative  electricity, 
may  be  regarded  as  showing  that  such  resistance  is  either 
very  small  or  non-existent  on  points  which  have  not  been  used 
before. 

Atomic  Charge. 

§  6.  Assuming,  then,  provisionally  that  cohesion  in  Grotthuss 
chains  is  the  sole  cause  of  the  resistance  offered  to  discharge 
at  a  clean  point,  and  that  gas  atoms  are  consequently  con- 
cerned in  carrying  the  electricity  when  it  does  go*,  there 
arises  the  interesting  question  as  to  the  amount  of  charge 
carried  by  each  atom  ;  and  one  is  tempted  to  see  whether 
the  above  measurements  throw  any  light  on  it.  With- 
out in  any  way  pretending  to  settle  the  point,  the  following 
considerations  seem  to  me  to  render  it  probable  that  the 
electrochemical  equivalent  of  gas  atoms  is  of  the  same  order 
of  magnitude  as  that  of  the  same  atoms  in  electrolytes. 

The  essence  of  a  Grotthuss  chain  is  that  it  shall  consist  of 
molecules  capable  of  being  split  into  two  parts,  one  of  which 
is  charged  after  the  split  with  positive  electricity  and  the 
other  with  negative.  These  charges  may  exist  separately  in 
the  molecules  to  start  with,  or  they  may  be  induced  by  an 
electrostatic  field — but  in  either  case  it  is  the  field  which 
subsequently  arranges  them  in  chains  ;  and  the  breaking 
down  of  the  chains  occurs  when  the  mechanical  pull  of  the 
field  on  the  charged  parts  is  sufficient  to  overcome  their 
mutual  affinity.  This  affinity  may  be  due  to  one  of  two  causes 
or  their  combination.  Either  it  is  (a)  the  electrical  attraction 
of  two  initial  charges,  or  it  is  (b)  a  cohesive  attraction  wathout 
any  previously  existing  charges,  or  it  is  (c)  both.  One  of 
these  three  it  must  be,  if  by  cohesive  attraction  is  understood 
the  sum  of  all  nonelectrical  forces  between  the  two  parts  of 
the  molecule. 

Consider  the  first  (a)  of  these  cases.     If  the  molecules  hold 

*  This  does  not  preclude  the  possibility  of  metal  dust  iu  the  discharge 
after  it  has  once  started. 
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together  bj  internal  charges,  they  may  be  represented  thus  in 
their  free  state  : — 

AB  CD  Ef  ch 

(+M^  ffSP)  ffM^  ffm=>^ 


tlie  lines  between  the  pairs  of  atoms  signifying  lines  of 
electrostatic  force.  A  chain  of  such  molecules  will  give  way 
when  it  is  put  in  a  field  of  force  just  strong  enough  to  redis- 
tribute the  charges  by  induction  so  that  half  as  many  lines 
pass  between  A  and  B,  C  and  D,  &c.  as  before  ;  and  the 
remainder  pass  between  B  and  C,  D  and  E,  &.Q.  This  state 
of  things  may  be  represented  thus  : — 


Put  in  another  way,  the  strength  of  the  field  which  will  do 
this  is  rather  greater  than  that  which  would  induce  on  each 
of  the  two  end  atoms  of  the  chain  half  their  assumed  initial 
charges,  supposing  them  to  be  connected  by  a  fine  conducting 
wire.  It  depends  thus  on  the  length  of  the  chain,  being 
greater  as  the  chain  is  shorter. 

In  the  case  (h),  a  constant  cohesive  attinity  between  the 
two  parts  of  the  molecule,  it  is  necessary  to  suppose  that  elec- 
tricit}'  can  pass  from  one  to  the  other  under  the  influence  of 
induction  when  they  are  put  in  a  field  of  force^  in  order  that 
after  separation  they  may  be  oppositely  charged.  The  fol- 
lowing figure  shows  a  chain  of  such  molecules  on  the  point  of 

breaking  down,  the  break  occurring  when  the  cohesive  forces 
(vwwwv-)  are  just  overcome  by  the  electrical  forces  (^^)  set 
up  by  the  field.  Here,  again,  the  longer  the  chain  the  weaker 
the  f]old  required  to  break  it ;  and  as  the  cohesive  forces  are 
constant,  and  tlie  electrical  forces  are  dependent,  for  given 
molecular  arrangement,  only  on  the  charges  induced  in  the 
molecules,  it  follows  that  these  charges  will  also  be  practically 
constant,  no  matter  what  the  length  of  the  chain  may  be. 

In  both  these  cases,  therefore,  for  all  lengths  of  chain,  the 
atomic  charges  at  the  l)reaking-point  are  constant;  incase  {b) 
l)eing  rather  less  than  such  as  would  be  induced  bv  the  field 
on  the  end  atoms,  supposing  the  latter  to  be  connected  by  a 
conductor  ;  and  in  case  (a)  less  than  twice  that  amount  (less, 
because  the  chain  is  not  a  continuous   conductor).     Their 
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values  might  thus  be  calculated  in  terms  of  /  if  the  geome- 
trical conditions  were  known.  This,  however,  is  not  the  case 
under  the  conditions  of  actual  ex'|ieriment  ;  but  by  arranging 
that  the  chains  shall  consist  of  single  molecules  only,  it  is 
possible  to  get  an  idea  of  the  magnitude  of  the  charge  in 
question.  Reduce  in  imagination  the  discharging-point  to 
molecular  dimensions  ;  and  find,  by  what  is  rather  violent 
extrapolation,  the  corresponding  value  of  /  at  discharge  from 
the  constant  in  Table  II.  The  Clrotthuss  chains  will  have 
been  reduced  to  single  molecules  by  the  reduction  of  the 
point,  and  by  supposing  them  to  be  spheres  the  +  and  — 
charges  induced  on  their  opposite  sides  may  be  calculated. 
These  charges  will  then  represent  in  the  case  of  (a)  half,  and 
in  the  case  of  (l))  the  whole  of  the  atomic  charge. 

Taking  the  diameter  of  a  molecule  as  -  x  10~^  ceutim._,  the 

value  of  /  at  the  centre  of  a  molecule  opposite  the  point  is 
(from  Table  11.) 

16-5      /]  \-»'« 

./=  -^     X  ^  10-M       =3-1  X  lU'  E.S.  units, 

which  will  induce  on  a  conducting  sphere  of  the  same  dimen- 
sions equal  and  opposite  charges  of 


rf^lO-M/=6  X  10-10  E.S.  units. 


This  number  is  greater  than  the  atomic  charge  (or  than  half 
the  atomic  charge)  because  it  is  calculated  from  measurements 
on  chains  of  many  molecules,  which,  as  was  pointed  out  above, 
are  not  conductors,  but  only  lines  of  high  S.L( !.  Now  the 
most  probable  value  of  the  ionic  charge  of  oxygen  is  10"", 
which,  considering  the  extent  of  the  extrapolation  and  the  fact 
that  the  above  number  is  too  great,  is  in  sufficiently  striking 
agreement  wnth  it.  It  is  at  any  rate  satisfactory  that  the  ex- 
perimental number  is  the  larger  of  the  two. 

It  is  interesting  to  see  whether  a  similar  result  is  to  be  got 
from  measurements  of  sparks  between  plates.  Taking  Br. 
Liebig's  numbers  above  referred  to,  I  find,  following  Prof. 

J.  J.  Thomson,  that  the  formula  /=  y  + 150  expresses  the 

results  for  the  smallest  spark-lengths  in  air  fairly  well,  con- 
sidering that  the  numbers  for  that  part  of  the  curve  are  rather 
irregular.  The  values  of  a  lie  between  1'9  and  1*4  for  the 
five  smallest  spark -lengths  (/ =0*0066    to   0*0245    centim.). 
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Extrapolating  for  a  distance  between  the  plates  of  ^  X  10~**, 
the  field  Ijetweeu  them  comes  to  be  4:  x  10^.  This  would  induce 
a  still  higher  charge  (8  x  10"^)  on  a  spherical  molecule  ;  but 
it  must  be  remembered  that  these  data  are  much  further 
removed  from  molecular  dimensions  than  mine. 

On  the  other  liand,  there  is  a  case  accessilile  of  what  may 
perhaps  l^e  called  discharge  between  plates,  which  takes  place 
actually  within  molecular  dimensions  :  I  mean  the  passage  of 
electricity  at  the  cathode  of  a  voltameter.  Here,  if  a  step 
of  potential  of,  say,  1  volt  be  assumed,  and  if/  stand  for  the 
corresponding  field  between  the  liquid  and  the  metal  of  the 
cathode, 

/x  \  !()-«=  TT^„     or  /=  1 10«  E.S.  units. 
-^      2  300'  -^      6 

This  is  capable  of  inducing  on  a  spherical  molecule  charges 
of  1'5  X  10~"  E.S.,  a  number  which  cannot  be  distinguished 
from  the  ionic  charge.  Moreover,  no  reduction  is  necessary 
here  as  the  data  of  calculation  are  from  measurements  made 
direct  on  single  molecules. 

Taking,  then,  these  three  calculations  together,  and  having 
regard  to  the  fact  that  the  nearer  the  conditions  of  experiment 
approach  molecular  arrangement  the  closer  are  the  results  to 
the  value  of  the  ionic  charge,  I  cannot  help  thinking  that  they 
furnish  strong  grounds  for  supposing  that  electrified  atoms  in 
gases  are  associated  with  the  same  quantity  of  electricity  as 
\n  electrolysis. 

As  regards  the  third  possibility  of  molecular  cohesion  (c) 
mentioned  above,  that  it  is  due  to  a  combination  of  {a)  and 
{b)j  it  is  impossible,  without  knowing  the  relative  values  of 
the  two  forces  at  work,  to  get  any  idea  of  the  atomic  charge 
from  the  value  of  /'.  All  that  can  be  said  is  that  it  will  be  less 
than  the  value  calculated  for  atoms  held  together  by  electrical 
attraction  only.  Even  in  this  case,  therefore,  there  is  nothing 
to  negative  the  presence  of  ionic  charges  in  gaseous  conduction. 

Effect  of  Pressure. 

§  7.  If  the  conclusions  arrived  at  above  be  correct,  one 
may  picture  a  metal  point  on  the  verge  of  tlischarging  as  a 
smooth  curved  conducting  surface  studded  all  over  with 
Grotthuss  chains  standing  up  on  it  like  bristles.  The  density 
of  charge  upon  it  will  thus  be  far  from  uniform.  It  will  reach 
a  maximum  at  the  root  of  each  chain,  the  quantity  collected 
there  being  constant  for  a  given  gas,  independent  of  the  length 
of  the  chain,  and  equal  perhaps  to  the  ionic  charge  of  the  gas 
atoms.     In  between  the  chains  the  density  will  be  much  less. 

X2 
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Now  the  field  (/)  measured  by  the  attraction  of  a  plate  on  a 
needle-point  is  the  average  number  of  lines  of  force  per  square 
centimetre  of  the  point-surface,  and  takes  no  account  of  the 
manner  in  which  they  are  distributed  over  it.  (This  is  because 
the  point  is  so  small  that  the  lines  have  room  to  become  uniformly 
spread  out  before  they  reach  the  plate.)  Hence  it  follows 
that,  for  different  dispositions  of  the  chains,  the  measured 
values  of/'  may  be  very  dilferentj  and  yet  the  number  of  lines 
of  force  running  through  each  chain  be  the  constant  number 
corresponding  to  ionic  charge  on  its  atoms.  /,  in  fact,  for  a 
given  amount  of  induction  per  chain,  depends  both  on  the 
length  and  on  the  closeness  of  the  chains.  Great  length  or 
great  closeness,  or  both,  means  that  the  greater  part  of  the 
lines  proceeding  from  the  point  have  been  absorbed  by  the 
chains,  hardly  any  passing  in  between  them.  In  this  case 
/  is  practically  proportional  to  the  number  of  chains  per  square 
centimetre  and  is  independent  of  their  lengths.  On  the  other 
hand,  very  short  chains,  or  very  few  to  the  square  centimetre, 
or  both,  mean  that /is  sensibly  independent  of  their  closeness, 
but  is  now  dependent  on  their  length;  being  inversely  pro- 
portional thereto  so  long  as  it  is  not  very  great  compared  with 
the  radius  of  curvature  of  the  point.  Between  these  two 
extremes  /' depends  both  on  length  and  on  closeness  of  the 
chains — varying  in  an  inverse  manner  with  the  former,  and  in 
a  direct  manner  with  the  latter. 

Now'  both  length  and  closeness  of  the  chains  increase  with 
increase  of  gas-pressure.  Hence  there  must  be  some  pressure 
A  above  which  /  is  sensibly  proportional  to  the  closeness  of 
the  chains  only,  and  some  lower  pressure  B  below  which  it 
is  inversely  proportional  to  the  chain-lengths  only.  In  the 
neighbourhood  of  A  increase  of  pressure  will  affect /chiefly 
by  the  resulting  alteration  of  the  closeness,  and  will  therefore 
increase/.  Near  B  it  will  have  the  opposite  effect,  as  increase 
in  the  length  of  the  chains  means  a  decrease  of  /.  Hence 
between  A  and  B  there  must  be  some  pressure  for  which  /  is 
a  minimum.  This  point  is  of  course  well  known  to  exist*, 
though  I  was  unable  to  obtain  a  sufficiently  good  vacuum 
with  my  apparatus  to  reach  it.  If,  however,  /  be  expressed 
in  terms  of  some  power  (n)  of  the  pressure,  it  will  be  0  at  the 
minimum  point,  and  positive  and  increasing  as  the  pressure  rises 
from  there.  This  increase  is  shown  well  in  Table  III.  (calculated 
from  Table  II.  for  positive  discharge  only — the  negative  is 
too  uncertain).  Here  «i  is  calculated  from  the  values  of/ 
corresponding  to  76  and  40  centim.  of  mercury,  and  Wj  for 
40  and  20  centim.  n^  is  in  every  case  less  than  rii. 
*  Rontgen,  Wiedemann's  Electricitiit,  vol.  iv.  §  582, 
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Needle 

! 

>'.,■ 

C  .... 

....'      (>7x]0"^ 

0-31 

0-2U 

D.... 

1«      „ 

0-42 

O-30 

E.... 

....1       1-88    „ 

0-39 

0-34 

F  .... 

....       403     ., 

0  48 

(>3.^> 

G.... 

....1       4-84     .. 

048 

0  44 

PT.... 

.  ..'       (i-.")2     ,. 

(criO 

();i!) 

I   .... 

....1      7-11     „ 

0-53 

0-4-2 

J  .... 

....!      7-S3    „ 

0-49 

0-38 

K.... 

....'      8-71     „ 

0-n2 

0-40 

L  .... 

....      10-9       „ 

0-52 

0-46 

M 

....i     31-8       ., 

0-61 

0-58 

N 

....;     4;r7       ., 

0-69 

0-61 

O 

....!    58-0      .. 

0-69 

0-56 

X 

....'  4000      .. 

1 

[0-80] 

0-72 
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The  needle  marked  X  was  in  reality  a  steel  ball  used 
for  bicycle-bearings.  This  was  put  opposite  a  tin  disk  of 
6  ceutim.  diameter  at  a  distance  of  3"6  centim.  n  was  calcu- 
lated .from  measurements  of  the  difference  of  potential  between 
ball  and  plate,  as/ could  not  be  measured.  The  values  of  n 
fit  in  well  with  the  rest,  (n^  was  calculated  in  this  case  from 
/'  at  40  and  GO  centim.  mercury.) 

Now  pressure  alters  the  length  and  closeness  of  the  chains 
at  the  same  time  ;  but,  for  a  given  field-strength  at  a  point- 
surface,  alteration  in  curvature  gives  rise  to  alteration  of 
chain-length  only,  the  length  being  less  as  the  point  gets 
sharper.  Hence  at  a  sharp  point /is  more  dependent  on  the 
length  of  the  chains  than  at  a  blunt  one ;  it  is  in  fact  nearer 
its  minimum  value,  and  n  is  consequently  less.  This,  too,  is 
shown  very  clearly  in  Table  III. 

A  pretty  illustration  of  the  influence  of  })oint  curvature  on  7i 
was  accidentally  met  with  in  the  case  of  needle  C.  In  getting 
it  into  the  ai)paratus  for  rejietition  of  the  curves  obtained  with 
it,  its  point  txime  against  the  metal  box  and  was  flattened 
slightly  to  a  width  of  about  3'G  x  10"^  centim.  The  values  of 
/?,  and  ?22  obtained  from  it  after  this  were  respectively  0"42 
and  0*30,  instead  of  0*31  and  0*2  for  the  finer  point. 

Grotthuss  chains,  coupled  with  constant  atomic  charge,  are 
thus  well  able  to  explain  most  of  the  ])lienomena  described  in 
this  paper.  There  still  remains  one  which  is  j)erha})S  the  most 
important  of  all — the  difference  in  the  behaviour  of  ])Ositive 
and  negative  discharge.  This  I  hope  to  discuss  in  connexion 
with  experiments  now  in  progress,  but  it  may  perhaps  be  well 
to  j)lace  on  record  the  results  so  far  obtained. 
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Table  IV. 


c    

r. 

0-7x10"^ 
1-6       „ 
4-03     „ 

4'84    „ 

()-.'i2     „ 

7-11     „ 

7-83     ,. 

8-71     ,. 

10-9      „ 

31-8      „ 

45-7       „ 

.58-0      „ 

4000      „ 

k. 

\-.',\\ 
1-42 
1-40 
l-2() 
1-28 
1-23 
1-24 
1-32 
M3 
1-08 
0-94 
0-94 
0-83 

D    

F    

G    

H    

I 

J     

K    

L    

M   

N    

0   

X  

These  are  given  in  Table  IV.,  where  k  is  the  ratio  at  a  pres- 
sure of  20  centim.  of/  for  positive  discharge  .to/  for  negative. 
The  ratio  shows  a  distinct  tendency  to  decrease  as  r  increases. 
It  is  almost  useless  to  give  values  at  higher  pressures  on 
account  of  the  uncertainty  as  to  the  condition  of  the  point, 
and  the  great  effect  this  may  have  on  the  negative  discharge 
(Curves  III.) ;  but  the  ratio  is  distinctly  less  at  higher 
pressures  for  points  which  seemed  quite  clean  :  the  decrease 
of  k  at  70  centim.  mercury  varying  from  3  to  8  per  cent,  as 
compared  with  k  at  20  centim.  For  dirty  points  the  decrease 
may  reach  50  per  cent. 

Description  of  Apparatus. 

§  8.  The  electrometer  used  for  potential  measurements  was 
constructed  on  the  principle  of  the  one  designed  some  years 
ago,  for  absolute  measurement  of  much  smaller  quantities,  by 
Prof.  Minchin.  The  attracted  disk  is  suspended,  and  the  force 
of  attraction  measured  by  tilting  the  whole  instrument  until 
the  disk  falls  back  by  its  weight  to  a  fixed  point.  The  disk 
is  a  sheet  of  mica,  covered  on  one  side  with  tin-foil  and  metal- 
lically connected  with  the  case  of  the  instrument^  which  is  a 
tin  cylindrical  box  30  centim.  long  by  30  centim.  diameter. 
The  disk  hangs  just  outside  a  3-inch  hole  in  a  tin  screen  at 
one  end  of  the  case,  and  opposite  the  hole  inside  the  case  is 
an  adjustable  disk  of  tin  which  forms  the  attracting  plate. 
The  sensitiveness  of  the  instrument  may  be  varied  very  greatly 
by  altering  the  distance  between  this  plate  and  the  suspended 
disk.  This  arrangement  does  not  of  course  permit  of  absolute 
measurement,  but  it  was  thought  that  calibration  in  terms  of 
spark-lengths  was  sufficiently  accurate  for  the  work  in  hand. 
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The  same  principle  of  tilting  was  used  in  measuring  the 
attractions  on  the  needle-points  ;  the  needle  in  this  case  taking 
the  place  of  the  suspended  disk.  The  zero-position  was  deter- 
mined by  a  hair  in  the  eyepiece  of  a,  microscope  through 
which  the  point  of  the  needle  was  observed  ;  the  latter  being 
at  the  centre  of  curvature  of  V,  D  (fig.  1)  when  it  coincided 
with  th(^  hair.  The  needle  was  illuminated  by  small  windows 
in  T  (not  shown).     L  was  connected  to  the  Wimshurst ;  T  to 


Fiff.  1. 


^^A 


•lUl 


p 

Hi        N 


s/ 


A 


T,  brass  tube  forming  body  of  instrument ;  length  10  contim.,  rlianiptev 

G  centim. 
II,  tube  for  suspension-wire  G.     F,  ebonite  plug. 
M,  mica  disk  suspended  from  G,  carrying  light  metal  clip  B  liolding 

needle  N. 
S,  tin  screen  soldered  into  T. 
K,  metal  cover.     E,  ebonite  cover. 
A  A,  ground  air-tight  joints,  greased. 
CD,  spherical  metal  cup  to  be  electrified;  CD  =  r!-?>-j  centim.,  radius 

of  curvature  =  1'70  centim. 
P,  short  brass  tube  on  S ;  length  =  0'5  centim.,  diameter  =1-1^  centim. 
Point  of  N  at  centre  of  curvature  of  CD.     T.ength  of  needle  projecting 

beyond  P  =  '2  centim. 
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earth;  and  G  (^.  e.  N)  through  a  high-re  si  stance  galvanometer 
to  earth,  the  indications  of  the  galvanometer  being  therefore 
due  only  to  current  discharged  from  N.  A  much  larger 
instrument  constructed  on  the  same  lines  was  used  for  needle 
A  and  other  measurements.  The  body  of  this  instrument  is 
a  tin  cylinder  43  centim.  long  (horizontally)  and  23  centini. 
in  diameter.  The  needle  is  suspended  in  a  small  metal  box 
at  the  centre,  and  the  electrified  plate  is  supported  like  C  D 
(fig.  1)  from  one  end. 

The  tihing  is  effected  in  each  of  the  above  instruments  by 
fixing  them  to  a  brass  base,  provided  with  pivots  at  one  end 
and  a  vertical  micrometer-screw  with  large  divided  head  at 
the  other.     This  method  works  admirably. 

In  conclusion  I  wish  to  express  my  thanks  to  my  friend 
Mr.  F.  B.  Fawcett,  a  former  student  of  University  College, 
Bristol,  and  to  my  assistant  Mr.  J.  Quick,  for  much  careful 
help  in  carrying  out  the  measurements  described  in  this  paper. 
To  Prof.  Lodge  my  thanks  are  so  numerous  that  I  cannot 
express  them.  His  Idndness,  both  by  word  and  by  deed,  has 
been  unceasing.  Indeed  but  for  him  this  paper  would  pro- 
bably never  have  been  written. 

University  College,  Bristol. 

XXXVII.  On  the  Relation  hetioeen  the  Density  and  Composition 
of  Dilute  Sulphuric  Acid.     By  A.  W.  RiicKER,  F.R.SJ^ 

SOME  time  ago  I  had  occasion  to  examine  closely  Mr. 
Pickering's  method  of  detecting  breaks  in  curves  re- 
presenting the  results  of  experiments,  and  in  consequence  of 
the  recent  controversy  on  the  subject  I  have  lately  reconsidered 
the  matter. 

Mr.  Pickering's  work  covers  a  wide  area,  and  he  cannot 
complain  if  those  who  study  his  method  devote  themselves 
particularly  to  some  one  apphcation  of  it. 

I  have  specially  investigated  the  curve  which  expresses 
between  46  per  cent,  and  80  per  cent,  the  relation  at  18° 
between  the  percentage  strength  of  the  solution  and  the 
"  first  differential  '■"  of  the  densities. 

This  was  chosen  on  two  grounds.  First,  because  it  in- 
cludes within  its  range  the  percentage  corresponding  to  the 
hydrate  which  Mr.  Pickering  has  isolated.  Secondly,  because, 
although  Mr.  Pickering  estimates  the  magnitude  of  the 
possible  error  of  observation  to  be  greater  at  18°  than  at 
other  temperatures,  the   agreement  between  his  curves  and 

*  Communicated  by  the  Author. 
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the  results  of  observation  appears  in  this  case  to  be  freer 
from  exceptional,  and  possibly  accidental,  causes  of  disturbance 
than  in  others. 

I  have  therefore  tried  to  find  an  equation  which  will  express 
a  considerable  portion  of  this  curve  to  within  the  limits  of  the 
error  of  experiment. 

If  a  curve,  determined  from  isolated  points,  is  discontinuous, 
it  is  nevertheless  often  possible — though  pcrluqis  difficult — to 
express  it  by  a  moderately  simple  continuous  equation.  To 
do  this,  however,  terms  would  have  to  be  introduced  which 
express  the  rapid  chano-e  of  curvature  in  the  neighbourhood 
of  the  point  of  discontinuity. 

My  equation,  however,  consists  of  three  parts,  which  are 
not  suited  to  turning  awkward  corners. 

The  lower  })art  of  the  curve  is  nearly  a  straight  line.  The 
differences  between  the  ordinates  of  the  upper  part  of  the 
curve  and  those  of  this  line  are  very  accurately  in  geometrical 
progression. 

If  this  were  all,  the  equation  would  be  of  the  form 

As  a  matter  of  fact,  for  the  middle  region  this  curve  lies 
a  little  below  that  given  by  experiment.  The  difference 
gradually  increases,  reaches  a  maximum,  and  dies  out ;  but 
the  change  is  very  gradual,  extends  over  a  considerable  range, 
and  does  not  in  the  least  suggest  discontinuity. 

To  make  the  two  curves,  given  by  observation  and  calcula- 
tion, fit,  I  have  introduced  a  term  which  m;ikes  the  form  of 
the  equation 

y  =  a-\-hx  —  cd^  + 


—  X 


n"  +  n 

A  curve  of  this  kind  has  in  all  seven  arbitrary  constants, 
for  if  we  change  the  origin  to  .r^yo  it  i^'i}'  be  written 
,      ,  ,7  mk 

where 

k  =  ri-'o. 

In  th(!  following  Table  I  give  the  values  of  the  three 
terms,  a  +  ^,r,  erf'',  and  ;/(/(u^  +  /r ''),  so  that  the  fact  that  no 
term  introduces  violent  and  sudden  changes  nuiy  be  obvious. 

I  have  carried  out  the  calculations  to  one  place  further  than 
the  results  of  the  observations  are  given,  as  Mr.  Pickering 
uses  that  place  in  the  readings  from  bis  smoothed  curve, 
given  in  Table  III.  of  Ids  paper  (Trans.  (Jhcm.  Soc,  March 
1890,  p.  145). 
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The  values  of  tlie  constants  are  as  follows  when  a-=/>  — (U 
(/>^??^percentage)  : — 

a  =  0-010957, 

/.  =  0-0001119, 

c  =  0-0000G458, 

(Z=l-1925, 

»i.= 0-0001 1, 

/;=1, 

y^=  ^6  =  1-348. 


Table  1. 
('^■=/'-61.) 


p- 

{a-^b.r)xW'. 

c<P  X  W. 

XlO'. 

ds/dp 
(ealculated). 

11130 

80-54 

13144 

-2014 

8004 

13088 

-1845 

11243 

70-48 

13025 

-1671 

11354 

7912 

12985 

-1569 

11416 

78-62 

12929 

-1439 

11490 

77-11 

12760 

—  1101 

1 

11660 

74-98 

12521 

-  757 

2 

11766 

7301 

12301 

-  535 

3 

11769 

7106 

12083 

-  380 

5 

11708 

69-10 

11S63 

-  269 

10 

11604 

67-12 

11642 

-  190 

17 

11469 

65-51 

11462 

-  143 

27 

11346 

65-12 

11418 

-  133 

30 

11315 

64-50 

11349 

-  120 

34 

11263 

63-08 

11190 

-  93 

46 

11143 

6101 

10958 

-  65 

55 

10948 

58-94 

10726 

-  45 

46 

10727 

57-94 

10615 

-  38 

38 

10615 

56-S9 

10497 

-  31 

30 

10496 

64-89 

10273 

-  22 

17 

10268 

52-91 

10052 

-   15 

10 

10047 

50-91 

9828 

-   11 

5 

9822 

•   48-91 

9604 

-   8 

3 

9599 

46-94 

9384 

-   5 

2 

9381 

Before  comparing  these  numbers  with  Mr.  Pickering's 
experimental  results  it  is  convenient  to  deduce  from  his 
Table  II.  the  values  of  ds/dp.  given  by  his  own  smoothed 
curve.  This  can  be  done  with  fair  accuracy  for  the  greater 
number  of  points. 

The  following  Table  proves  that  for  a  large  part  of  the 
curve  the  "  second  differential "  at  any  point  is  to    within   5 
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in  the  last  place  the  arithmetical  mean  of  the  corresponding 
quantities  given  for  two  other  points  of  which  the  abscissae  [p) 
differ  by  equal  amounts  from  that  of  the  point  in  question. 

Thus  the   value  of  (Psjclp^  at  80'5  per  cent,  is  the  mean  of 
the  values  at  81'5  per  cent,  and  79"5  per  cent. 

"Table  II. 


p- 

f^,xio^ 

df- 

Mean. 

l>- 

dp- 

Mean. 

8i-:> 

-370 

611) 

102 

99 

80-5 

-290 

-290 

59-5 

105 

102* 

79-5 

-210 

-215 

,  58-5 

102 

105 

78-5 

-140 

-135 

57-5 

105 

102 

77-5 

-  60 

56-5 

102 

107 

76-5 

-  80 

55'5 

110 

105 

75-5 

-  50 

-  45 

54-5 

108 

111 

74-5 

-  10 

53-5 

112 

1(19 

7o5 

-  10 

52-5 

110 

72-5 

+  2 

'     61-5 

710 

53 

50-5 

690 

61 

62 

i  490 

111 

670 

72 

70 

47-0 

1U5 

104 

650 

80 

83 

:  45-0 

98 

96 

630 

94 

91 

430 

88 

*  The  diiference  of  the  two  -values  of  dsjdp,  from  which  this  number  is  ob- 
tained, is  127.  I  am  i^ot  siure  whether  this  discrepancy  is  due  to  a  mistake  or 
to  the  supposed  existence  of  a  point  of  discontinuity. 

The  intervals  from  which  these  mean  values  are  calculated 
are  at  least  twice  as  great  as  those  which  has'e  to  be  used  in 
deducing  values  of  dsjdp  at  points  intermediate  to  those  given. 
Hence  the  errors  introduced  are  not  likely  to  exceed  2  or  o 
in  the  last  place. 

I  have  therefore  deduced  from  the  numbers  in  Mr.  Picker- 
ing's Table  II.  the  readings  on  his  curves  at  the  points 
corresponding  to  his  ex})eriments. 

In  the  following  Table  III., /-»q  and[    '-)    are  the  values  of 

these  quantities  given  in  Mr.  Pickering's   Table  III.     The 

percentage  at  the  experimental  points  is  p,  and^:>„,=  (p  +y>^,)/2. 

The  second  differential  aty^„  is  calculated  fi'om  my  Table  i  1. 

d^s 

dp 

of    ,  -  at  If  is  deduced. 
dj> 

Thus,  to  give  an  (example.     If  the  values  oi'  -^at   80- 


,  \A>  and  by  means  of  this  tl 
dj>\/m  "^ 


the  value 


r/2.. 


djj^ 


per 
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cent,  and  79*5  per  cent,  are  —290  and  —210  respectivelv.  at 
80-27  per  cent. 

(^\    =-210-80x0-77= -272. 
.-.    Since  iit  80  per  cex\i.l^^\    =  11230, 

at  80-54  per  cent.  (j^)=  11230-272  x  0-54 
=  11230-147  =  11083. 
Table  III. 


Po- 

\(lplo 

Pnr 

wv: 

^• 

dp 

80 

11230 

80-27 

-272 

80-54 

110S3 

„ 

8002 

-252 

80-04 

11220 

79 

11440 

79-24 

-191 

79-48 

11349 

,, 

79-06 

- 179 

79-12 

11419 

78 

11580 

78-31 

-125 

78-62 

11503 

7U 

11645 

70-53 

+  55 

71-06 

11703 

fi8 

11523 

68-55 

63 

69-lu 

115112 

66 

11380 

66-56 

74 

67-12 

11463 

64 

11220 

64-75 

82 

65-51 

11343 

64-56 

83 

65-12 

ll;U3 

,, 

64-25 

85 

64-50 

11262 

62 

11033 

62-54 

96 

6308 

11137 

60 

10830 

60-50 

103 

61-01 

10934 

58 

10602 

58-47 

102 

68-94 

lOiiilS 

57 

10497 

57-47 

105 

57-94 

10596 

56 

10395 

56-44 

102 

56-89 

10488 

54 

10177 

54-44 

108 

54-89 

10273 

52 

9955 

52-45 

110 

52-91 

10055 

48 

9503 

48-45 

109 

48-91 

96(12 

46 

9293 

46-47 

103 

46-94 

9390 

It  remains  to  compare  the  two  sets  of  values  given  by  my 
single  curve  and  Mr.  Pickering's  five  curves  respectively  with 
his  experimental  numbers. 

In  doing  so  we  must  remember  what  the  estimated  experi- 
mental error  is.  Mr.  Pickering  regards  the  possible  error  in 
the  determination  of  a  density  as  =0*000008  =  e  say.  Hence 
the  possible  error  of  dsldp  is  2e/c),  where  S  is  the  dilference 
between  the  percentages  of  the  two  points  from  which  it  is 
determined.  In  general  5  =  2,  so  that  the  error  of  dsjclj}  is 
+  0-000008.  The  experiments  at  18°  (which  are  alone  treated 
of  in  this  paper)  are  supposed  to  be  less  accurate  than  the 
others,  but  Mr.  Pickering  does  not  think  that  the  error  of  expe- 
riment reaches  twice  the  above  value*.     He  admits  that  the 

«  It  must,  however,  be  remembered  tliat  the  18°  cui've  was  chosen 
as  the  abnormal  eiTors  appear  to  be  fe\ver  and  le.>s  than  in  other  cases. 
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curves  prove  that  errors  do  exist  of  larger  amounts  than  these, 
especially  where  the  two  points  used  in  calculating  dsjdp  were 
found  from  different  solutions.  I  'think,  therefore,  that  I  shall 
be  expresshig  his  views  if  I  say  that  he  regards  the  normal 
limit  of  error  in  the  present  set  of  experiments  as  <  16  x  10~^ 
and  >  8  X  10~^,  when  the  interval  between  the  points  used  in 
finding  dsjdp  is  2  per  cent.  The  estimated  maximum  error 
calculated  on  this  basis  is  shown  in  the  following  Table : — 

Table  IV. 


dp 

Deduced 

Maximum  error 

p- 

from 

Pickering's 

uumbers. 

r- 

/3-«. 
+  13 

y-as. 

esti 
mime 

less  than 

mated     i 
rically 

greater 
than 

Observed. 
a,. 

Calculated 

from 
formula. 

;,1 

80o4 

11117 

11130 

11083 

-34 

30 

15 

800-1 

11251 

11243 

11220 

-  8 

-31 

15 

8 

79-48 

11400 

11354 

11349 

-46 

-51 

32 

16 

7912 

11412 

11416 

11419 

-  4 

+  7 

19 

10 

78-62 
77-11 

11426 
11673 

11490 
IKiGO 

11503 

+  64 

77 

43 
14 

22 

7 

-13 

74-98 

11753 

11766 

+  13 

1(5 

8 

73-01 
71-U6 

11767 
11708 

11769 
11708 

11703 

+  2 

16 
15 

8 
8 

0 

—  5 

69-10 

11595 

11604 

11.302 

+  9 

-  3 

16 

8 

67-12 

114(i7 

11469 

11463 

+  2 

-  4 

16 

8 

65-51 

11311 

11346 

11343 

+35 

+33 

26 

13 

65-12 

11320 

11315 

11313 

—  5 

-  7 

16 

8    1 

64-50 

11335 

11263 

11262 

-72 

-73 

41 

20 

63-08 

11127 

11143 

11137 

+  16 

+  10 

15 

8 

6101 

10936 

10948 

10934 

+  12 

—  2 

15 

8 

58-94 
57-94 

10731 
10602 

10727 
lOiilJ 

10698 
10596 

-  4 

-33jf 

15 

7 

8 
4 

+  13 

-  6 

56-89 

10466 

10496 

10488 

+30 

+22 

16 

8 

54-89 

10275 

10268 

10273 

—  7 

_  2 

16 

8 

52-91 

10054 

10047 

10055 

—  7 

+  1 

16 

«    1 

50-91 

98111 

9822 

+  11 

l(i 

8    i 

48-91 

9599 

9599 

9602 

0 

+"3 

1() 

8    1 

46-94 

9382 

9381 

9390 

-  1 

+  8 

16 

8 

*  This  error  may  be  due  to  the  uncertainty  as  to  the  value  of  j-^  at 
this  point, 
t  This  is  given  in  Mr.  Pickering's  Table  I.  as  982. 

In  studying  this  Table  one   fact  must  be  borne  in  mind. 
The  last  fioure  in  all  the  columns  is  doubtful.     In  order  to 
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obtain  it  I  have  had  to  carrj'-  Mr.  Pickering's  own  calculation 
of  the  value  of  ds/dp  from  his  experiments  to  a  place  beyond 
that  at  which  he — very  properly  in  my  opinion — stopped. 

In  the  third  column  {/3)  the  last  figure  is  affected — in  the 
case  of  the  higher  percentages — by  the  third  decimal  in  the 
percentages,  which  I  have  ignored.  The  error  thns  connnitted 
is,  however,  small. 

As  regards  the  fourth  colunm  (7),  small  errors  may  be 
introduced  into  the  lijst  place  by  the  method  of  calculation. 

If,  then,  we  discard  the  last  place  and  express  each  value  of 
/3  —  ci  and  ry—a,  in  terms  of  the  number  of  units  in  the  last 
place  but  one  to  which  it  most  nearly  approximates,  we  get 
the  following  Table,  in  which,  for  brevity,  the  values  of  p 
and  signs  are  omitted  : — 

Table  V. 


/3-«. 

y  —  a  . 

ft-.. 

y-a. 

ft-cc. 

r-«. 

1 

3 

0 

0 

0 

CO 

1 

3 

1 

0 

1 

1 

5* 

5 

0 

() 

3* 

2 

0 

1 

o» 

3 

1 

0 

6* 

8 

u 

1 

1 

0 

1 

7* 

7 

1 

1 

■) 

1 

0 

0 

0 

1 

0 

0 

1 

It  is  evident  from  this  Table  that,  taking  a  broad  view  of 
the  relative  claims  of  one  continuous  or  five  discontinuous 
curves  to  represent  the  results,  there  is  not  much  to  choose 
between  them. 

There  are  five  points  (marked  with  asterisks)  at  which 
both  systems  indicate  large  errors.  These  are  partly  accounted 
for  hy  the  fact  that  at  most  of  them  the  diflterences  between 
the  values  ofp  by  means  of  which  ds/dp  was  calculated  were 
unusually  small.  At  all  of  them  also  the  two  points  required 
were  obtained  by  means  of  different  solutions,  so  that  sources 
of  error  not  included  in  Mr.  Pickering's  estimate  of  the 
maximum  affected  the  results. 

These  points  Mr.  Pickering  regards  as  abnormal.  I  will 
therefore  neglect  them,  only  remarking  that  if  sources  of  error 
of  such  magnitude  are  introduced  by  a  change  in  the  funda- 
mental solution  from  which  the  mixtures  are  made  up,  similar 
unreckoned  errors  may  be  introduced  in  the  process  of  form- 
ing the  individual  mixtures.  An  inspection  of  the  curves  at 
8°,  28°,  and  30°  confirms  this  suspicion. 
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Omitting  these  points,  however,  the  next  most  striking  fact 
is  that  the  values  of  7— a  are  large  for  the  two  largest  per- 
centages, vi/.  80-54:  per  cent,  and  80*04  per  cent.     This  is  not 

ds  . 

a  mistake.     The  value  of  -r  x  lO**  at  80  per  cent,  is  given  in 

dp 

Mr.  Pickering's  Table  III.  as  11230,  and  the  numerical  value 

of  dsldp  diminishes  as  p  increases.     The  observed  value  at 

80'OJ:  per  cent.,  11251,  must  therefore  necessarily  be  a  great 

deal  too  large. 

If,  then,  we  omit  the  abnormal  points  (marked  with  aste- 
risks) and  confine  ourselves  to  those  for  which  I  have  been 
able  to  calculate  7  — «,  we  tind  that,  out  of  14  points,  errors  of 
appreciable  magnitude  (to  this  order  of  approximation)  occur 
eight  times  when  my  curve  is  used  and  seven  times  when 
Mr.  Pickering's  five  curves  are  employed;  the  sum  of  the 
errors  in  the  iirst  case  is  9  and  in  the  second  11. 

For  my  own  part  I  think  this  result  is  sufficient  to  show 
that,  in  attempting  to  discriminate  between  representations  of 
the  experiments  under  consideration,  Mr.  Pickering  is  dealing 
with  quantities  less  than  the  error  of  experiment. 

The  same  conclusion  is  supported  by  a  study  of  Table  lY.^ 
if  we  admit  that  figures  in  the  last  place  are  trustworthy. 

It  is  evident  that  my  own  results  in  the  column  /3— a  could 
be  a  little  improved.  Positive  errors  are  the  more  numerous, 
and  to  make  positive  and  negative  errors  balance  we  should  have 
to  subtract  2  from  all  the  figures  in  that  column.  Hence  it 
would  have  been  better  to  choose  for  the  constant  a  the  value 
0-010955  instead  of  0-010957.  I  have  not  thought  it  worth 
while  to  rewrite  the  Tables  to  introduce  this  small  correction. 

The  only  point  that  I  can  see  in  Mr.  Pickering's  favour  is 
that,  if  we  omit  the  points  at  80-54  per  cent,  and  80-04  per  cent., 
and  if  we  omit  the  points  which  I  have  called  abnormal  at 
which  the  errors  are  large,  the  errors  obtained  from  his  curves 
are  kept  more  nearly  within  the  limit  0*000008  than  in  the 
case  of  those  obtained  by  myself. 

I  do  not  press  the  point  that  the  maximum  error  in  this 
case  is  admittedly  larger  than  0-000008,  but  I  must  insist  that 
it  is  extremely  unlikely  that  errors  so  large  as  those  at  the 
abnormal  points  exist,  and  that  there  are  none  larger  than  the 
estimated  amount  elsewhere. 

Why,  for  instance,  are  we  to  admit  an  error  of  '22,  or  three 
times  the  lower  limit  to  the  maximum  error,  at  5G'89  per 
cent.,  and  insist  that  an  error  of  1(),  which  is  only  twice  the 
same  limit,  is  impossible  at  G3-08  per  cent.  ?  If  we  tlo  make 
this  extremely  improbable  assumption,  it  is  of  course  possible 
to  reduce  the  errors  thus  arbitrarily  picked  out  by  making  the 
curve  discontinuous. 
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Thus,  if  between  53  and  58  we  suppose  the  terms 
tl2-5(/*-53)[xlO-6 

to  be  added  to  the  equation,  the  calculated  vaUies  from  53  to 
58  become 

10059,     10270,     10488,     and  10602, 
which  make  the  vakies  of  /3  —  « 

5,     -5,      ■^r■l•l,     and  0. 

These  are  about  of  the  same  magnitude  as  the  corresponding 
vahies  of  7— a,  and,  except  at  the  abnormal*  point,  are  less 
than  0-000008. 

Why  the  large  difference  matters  so  little  and  the  small 
difierences  are  so  important  I  do  not  know,  but  it  ap})ears  to 
me  that  Mr.  Pickering  has  been  performing  with  a  ruler  an 
operation  analogous  to  that  I  have  here  performed  by  modi- 
fying a  formula. 

It  is,  however,  possible  to  perform  the  same  operation  over 
other  ranges.  Thus,  taking  the  percentages  in  I'ound  num- 
bers, and  subtracting  from  the  part  of  the  curve  between  65 
and  54  terms  given  by 

{l  +  2-6(60-jt>)-[xl0-«, 
we  get  the  numbers  in  the  following  Table  : — 


p- 

Correction 
term. 

ds_ 
dp 

ft-.. 

63 

-24 

11119 

-8 

61 

-  4 

10944 

+8 

59 

-  4 

10723 

-8 

58 

-11 

10604 

+2 

57 

-24 

10472 

+6 

The  tenths  of  a  per  cent,  omitted  might  affect  the  last 
figures  to  the  extent  of  one  unit  ;  but  the  Table  proves  that  it 
is  possible  by  such  devices  to  bring  even  the  point  at  56*89 
per  cent,  into  line  with  those  near  to  it  to  within  limits  which 
are  admittedly  less  than  the  error  of  experiment.  A  group 
of  points  from  64  to  74  per  cent,  shows  errors  no  larger  than 
Mr.  Pickering's  from  59  to  71  per  cent.  Such  a  method  of 
treating  the  results,  whether  the  instrument  be  a  ruler  or  a 
formula,  appears  to  me  unjustifiable. 

There  is  no  doubt  that  the  larger  differences  between  obser- 

*  It  must  be  remembered  that  Mr.  Piclvering  does  uot  apply  this  term 
to  these  poiuts,  though  he  appears  to  regard  them  as  exce])tioiial. 
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^Tition  and  calculation  are  really  due  to  errors.  They  occur 
in  two  instances,  at  all  events,  in  pairs  having  opposite  signs. 
One  of  these  is  near  79  per  cent.,  the  other  near  65  per  cent. 
They  are  precisely  w.hat  might  he  expected  ii"  tVoni  any  cause 
one  density  was  more  than  usually  erroneous.  Is  it  not  likely 
that  other  minor  errors  are  to  he  explained  in  a  similar  way? 

Mr,  Pickering  appears  to  me  to  l)e  on  the  horns  of'ii  dilemma. 
If  we  assume  the  larger  values  of  the  maximum  error  to  be 
correct,  then  the  values  of  j3  — «  are  for  the  most  part  (except 
at  the  abnormal  points)  so  well  within  the  limits  of  the  error 
of  experiment  that  the  whole  discussion  resolves  itself  (even 
from  his  point  of  view)  into  a  controversy  about  matters  less 
than  the  error  of  ex;periment.  If  the  lower  limit  is  adopted, 
then  he  must  explain  why,  when  at  64*50  per  cent,  the  value 
of  7  — «  is  some  three  and  a  half  times  greater  than  the  esti- 
mated maximum  error,  the  theory  of  discantinnity  is  required 
to  account  for  the  much  smaller  discrepancies  found  elsewhere, 

Horizontid  lines  are  drawn  in  Table  IV.  at  the  points  where 
Mr.  Pickering  believes  that  there  are  breaks  in  the  continuity 
of  the  curve.  The  differences  /S—a.  show  no  sign  of  regularity 
in  these  intervals,  they  are  for  the  most  part  of  the  same  order 
of  magnitude  as  the  estimated  error  of  experiment  ;  and  any 
argument  which  could  be  drawn  frou)  the  fact  that  they 
exceed  the  lower  values  which  may  be  assigned  to  it  is  neu- 
tralized by  the  fact  that  in  some  cases  they  un<juestionably 
exceed  the  largest  Kmits  Mr.  Pickering  has  specilically  men- 
tioned. Finally,  to  obtain  the  last  place  it  has  been  necessary 
to  strain  the  calculations,  and  to  carry  them  in  some  instances 
to  a  })lace  further  than  Mr.  Pickering  him^eif  lias  done.  If 
therefore  we  adopt  the  safer  course  of  neglecting  figures 
<10~*,  the  continuous  equation  ex{)resses  the  facts  at  least 
as  well  as  the  five  discontinuous  curves. 

It  is  of  course  logically  open  to  Mr.  Pickering  to  claim  that 
his  case  is  not  disproved  until  a  process  similar  to  that  whick 
I  have  adopted  hiis  been  successfully  applied  in  a  much  larger 
number  of  instances,  So  far  as  I  am  concerned  I  can  only 
re|)ly  that  I  think  ray  result  places  him  in  the  position  of 
having  to  prove  a  negative,  and  that  I  certainly  cannot  under- 
take to  devote  myself  to  the  multi])licaition  of  such  evidence. 

I  have  before  stated  that  1  think  tliat  the  curves  in  some 
parts — if  not  discontinuous — have  peculiar  features  which 
suggest  special  physical  causes.  Thus  between  84  and 
i)4  per  cent,  they  are  obviously  nearly  straight  lines.  My 
doubts  have  always  had  reference  to  tl>e  n)inor  changes  of 
curvature  and  to  the  use  of  tli<*  ruler  in  detecting  them.  They 
are  confirmed  by  the  above  investigation. 

F/iil.  Maij.  S.  5.  Vol.  32.  No.  196.  Sept.  1891.  Y 
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XXXVlil.   Note  on  thf  Theory  of  the  Solitdrjf  Wave. 
By  Sir  G.  G.  Stokes*. 

IN  a  paper  on  the  Solitary  Wave  by  Mr.  J.  McCowany 
printed  in  the  July  number  of  the  Philosophical  Mag;izine, 
for  a  copy  of  which  I  am  indebted  to  the  kindness  of  tlie  author, 
he  refers  to  a  conclusion  which  I  advanced  in  a  pajxjr  written 
long  since,  and  reprinted  full  ten  years  ago,  according  to  which 
a  solitary  wave  could  not  be  propagated  without  change 
of  form.  As  I  have  known  for  the  last  ten  years  that  this 
conclusion  was  erroneous,  and  have  published  a  paper  in 
which  the  motion  of  a  uniformly  propagated  solitary  wave 
was  considered,  I  am  not  concerned  to  defend  it;  but  it  may 
be  well  to  point  out  the  true  source  of  the  error,  respecting 
which  I  cannot  agree  with  Mr.  McCowan. 

While  the  first  volume  of  my  (-ollected  Papprs  was  going 
through  the  press,  I  was  led  to  the  conclusion  (see  p.  227) 
that  the  highest  possible  waves  of  the  oscillatory  kind  (the 
motion  being  irrotational)  presented  a  fonn  in  which  the 
crests  came  to  wedges  of  120°.  On  reflecting  on  the  applica- 
tion of  this  to  very  long  waves  propagated  in  water  of  wliich 
the  depth  is  small  compared  with  the  length  of  wave,  I  was 
led  to  perceive  that  the  conclusion  above  mentioned  was 
erroneous,  and  also  that  the  source  of  the  error  was  that  it 
was  not  sufficient,  even  though  a  sob"tary  wave  were  very 
long,  to  treat  it  as  indefinitely  long,  and  consequently  to  take 
the  horizontal  velocity  as  the  same  from  the  surface  to  the 
bottom.  On  speaking  on  the  subject  to  Lord  Kayleigh,  he 
referred  me  to  the  previous  papers  on  the  solitary  wave  by 
M.  Boussinesq  and  himself,  with  which  I  was  not  at  the  time 
acquainted.  The  conclusion  of  a  supplement  to  my  paper  on 
oscillatory  waves,  which  forms  the  last  article  in  vol.  i.,  shows 
that  I  was  then  fully  alive  to  the  possibility  of  the  propagation 
of  a  solitary  wave  without  change  ;  and  in  a  short  paper  en- 
titled "  On  the  highest  wave  of  uniform  propagation  (Pre- 
liminary notice),'^  read  before  the  Cambridge  Philosophical 
Society  in  1883,  and  printed  in  the  Proceedings  (vol.  iv. 
p.  3(jl),  I  have  indicated  a  new  method,  depending  on  a 
process  of  trial  and  error,  for  determining  numerically  the 
circumstances  of  uniform  propagation  of  waves,  whether  of 
the  oscillatory  or  solitary  class,  more  especially  in  the  extreme 
case  in  which  the  crest  comes  to  a  wedge  of  120°,  so  that  the 
wave  is  on  the  point  of  beginning  to  break. 

I  cannot  agree  with  Mr.  McCowan  either  that  the  form  of 

expansion  which  I  used  is  inadmissible,  or  that  the  form  which 

he  proposes  at  p.  58  to  substitute,  that  of  a  series  involving 

exponentials   in  which  the   coefficient  of  x  in   the    index    is 

*  Communicated  by  the  Author. 
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real,  is  (at  least  for  my  purpose)  admissible.  It  is  not  true 
that  a  non-periodic  function  of  x  cannot  be  expressed  by 
means  of  periodic  functions;  for  example,  the  non-periodic 
function  e-'''  may  be  expanded  in  the  definite  inteo-ral 


cos  '2a.x .  dx. 


each  element  of  which  is  periodic.  On  the  other  hand,  the 
form  of  expansion  proposed  by  Mr.  McCowan  is  (at  least  for 
my  purpose)  inaduiissible,  on  account  of  the  discontinuity  of 
tlie  exjjression. 

I  will  now  mention  more  particularly  the  step  which  led 
me  to  a  wrong  conclusion.  It  is  easily  shown  that  in  a  very 
long  wave  }»ropagated  in  water  the  depth  of  which  is  small 
compared  with  the  length  of  the  wave,  the  horizontal  velocity 
is  nearly  the  same  from  the  bottom  to  the  surface  for  any 
vertical  section  of  the  wax  e  made  by  a  plane  pei'pendicnlar  to 
the  direction  of  propagation.  For  a  given  depth  of  water  and 
maximum  height  of  wave,  this  is  so  much  the  more  nearly 
true  as  the  lenfjth  of  the  wave  is  oreater.  The  horizontal 
velocity  tends  indefinitely  towards  constancy  from  top  to 
bottom  as  the  length  of  the  wave  increases  indefinitely.  Now 
Sir  George  Airy  has  shown  that  for  a  wave  in  which  we  may 
.su})pose  the  particles  in  a  veitical  plane  to  renuiin  always  in  a 
vertical  plane,  as  they  must  do  if  the  horizontal  velocity  is  the 
same  from  top  to  bottom,  the  form  of  the  wave  must  gradually 
change  as  it  progresses.  It  might  seem  therefoi'e  that,  how- 
ever small  we  take  the  height  of  a  wave  at  the  highest  point, 
we  have  only  to  make  the  wave  long  enough  and  Airy's  inves- 
tigation will  apply,  and  the  wave  will  change  its  form  in  time 
as  it  travels  along.  Now  in  the  solitary  wave  of  Russell,  the 
lower  the  wave,  the  longer  it  is  ;  and  therefore  it  might  seem 
as  if  we  had  only  to  make  the  wave  low  enough  and  long 
enough  and  the  length  would  be  so  great  that  Airy^s  investi- 
gation would  a[)j)ly,  and  the  form  would  change,  though 
slowly. 

The  answer  to  this  is  that,  however  small  we  take  the 
height,  we  are  not  at  liberty  to  increase  the  length  indefinitely. 
There  is  in  fact  a  relation  between  the  height  and  the?  length 
in  a  solitary  wave  which  can  be  propagated  uin'formly,  which, 
thouoh  it  is  of  such  a  nature  that  the  len<rth  becomes  infinite 
when  th(!  height  become.'?  infinitely  small,  nexertheless  forbids 
tis  for  a  gi\cn  height,  however  sinall,  to  increase  the  length 
indefinitely. 

The  possibility  of  the  existence  of  a  solitary  wave  of  uniform 
propagation  is  so  far  established  by  my  investigation  relating 
to  oscidatory  waves,  as  that  it  is  maile  to  depend  on  the  prin- 
ciple that  the  infinite  series  by  which  the  circumstances  ol  the 
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motion  of  oscillator}'  waves  is  expressed  must  remain  con- 
vergent until  the  height  is  so  far  increased  that  the  outline 
presents  a  singular  point,  namely  the  wedge  of  120°,  ll'this 
be  co)iceded,  we  have  only  to  make  the  wave-length  (in  the 
sense  of  the  distance  from  crest  to  crest,  not  in  that  of  the 
distance  from  the  point  wliere  one  of  the  swells^  begins  to 
where  it  ceiises  to  bo  sensihlo)  infinite,  in  order  to  j)as<s  to  the 
case  of  a  solitary  wave  unifoi'mly  propagated. 


XXXIX.  Notices  respectivg  New  Books. 
(i.)  A  Treatise  on  Trufonometry.  (Fifth  edition,  pp.  viii-flGO.) 
(ii.)  A  Treatise  on  Aluehra.  (SecoiKi  edition,  pp-.  viii-|-412.) 
(iii.)  Logarithmic  Tables.  (Third  edition,  pp.  9 (J,) 
T^HESE  are  three  works,  (i.)  and  (ii.)  written  by  Profs.  Oliver, 
-*-  Wait,  and  Jones,  of  Cornell  University,  and  (lii.)  arranged  by 
the  la&t-naiiied  gentleman,  who  has  recently  been  on  a  visit  to  this 
country  with  a  \iew,  we  beheve,  to  the  preparation  of  a  new 
edition  of  the  Tables,  (i.)  is  an  excellent  practical  treatise  on  both 
Plane  and  ISpherical  Trigonometry.  '''After  eight  years'  use  in  the 
class-rooms  the  book  has  been  whoMy  rewritten."  The  aim  )n  the 
revision  has  been  to  make  the  book  "  simpler  and  more  attractive 
as  a  text-book,  and  to  make  it  mor»  thoioiigh  and  exhaustiAe  as  a 
treatise."  The  new  matter  is  thus- noticed  : — (1)  Applications  of 
Trigonometry  to  sur\eying,  astronomy,  and  navigation.  (2)  The 
extension  of  the  notion  of  directed  lines,  and  the  introduction  of 
such  other  conventions,  particularly  of  directed  surfaces,  as  help 
to  interpret  algebraic  symbols  by  geometric  magnitudes-,  and  thus 
to  lay  the  foundation  for  the  s-tudy  of  mathematical  physics, 
(3)  The  discussion  of  the  general  triangle,  plane  and  spherical. 
There  is  no  lack  of  admirably  drawn  figures,  and  often  the  same 
pruiciple  is  illustrated  by  several  figures:  when  this  is  the  cstse, 
"  the  first  figure  is  easiest  followed  :  the  others  help  the  reader  to 
see  the  generality  of  the  principle  and  of  the  proof."  The  text  is 
concise  without  being  obscnre.  ""Only  the  main  lines  of  the  sub- 
ject are  developed  ;  collateral  matters  are  outlined  in  the  e-\amples 
and  left  for  the  stndent  to  work  ©ut  for  himself."  The  authors 
have  freely  used  English  text-books  as  well  as  American  ones,  and 
largely  drawn  upon  He^iate-House  Examination-papers.  It  is  a 
work  especially  adapted  for  practical  students.  There  is  a  copious 
Index  of  reference. 

(ii.)  This  edition  appears  to  be  almost,  if  not  quite,  identical 
with  the  first  edition,  w  hich  we  commended  some  few  years  since 
in  our  Magazine.  i 

(iii.)  is  a  very  haJidy  collection  of  most  useful  Tables,  There  is 
an  explanation  of  the  Tables  at  the  end  of  the  work,  and  on  the 
title-page  there  is  the  promise  of  a  dollar  for  tlie  first  notice  of 
every  error  in  the  Tables. 

The  same  three  writ  ers  promise  a  test-book  in  Algebra  whose  de- 
finitions and  statements  of  principles  are  clear  and  precise,  and  whose 
proofs  are  rigorous  and  so  simple  that  any  diligent  pupil  can  read  it 
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easily.  The  title  is  "  A  Drill-book  in  Algebra."  The  authors  are  the 
pabhshers  of  their  works,  which  are  well  printed  and  sold  at  a  low 
price.  Those  we  have  uoticed  above  are  excellent  of  their  kind, 
and  are  evidently  written  by  men  who  are  experienced  in  teaching 
young  men  of  ordinary  ability. 

The  Number- System  of  Ahjehra  treated  Theoretically  and  Historically. 
By  Henet  B.  ri>'E,  Fh.D.  i^Boston  and  ]Nevv  York  :  Leach, 
Shewell,  and  Sanborn  ;  pp.  x  +  131.) 

We  simply  call  attention  to  this  small  work,  \^■hich  presents  in  a 
readable  form  much  of  what  is  given  in  the  larger  works  of  Hankel 
{Com2^l>'X'e  ZahlcHsystemen),  M.  Cantor  [Vorhsungeti  iiher  die 
Geschichte  der  MaihematiJc\  VVeierstrass,  Thoma),  and  other  Conti- 
nental writers  on  the  nature  of  the  number-concept  and  the 
number-system  of  Algebra.  The  discussion  follows  the  same  lines, 
in  the  maui,  as  the  author's  previous  pamphlet  '  On  the  Forms  of 
K umbers  arising  in  Common  Algebra.' 

A  Treatise  on  Plane  Triyonometry.  By  E.  W.  HoBSOis".  (Cam- 
bridge :  University  Press,  1891;  pp.  xvi-i-356.) 
The  gratification  we  have  derived  from  a  perusal  of  this  work  is 
akin  to  that  we  felt  on  reading  Chrystal's  'Algebra.'  The  thorough- 
ness and  yet  witlial  the  freshness  with  which  our  author  has 
treated  his  subject  puts  his  book  in  the  first  rank  of  jMatheiuatical 
publications  lately  issued  by  the  University  Press.  The  theory  of 
the  circular  functions  is  treated  from  the  modern  point  of  \iew, 
and  yet  the  elementary  par^s  are  worked  out  in  surticient  detail 
for  students  "  whose  range  of  reading  is  to  be  more  limited  "  than 
that  of  those  readers  to  whom  the  work  is  primarily  addressed. 
It  is  pre-eminently  a  strong  book,  and  will  be  of  prime  value  to 
advanced  University  men,  who  will  find  the  principles  of  the  theory 
of  Complex  Quantities  clearly  discussed  in  a  manner  similar  to  that 
of  the  'Algebra'  above  referred  to.  Even  in  the  most  recent  works 
Analytical  Trigonometry  ''has  been  too  frequently  presented  to 
the  student  in  the  state  in  which  it  was  left  by  Euler,  before  the 
researches  of  Cauchy,  Abel,  Gauss,  and  others  had  placed  the  use 
of  imaginary  quantities,  and  especially  the  theory  of  infinite  series 
and  products,  where  real  or  complex  quantities  are  involved,  on  a 
firm  scientific  basis."     There  are  eighteen  chapters  in  all. 

In  a  short  chapter  (ii.)  the  method  of  projections  is  introduced, 
and  this  method  is  subsequently  effectively  u^ied  in  conjunction 
with  the  definitions  of  the  circular  functions  employed  by 
De  Morgan  (see  'Double  Algebra').  These  definitions  appear  to 
the  author  to  be  "those  from  which  the  fundamental  properties  of 
the  functions  may  be  most  easily  deduced  in  such  a  way  that  the 
proofs  may  be  quite  general,  in  that  they  apply  to  angles  of  all 
magnitudes.  It  will  be  seen  that  this  method  exhibits  the  fornuihe 
for  the  sine  and  cosine  of  the  sum  of  two  angles,  in  the  simplest 
light,  merely  as  the  expression  of  the  fact  that  the  projection  of 
the  hypotlienuse  of  a  right-angled  triangle  on  any  straight  line  in 
its  plane  is  equal  to  the  sum  of  the  projections  of  the  sides  on  the 
same  line."     The  periodicity  uf  these  functions  is  clearly  shown, 
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and  some  space  is  given  to  their  graphical  representation.  We 
then  have  (iv.)  the  addition  and  subtraction  formulae  for  func- 
tions of  two  or  more  angles,  and  (v.)  the  functions  of  sub- 
multiple  angles.  The  next  chapter  (vi.)  is  to  our  mijid  the  most 
valuable  of  the  elementary  chapters  for  readers  for  Scholarship 
papers.  The  collection  of  worked-out  examples  will  be  of  material 
use  to  such  readers  on  account  of  the  many  beautiful  artifices  used 
in  their  solution.  At  a  somewhat  earlier  stage  than  is  usual,  Mr. 
Hobson  discusses  (vii.)  the  expansion  of  functions  of  multiple 
angles.  He  does  so  because  "  they  are  merely  algebraical  conse- 
quences of  the  addition  theorems."  In  viii.  and  ix.  the  reader  is 
introduced  to  the  relations  between  the  circular  functions  and 
circular  measure  of  an  angle  and  the  formation  of  Trigouometrical 
Tables,  it  being  assumed  at  this  latter  stage  that  the  student  has 
acquired  a  knowledge  of  logarithms  from  some  work  on  Algebra 

Properties  of  triangles  and  quadrilaterals  occupy  chapters  x.,  xi., 
XII.  These  are  treated  in  some  detail,  references  to  the  modern 
geometry  of  the  triangles  being  in  tbe  main  purposelj  excluded. 

The  Analytical  side  of  the  subject  occupies  chapters  xiii.  to  the 
end.  In  xiii.  is  an  account,  with  applications,  of  complex  quan- 
tities, which  is  preliminary  to  the  (perhaps)  distinctive  feature  of 
Mr.  Hobson's  book — the  rigorous  discussion  of  the  theory  of  iniinite 
series.  The  corresponding  portion  in  Mr.  Hobson's  Encyc.  Brit. 
article  has  recently  elicited  commendation  from  Prof.  Chrystal,  and 
the  work  before  us,  we  believe,  presents  the  proofs  in  even  fuller  detail. 

The  exponential  function,  and  what  tbe  author  calls  the 
"  generalized  logarithm  "  ("  the  doubly  infinite  series  of  values  of 
the  logarithm  of  a  quantity"),  form  the  subject-matter  of  xv.  ; 
hyperbolic  functions  of  xvi. ;  infinite  products  of  xvii. ;  and  the 
closing  chapter  gives  a  proof  of  the  irrationality  of  tt,  with  other 
applications  of  continued  fractions  to  the  subject.  We  have  noted 
few  errors:  p.  S3,  line  4,  for  li  read  b  ;  p.  103,  line  4, /or  (29) 
read  40  which  depends  on  (29)  of  §  49  ;  p.  123,  line  lb,  for  secoud 
sinO  read  tan  fl ;  p.  132,  line  7  up,  for  (7)  read  (11);  p.  311, 
line  10  u]),  for  sin  {x—iy)  in  denominator  read  i:os(x — ly).  There 
is  a  beautiful  and  numerous  collection  of  exercises  which  will 
interest  any  one  who  has  a  taste  for  the  subject.  The  tigui'es  and 
the  "  get  up  "  are  all  that  one  could  wish  for. 

XL.  Intelligence  and  Miscellaneous  Articles. 

EDITORIAL  NOTE  ON  MR.  PARKER's  PAPER   ON  THE  ABSURDITY 
OF  DIAMAGNETISM. 

IF  I  had  seen  Mr.  Parker's  paper  in  last  month's  Philo- 
sophical Magazine  before  publication,  I  would  have 
referred  it  back  to  him  for  some  imj)ortant  alterations.  I 
could  hardly,  however,  have  foreseen,  when  publishino-  a  paper 
by  a  Fellow  of  St.  John's  College,  Cambridge,  that  it  was 
likely  to  contain  such  statements  as,  1st,  that  there  is  anything 
new  in  the  theory  that  diamagnetic  action  is  really  due  to  the 
paramagnetism  of  the  air  ;  and,  2nd,  that  no  theory  of  dia- 
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magnetic  action  has  been  propounded.  This  "  new  theory  " 
is  at  least  as  old  as  Becquerel  (1850),  and  has  been  investi- 
gated by  almost  everybody  who  has  worked  at  diamagnetism, 
and  they  are  practically  unanimous  in  the  conclusion  that 
diamagnetic  actions  cannot  be  explained  by  the  paramagnetism 
of  the  air. 

These  undisputed  experiments  prove  that  such  a  theory  as 
BecquereFs  would  require  a  vacuum  to  be  paramagnetic. 
This  is  a  new  nomenclature,  and  does  not  make  the  old  one 
absurd  ;  it  involves  practically  what  Mr.  Parker  says  is  non- 
existent, namely  one  of  the  theories  of  diamagnetism.  But 
all  this  is  too  well  known  to  be  worth  wasting  words  on. 

As  to  the  second  curious  statement  of  Mr.  Parker's, 
namely  that  no  theory  of  diamagnetism  exists,  that  is  equally 
extraordinary.  Chapter  xxii.  of  Maxwell's  pretty  generally 
known  Treatise  is  headed  "  Ferromag-netism  and  Diamas:- 
netism  explained  by  Molecular  Currents,"  and  gives  an  in- 
teresting description  of  Weber's  theory  of  Diamagnetism  in 
§  838.  If  Mr.  Parker  had  exercised  his  ingenuity  in  explain- 
ing how  Weber's  theory,  which,  being  a  possible  theory  can  be 
reconciled  with  Thomson's  difficulty,  it  would  have  been  more 
instructive  than  a  dissertation  on  the  absurdity  of  what  undis- 
puted experiments  show  to  be  real.  If  the  opportunity  had 
arisen,  it  would  have  been  only  kind  to  Mr.  Parker  to  have 
referred  the  paper  back  to  him  for  reconsideration  before 
publishing  it.  Geo.  F.  Fitzgerald. 


ON  HOMOLOGOUS  SPECTRA. 
To  the  Editors  of  the  Philosophical  Magazine,  and  Journal. 
Gentlemen,  Cardiff,  August  20,  1891. 

Will  you  kiudlv  allow  nie  to  say  a  few  words  in  reply  to  the 
recent  article  by  Professor  Hartley  in  your  Magazine  (x\pril  1891), 
which  referred  almost  entirely  to  a  previous  paper  of  mine. 

I  regret  that,  in  reading  Professor  Hartley's  papers  on  Homo- 
logous Spectra,  I  failed  to  see  his  statement  concerning  the 
importance  of  noticing  the  physical  properties  of  the  lines  of  the 
various  spectra.  In  comparing,  however,  the  lines  of  magnesium  and 
zinc,  which  he  considers  to  be  homologous,  I  saw  at  the  most  only  the 
faintest  resemblance.  This  may  be  due  to  the  fact  that  the  photo- 
graphs which  I  used  were  of  the  arc-spectra,  while  his  were  of  the 
spark-spectra.  I  had  sets  of  both  at  my  disposal ;  but  the  arc- 
spectra  ones  were  so  superior  in  every  way  that  I  selected  them. 
As  1  said  in  my  previous  paper,  I  think  the  arc-spectrum  photo- 
graphs are  preferable  in  looking  for  homologous  lines;  not  because 
the  spark-spectrum  is  variable,  as  Professor  Hartley  thinks  I  meant, 
but  because  of  uniformity  of  conditions,  sharpness  of  lines,  freedom 
from  haziness,  &c.     It  may  be  that  the  difference  between  the  arc- 
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and  the  spark-spectrum  is  merely  one  of  temperature ;  but  so  far 
surely  the  arc-spectra  photographs  liave  been  more  suitable  for  the 
comparison  of  spectra.  Regarding  magnesium  and  zinc,  I  must 
still  say  that  the  resemblance  is  much  less  marked  than  between 
zinc  and  cadmium  ;  and  it  is  well  to  note  that  the  recent  work  of 
Kayser  and  Runge  shows  conclusively  that  magnesium  is  not 
related  so  closely  to  zinc  and  cadmium  as  it  is  to  barium  and  the 
elements  on  the  other  side  of  the  second  column  of  Mendelejeff's 
table. 

Very  respectfully  yours, 

Joseph  Sweetman  Ames. 
Johns  Ilopkius  University. 


MAGNETO-OPTIC  PHENOMENON. 

To  the  Editors  of  the  Philosophical  Magazine  ami  Journal. 

Gentlemen,  Delft,  June  2.S,  1891. 

Having  read  in  the  Philosophical  Magazine  for  April  1891  a 
translation,  by  Mr.  James  L.  Howard,  of  a  paper  of  mine  in  Wiede- 
mann's Annalen,  I  venture  to  make  some  remarks  on  this  trans- 
lation, the  exactness  of  which  is  highlv  to  be  admired.  I  hope 
that  yon  will  find  occasion  to  correct  these  small  errors  in  a  fol- 
lowing Number  in  order  to  prevent  misapprehension.  The  first 
and  seventh  apply  to  misprints  which  have  also  crept  into  the 
German  translation  and  which  are  corrected  in  Wiedemann's 
Annalen,  vol.  xliii.  p.  680. 

I  am.  Gentlemen, 

Your  obedient  servant, 

E.  SiSSlNGH, 

Lecturer  on.  Physics  at  the  Polytechnic 
Institute  at  Delft. 
Page  294,  line  2  from  top, /or  does  not  pass  read  passes. 

—  296,  end  of  footnote, /or  perpendicular  to  the  plane  of  inci- 

dence read  perpendicular  to  the  polarizer. 

—  298,  last  line  of  text,  for  round  the  edge  of  a  circular  plat- 

form read  longitudinally  upon  an  iron  frame. 
■ —    299,  lines  17  and  18  from  top,  for  these  two  lines  read  in- 
serted, just  as  in  the  case  of  the  polarizer,  on  a  pillar, 
which  can  be  moved  on  a  cross-piece  along  the  frame. 

—  300,  line  14  from  top,  for  inclined  to  each  other  read  inclined 

to  its  length. 

—  302,  line  5  from  top,  read  whose  mean  value  was  approach- 

ing to  zero. 

—  308,  line  11  from  foot,  for  square  centimetres  read  square 

millimetres. 

—  308,  line  5  from  foot,  for  the  differences  were  |  wave-lengths 

read  the  differences  were  reduced  to  one  half  from  one 
angle  to  the  next. 

—  311,  line  5  from  foot, /or  derived  from  read  assumed  in  the 
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XLI.  On  the  Discharge  of  Electnclty  llivotiyh  Exhausted 
Tubes  without  Electrodes.  Bi/  J.  J.  Thomson,  3f.A., 
E.B.S.,  Cavendish  Professor  of  Eu-peri mental  Bh//sics, 
Cambridge* 

rpHE  following  experiments,  of  which  a  short  account  w^as 
-J-  read  before  the  (Cambridge  Philosophical  Society  last 
February,  were  originally  undertaken  to  investigate  the  phe- 
nomena attendino;  the  discharoe  of  Electricity  throuo-h  Gases 
when  the  conditions  are  simplitied  by  contining  the  discharge 
throughout  the  whole  of  its  course  to  the  gas,  instead  of,  as 
in  ordinary  discharge-tubes,  making  it  pass  from  metalHc  or 
glass  electrodes  into  the  gas,  and  then  out  again  from  the  gas 
into  the  electrodes. 

In  order  to  set  a  closed  discharge  of  this  kind  we  must 
produce  a  finite  electromotive  force  round  a  closed  circuit, 
and  since  we  cannot  do  tliis  by  the  forces  arising  from  a 
distribution  of  electricity  at  rest,  we  must  make  use  of  the 
ekctromotive  forces  produced  by  induction.  To  break  down 
the  electric  strength  of  the  gas  such  forces  must  be  very 
intense  while  they  last,  though  they  need  not  last  for  more 
than  a  short  time.  Forces  satisfying  these  conditions  occur 
in  the  neighbourhood  of  a  wire  through  which  a  Leyden  jar 
is  discharged.  During  the  short  time  during  which  the  oscil- 
lations of  the  jar  are  maintained  enormous  currents  pass 
through  the  wire,  and  as  with  a  moderate-sized  jar  these 
currents  change  their  direction  millions  of  times  in  a  second. 

*  Communicated  by  tlie  Author. 
Phil.  Mag.  S.  5.  Vol.  32.  No.  197.  Od.  1891,  Z 
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the  electromotive  force  in  the  neighbourhood  of  the-  wire  is 
exceedingly  large.  To  make  these  forces  available  for  pro- 
ducing an  electrodeless  discharge,  all  Ave  have  to  do  is  to 
make  the  wire  connecting  the  coatings  of  the  jar  the 
primary  of  an  induction-coil  of  which  the  dischnrge-tube 
itself  forms  the  secondary.  The  an'angement,',  which  I  have 
employed  for  this  ])ur})0se  are  represented  in  the  accompanying 
diaeram. 


(Wimshurst^ 


earth 


earth 


In  (a)  A  is  the  inside  coating  of  a  Leyden  jar  :  this  is  con- 
nected to  E,  one  of  the  poles  of  a  Wimshurst  electrical  machine, 
or  an  induction-coil,  the  other  pole  F  of  the  machine  being 
connected  to  B  the  outer  coating  of  the  jar.  A  C*  D  is  a  wire 
connected  to  the  inner  coating  of  the  jar,  a  few  turns  C 
(which  we  shall  call  the  primary  coil)  are  made  in  this  wire  ; 
these  turns  are  square  if  the  discharge-tube  is  square,  circular 
if  the  discharge-tube  is  a  spherical  bulb.  The  wire  at  D  is 
attached  to  an  air-break,  the  other  side  of  which  is  connected 
with  the  outer  coating  of  the  Leyden  jar.  The  knobs  of  this 
air-break  ought  to  be  kept  brightly  polished.  The  loop  C  is 
connected  to  earth.  The  discharge-tubes,  which  were  in 
general  either  rectangular  tubes  or  spherical  bulbs,  were 
placed  close  to  the  turns  of  C.  When  the  difference  of  poten- 
tial between  A  and  B  is  sufficiently  large,  a  spark  passes 
across  the  air-break,  and  the  electrical  oscillations  set  up 
produce  a  large  electromotive  force  in  the  neighbourhood  of 
the  coil,  sufficient  under  favourable  circumstances  to  cause 
a  bright  discharge  to  pass  through  the  vacuum-tubes.  In  some 
experiments  the  jars,  at  the  suggestion  of  Prof.  Oliver  Lodge, 
were  connected  up  differently,  and  are  represented  by  (^)  in 
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fig.  1.  Two  jars  were  used,  the  outside  coatings  of  which,  A  and 
B,  were  connected  by  the  wire  containing  the  primar}'  coil  C, 
tlie  inside  coating  of  the  first  jar  was  connected  to  one  poh^ 
of  the  "Wimshnrst,  that  of  th(^  second  to  the  other.  With  this 
method  of  arranging  the  jars  no  air-space  is  required,  as  the 
sparks  jiass  between  the  terminals  of  the  machine,  and  the 
polishing  of  these  terminals  is  not  nearly  so  important  as  that 
of  the  knobs  of  the  air-break  in  the  arrangement  {x). 

Before  proceeding  to  describe  the  appearance  ])resented  liy 
the  discharge,  I  will  mention  one  or  two  points  which  may 
])roYe  useful  to  any  one  who  wishes  to  repeat  the  experiments. 
According  to  my  experience  the  discharge  is  more  easily 
obtained  in  bulbs  than  in  square  tubes,  and  with  a  Wimshurst 
machine  than  with  an  induction-coil.  If  an  induction-coil  is 
used  a  break  which  will  transmit  a  large  current  ought  to 
be  substitttted  for  the  ordinary  vibrating  one  supplied  with 
such  instruments.  It  is  essential  to  success  that  the  gas 
in  the  bulbs  or  tubes  should  bo  quite  dry  and  at  a  suitable 
])ressure;  there  is  a  pressure  at  which  the  brilliancy  of 
the  discharge  is  a  maximum,  and  as  in  endeavouring  to 
get  at  this  pressure  the  exhaustion  may  be  carried  too  far, 
it  is  convenient  to  use  a  form  of  mercury  pump  which  will 
allow  of  the  easy  admission  of  a  Httle  gas  ;  the  pattern 
which  I  have  used  and  found  to  answer  very  well  is  called 
the  Lane-Fox  pattern.  When  any  gas  is  introduced  it 
should  be  sent  through  sulphuric  acid  to  get  rid  of  any 
moisture  that  may  be  in  it.  Owing,  I  think,  to  the  pressure 
in  ordinary  incandescent  lamps  being  very  different  from  that 
at  which  the  discharge  has  its  maximum  brilliancy,  I  have 
met  with  very  poor  success  in  attempts  to  produce  these 
discharges  in  already  exhausted  tid)es  such  as  incandescent 
lamps,  though  I  have  tried  a  considerable  number  by  different 
makers;  on  the  other  hand,  the  radiometers  which  I  have 
tried  allow  the  discharge  to  pass  pretty  readily,  though  it 
is  interfered  with  by  the  vanes,  and  is  not  comparalde  in 
brilliancy  with  that  obtained  in  home-made  tubes  and  bulbs. 
I  have  obtained  sparks  easily  vvith  apparatus  of  the  following 
dimensions  :  two  gallon  jars,  the  outside  coatings  connected 
by  a  wire  about  2  yards  long,  the  coil  consisting  of  three  or 
four  turns,  each  about  3  inches  in  diameter.  1  have  some  bulbs 
which  with  this  apparatus  will  give  a  bright  discharge  when 
the  distance  between  the  terminals  of  the  Wimshurst  is  only 
\  inch  ;  these  are,  however,  excejjtionally  good  ;  it  more 
frequently  takes  a  spark  an  inch  or  an  inch  and  a  half  long- 
to  produce  the  discharge. 

1  find  that  Hittoif  in  "Wiedemann's  Annalcu,  x\i.   p.  KJS, 

Z2 
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describes  the  light  produced  in  u  tuhe  round  which  the  wire 
connectinp;  the  coatings  of  a  Leyden  jar  is  twisted  ;  the  lumi- 
nosity in  Hittorf  s  experiments  seems  to  luive  filled  the  tube, 
and  not,  as  in  the  experiments  tlescril^ed  in  this  paper,  been 
confined  to  a  ring.  It  seems  possil)le  that  the  difference  in 
the  ajopearance  in  the  tubes  may  have  been  due  to  the  exist- 
ence of  an  electrostatic  action  in  Hittorf's  experiments,  the 
primary  coil  getting  raised  to  a  high  potential  ])efore  the 
discharge  of  the  jar,  and  inducing  a  distribution  of  electricity 
oyer  the  inside  of  the  glass  of  the  tube  ;  on  the  passage  of  the 
spark  the  potential  of  the  primary  coil  will  fall,  and  the 
electricity  on  the  glass  redistribute  itself ;  to  effect  this  re- 
distribution it  may  pass  through  the  rarefied  gas  in  the 
discharge-tube  and  produce  luminosity. 

In  my  experiments  1  took  two  precautions  against  this 
effect  :  in  the  first  place  I  connected  the  primary  coil  to  earth, 
so  that  its  potential  before  discharge  took  place  was  unaltered, 
and  as  an  additional  precaution  I  separated  the  discharge- 
tube  from  the  primary  by  a  cage  made  of  blotting-paper 
moistened  with  dilute  acid  ;  the  wet  blotting-paper  is  a  suffi- 
ciently good  conductor  to  screen  off*  any  purely  electrostatic 
effects,  but  not  a  good  enough  one  to  interfere  to  an  appre- 
ciable extent  with  the  electromotiye  forces  arising  from 
rapidly  alternating  currents.  In  this  way  we  can  screen  off 
any  electrostatic  effects  due  to  causes  which  operate  before 
the  electrical  oscillations  in  the  jars  begin  ;  when  once  these 
haye  commenced,  there  ought  not,  I  think,  to  be  any  separa- 
tion of  the  electromotiye  forces  into  two  parts,  one  being 
called  electrostatic,  the  other  electrodynamic.  As  this  is  a 
point  on  which  it  is  desirable  to  avoid  any  misunderstanding, 
I  hope  to  be  excused  if  I  treat  it  at  some  length. 

In  the  mathematical  treatment  of  the  phenomena  of  the 
"  Electromagnetic  Field,"  it  is  customary  and  not  incon- 
venient to  regard  the  electromotiye  force  as  derived  from  two 
sources,  or  rather  as  consisting  of  two  parts,  one  part  being 
calculated  by  the  ordinary  rules  of  electrostatics  from  the 
distribution  of  electricity  in  the  field,  the  other  part  being  the 
differential  coefficient  of  the  vector  potential  with  respect  to  the 
time.  From  a  mathematical  point  of  view,  there  is  a  good 
deal  to  be  said  for  this  division  ;  the  two  forces  have  very 
distinct  and  sharply  contrasted  analytical  })roperties.  Thus  the 
electrostatic  force  possesses  the  property  that  its  line-integral 
taken  round  any  closed  curve  vanishes,  while  the  surface- 
integral  of  its  normal  component  taken  over  a  closed  surface 
does  not  in  general  vanish.  The  "  vector  potential  force,^'  on 
the  other  hand,  does  not  in  general  ^■anish  when  integrated 


thrmigh  Exhausted  Tubes  icithout  Electrodes.  325 

round  a  closed  curve,  the  surface-integral  of  its  normal  com- 
ponent taken  over  any  closed  surface,  however,  vanishes.  When, 
however,  our  object  is  not  so  much  mathematical  calculation 
as  the  formation  of  a  mental  picture  of  the  processes  going- 
on  in  the  field,  this  division  does  not  seem  nearly  so  satis- 
factory, as  the  fundamental  quantities  concerned,  the  electro- 
static and  vector  potentials,  are  both  of  considerable  com- 
plexity from  a  physical  point  of  view.  AVe  might  judge  that 
this  division  of  the  electromotive  force  into  two  parts,  the  one 
derivable  from  an  electrostatic,  the  other  from  a  vector,  poten- 
tial, is  rather  a  mathematical  device  than  a  physical  reality, 
from  the  fact  which  I  pointed  out  in  a  report  on  Electrical 
Theories  (B.  A.  Report,  1886),  that  though  the  electrostatic 
potential  satisfies  the  mathematical  condition  of  l)eing  pro- 
pagated with  an  infinite  velocity,  the  total  electromotive  force 
in  the  electromagnetic  field  travels  with  the  velocity  of  lightj 
and  nothing  physical  is  propagated  at  a  greater  velocity. 

In  an  experimental  investigation  such  as  that  described  in 
this  paper  it  is  not  so  important  that  our  method  of  regarding 
the  phenomena  should  lead  to  the  shortest  analysis  as  that  it 
should  enable  us  to  picture  to  ourselves  the  processes  at  work 
in  the  field,  and  to  decide  without  much  calcidation  how  to 
arrange  the  experiments  so  as  to  bring  any  efiect  which  may 
have  been  observed  into  greater  prominence. 

The  method  which  I  have  adopted  for  this  purpose  is  the 
one  described  by  me  in  the  Philosophical  Magazine,  March 
189 J,  and  which  consists  in  referring  ever}i:hing  to  the 
disposition  and  motion  of  the  tubes  of  electrostatic  induction 
in  the  field.  These  tubes  are  either  endless,  or  have  their 
ends  on  places  where  free  electricity  exists,  every  unit  of 
positive  electricity  (the  unit  being  the  quantity  of  electricitv 
on  the  atom  of  a  univalent  element)  being  connected  by  a 
unit  tube  to  a  unit  of  negative  electricity,  the  tube  starting 
tVom  the  ])Ositive  electricity  and  ending  on  th(;  negative.  At 
any  })oint  in  the  field  the  electromotive  intensity  varies  as  the 
density  of  the  tuljes  of  electrostatic  induction  at  that  point. 
When  the  electricity  and  the  tubes  in  the  field  are  at  rest, 
the  tubes  distribute  themselves  so  that  the  electromotive 
intensity  at  any  point  is  derivable  from  a  potential  function  ; 
as  soon,  however,  as  the  equilibrium  is  disturbed,  the  tubes 
move  about  and  get  displaced  from  their  original  positions, 
the  disposition  of  tubes  and  therefore  the  electromotive 
intensity  are  changed,  and  the  latter  will  no  longer  be  deriv- 
able from  a  potential  function,  and  according  to  the  mathe- 
matical theory  would  be  said  to  include  forces  due  to  electro- 
static and  electromagnetic  induction.    According  to  our  view. 
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however,  the  cause  of  the  electromotive  intensity  is  the 
same  in  both  cases,  viz.  the  presence  of  tubes  of  electro- 
static induction,  and  the  electromotive  intensity  ceases  to  be 
derived  from  a  potential,  merely  because  the  distribution  of 
these  tubes  is  not  necessarily  the  same  when  they  are  moving 
about  as  when  they  are  in  equilibrium.  It  is  shown,  in  the 
])aper  already  referred  to,  that  these  tubes  when  in  motion 
produce  a  magnetic  force  at  right  angles,  both  to  their  own 
direction  and  to  that  in  wdiich  they  are  moving,  the  magnitude 
of  the  force  being  47r  times  the  product  of  the  strength  of  the 
tube,  the  velocity  with  which  it  is  moving,  and  the  sine  of  the 
angle  between  the  direction  of  the  tube  and  its  direction 
of  motion.  In  an  electric  field  in  which  the  matter  is  at 
rest,  these  tubes  when  in  motion  move  at  right  angles  to 
themselves  with  the  velocity  "  y,"  that  at  which  electro- 
dynamic  disturbances  are  propagated  through  the  medium. 
^V'e  can  easily  show  that,  K  being  the  specific  inductive 
capacity  of  the  medium,  the  line-integral  of  Itt/K  times  the 
density  of  these  tubes  taken  round  a  closed  circuit  is  equal  to 
the  rate  of  diminution  of  the  number  of  lines  of  magnetic 
induction  passing  through  the  circuit.  Thus,  since  the  funda- 
mental laws  of  electrodynamic  action,  viz.  Faraday's  law  of  in- 
duction and  Ampere's  law  of  magnetic  force,  follow  from  this 
conce})tion  of  the  field  as  produced  by  tubes  of  electrostatic 
induction  moving  at  right  angles  to  themselves  with  the 
velocity  "  y,"  and  producing  a  magnetic  force  at  right  angles 
both  to  their  own  direction  and  to  that  in  which  they  are 
moving,  and  proportional  to  the  })rotluct  of  the  strength  of 
the  tube  and  its  velocity,  it  is  a  conception  which  will 
accoimt  for  all  the  known  phenomena  of  the  field.  It  fur- 
nishes in  fine  a  geometrical  instead  of  an  analytical  theory  of 
the  field.  It  will  also  be  seen  that  from  this  point  of  view 
the  magnetic  force^  when  introduced  to  calculate  the  electro- 
motive forces  arising  from  induction,  logically  comes  in  as  an 
intellectual  middle-man  wasting  mental  effort. 

We  may  thus  regard  the  distinction  between  electrostatic 
and  electromagnetic  electromotive  forces  as  one  introduced 
for  convenience  of  analysis  rather  than  as  having  any  physical 
reality.  The  only  difference  which  I  think  could  be  made 
from  a  physical  point  of  view  would  be  to  define  those  effects 
as  electrostatic  which  are  due  to  tubes  of  electrostatic  induc- 
tion having  free  ends,  and  to  confine  the  term  electromagnetic 
to  the  effects  produced  by  closed  endless  tubes.  It  is  only, 
however,  when  the  electromotive  forces  are  produced  ex- 
clusively by  the  motion  of  magnets  that  all  the  tubes  are 
closed  ;  whenever  batteries  or  condensers  are  used^  open  tubes 
are  present  in  the  field. 
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It  will  be  useful  to  consider  here  the  disposition  and 
motion  of  the  tubes  of  electrostatic  induction  in  the  arranoe- 
nient  used  to  pi'oduce  these  electrodeless  discharges.  We  shall 
take  the  case  where  two  jars  are  used,  as  in  /3,  fio-.  1,  as  being 
the  more  symmetrical. 

Just  before  the  discharge  of  the  jar,  the  tubes  of  electro- 
static induction  will  be  arranged  somewhat  as  follows  : — 
There  will  be  some  tubes  stretching  from  one  terminal  of  the 
electric  machine  to  the  other;  others  will  go  from  the  ter- 
minals to  neighbouring  conductors,  the  table  on  which  the 
machine  is  placed,  the  floor  and  walls  of  the  room,  &c.  The 
great  majority  of  the  tubes  will,  however,  be  short  tubes 
])assing  through  the  glass  between  the  coatings  of  the  jars. 
Let  us  now  consider  the  behaviour  of  two  of  these  tubes,  one 
from  the  jar  A,  the  other  from  B,  when  a  spark  jtasses  between 
the  terminals  of  the  machine.  Whilst  the  spark  is  passing 
these  may  be  regarded  as  connected  by  a  conductor;  the  tubes 
which  originally  stretched  between  them  now  contract,  the 
repulsion  they  exerted  on  the  surrounding  tubes  is  destroyed 
so  that  these  now  crowd  into  the  space  between  the  terminals, 
the  two  short  tubes  under  consideration  now  taking  somewhat 
the  form  shown  in  fig.  2.     These  tubes  being  of  opposite  sign 


Fi-. 


Fiir.  a 


Fi-.  4. 


v/ire     --— 


wnd  to  run  together;  tlioy  do  so  until  they  meet  as  in  fig.  3, 
when  the  tubes  break  up  as  in  fig.  4,  the  upper  portion  run- 
ning into  the  s])ark-ga[),  where  it  contracts,  wbilc  tli<'  lower 
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portion  rushes  through  the  dielectric  to  discharge  itself  into 
the  wire  connecting  the  coatings  of  the  jars,  an  intermediate 
position  being  shown  in  fig.  5.  These  tubes  while  rushing 
through  the  dielectric  produce,  as  already  stated,  magnetic 
forces  ;  some  of  them  on  their  way  to  the  discharging  wire 
will  ])ass  through  the  discharge-tube;  if  they  congregate  there 
in  sufficient  density,  discharge  will  take  place  through  the 
rarefied  gas. 

The  discharge  of  the  jar  is  oscillatory,  and  we  have  only 
followed  the  motion  of  the  tubes  during  a  part  of  the  oscilla- 
tion ;  when,  however,  this  tube  enters  the  wire  between  the 
jars  a  tube  of  op])osite  kind  emerges  from  it  ;  the  same  thing 
happens  when  the  other  portion  enters  the  spark-gap.  These 
go  through  the  same  processes  as  the  tubes  we  have  followed, 
but  in  the  reverse  order,  until  we  get  again  two  short  tubes 
in  the  jars,  but  opposite  in  sign  to  the  original  ones  ;  the 
process  is  then  repeated  and  so  on  as  long  as  the  vibrations 
last. 

In  order  to  see  what  are  the  most  advantageous  di- 
mensions to  give  to  our  apparatus,  let  us  consider  on  what 
the  maximum  electromotive  force  in  the  secondary  depends. 
Let  us  take  the  case  of  a  condenser  of  capacity  C  discharging 
through  a  circuit  whose  coefficient  of  self-induction  is  L  ; 
then,  if  the  potential  difference  between  the  plates  of  the  con- 
denser is  initially  Vf,,  the  current  <y  at  the  time  t  is  (suj)- 
posing  as  a  very  rough  approximation  that  there  is  no  decay 
in  the  vibrations)  given  by  the  equation 

The  rate  of  variation  of  this,  7,  is  therefore 
-r^  cos 


L   ""^   ^LC- 

So  that  if  M  is  the  coefficient  of  self-induction  between  the 
primary  and  a  secondary  circuit,  the  maximum  electromotive 
force  round  the  secondary  is  MVq/L,  which  for  a  given  spai'k- 
lengtli  is  independent  of  the  ca})acity  of  the  condenser.  In 
practice  it  is  advisable,  however,  to  have  as  much  energy  in  the 
jars  to  start  with  as  possible,  and  better  results  are  got  with 
large  jars  than  with  small  ones.  Using  a  six-plate  Wimshui-st 
machine  I  got  very  good  results  with  two  "  gallon  jars;"  with 
a  large  induction-coil  the  best  results  were  got  with  two 
''  pint  and  a  half  jars." 

The  best  number  of  turns  to  use  in  the  primary  coil  C 
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depends  upon  the  size  of  the  leads ;  if  all  the  circuit  Avero 
available  for  this  coil  one  turn  would  orive  the  largest  electro- 
motive force,  because  though  for  a  given  rate  of  change  of  the 
current  in  the  primary  the  effect  on  the  secondary  increases  with 
the  number  of  turns,  the  rate   of  change  of  the  current  varies 
inversely  as  the  self-induction  of  the  primary,  so  that  if  all  the 
circuit  is  in  the  coil  C,  since  an  increase  in  the  number  of  turns 
Avill  increase  the  self-induction  of  the  circuit  faster  than  the 
mutual  induction,  it    will    diminish   the   electromotive  force 
round  the  secondary.     In  practice,  however,  it  is  not  possible 
to  have  the  whole  of  the  wire  connecting  the  co;itings  of  the 
jar  in  the  coil  C  ;  and  in  this  case  an  increase  in  the  number 
of  turns  may  increase  the  mutual  induction  more  than  the  self- 
induction,  and   so  be   advantageous.     The  best  result  will  be 
obtained  when  the  self-induction  in  the  coil  C  is  equal  to  that 
of  the  remainder  of  the   circuit.     It  is  very  easy  to  find  bv 
actual  trial  whether  the  addition  of  an  extra  turn  of  wire  is 
beneficial  or  the  reverse.      The  brightness  of  the  discharge 
depends  upon  the  time  of  the  electrical  oscillations  as  well  as 
upon  the  magnitude  of  the  electromotive  force.     Thus,  in  an 
experiment  to  be  described  later,  the  brilliancy  of  the  dis- 
charge was  increased  by  putting  self-induction  in  the  leads 
which,  though  it  diminished  the  intensity  of  the  electromotive 
force,  increased  the  time-constant  of  the  system.     When  the 
discharge-tube  was  square  and  the  coil  C  had  also  to  be  square, 
it  was  found  most  convenient  to  make  it  of  glass  tubing  bent 
into  the  required  form  and  filled  with  mercury.    When,  how- 
ever, the  discharge  was  required  in  a  bulb,  the  primary  coil  was 
made  of  thick  gutta-percha-covered  copper  wire  wound  round 
a  beaker  just   large   enough   to   receive  the  exhausted  bulb. 
There  is  sometimes  consideraljle  difficulty  in  getting  the;  first 
discharge  to  pass  through  the  bulb,  though  when  it  has  once 
been  started  other  discharges  follow  with  much  less  difficulty. 
The  same  effect  occurs  with  ordinary  sparks.     It  seems  to  be 
due  to  the  splitting  up  of  the  molecules  by  the  first  discharge; 
some  of  the  atoms  are  left  uncombined  and  so  ready  to  con- 
duct the  discharge,  or  else  when  they  recombine  they  form 
compounds  of  smaller  electric  strength  than  the  original  gas. 
\Vhen  the   discharge   was   loath  to  start,  I   found  the  most 
ciffectual  way  of  inducing  it  to  do  so  was  to  pull  the  terminals 
of  the  Wimshurst  far  a[)art  and  then,  after  the  jars  had  got 
fully  charged,  to   push  tlu;  terminals  suddenly  together.     In 
this  way  a  long  s])ark  is  obtained,  which,  if  the   })ressure  of 
the  gas  is  such  that  any  discharge  is  possible,  with  the  means 
at  our  disposal  will  generally  start  the  discharge. 
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Appearance  of  the  Discharge. 

Let  us  suppose  that  we  have  either  a  square  tube  placed 
outside  a  square  primary  or  a  bulb  placed  inside  a  circular 
coil  of  wire,  and  that  we  gradually  exhaust  the  discharge- 
tube,  the  jars  sparking  all  the  time.  At  first  nothing  at  all  is 
to  be  seen  in  the  secondary,  but  when  the  exhaustion  has 
proceeded  until  the  pressure  has  fallen  to  a  millimetre  or 
thereabouts,  a  thin  thread  of  reddish  light  is  seen  to  go  round 
the  tube  situated  near  to  but  not  touching  the  side  of  the 
tube  turned  towards  the  primary.  As  the  exhaustion  pro- 
ceeds still  further,  the  brightness  of  this  thread  rapidly  in- 
creases, as  well  as  its  thickness;  it  also  changes  its  colour, 
losinn;  its  red  tinge  and  becomino-  white.  On  continuing  the 
exhaustion  the  luminosity  attains  a  maximum,  and  the  dis- 
charge passes  as  an  exceedingly  bright  and  well-defined  ring. 
On  continuing  the  exhaustion,  the  luminosity  begins  to  di- 
minish until,  when  an  exceedingly  good  vacuum  is  readied, 
no  discharge  at  all  passes.  The  pressure  at  which  the  lumi- 
nosity is  a  maximum  is  very  much  less  than  that  at  which 
the  electric  strength  of  the  gas  is  a  minimum  in  a  tube  pro- 
vided with  electrodes  and  comparable  in  size  to  the  bulb. 
The  pressure  at  which  the  discharge  stops  is  exceedingly  low, 
and  it  requires  long  continued  pumping  to  reach  this  stage. 
We  see  from  these  results  that  the  difficulty  which  is  ex- 
perienced in  getting  the  discharge  to  pass  through  an  ordi- 
nary vacuum-tube  when  the  pressure  is  very  low  is  not 
altogether  due  to  the  difficulty  of  getting  the  electricity  from 
the  electrodes  into  the  gas,  but  that  it  also  occurs  in  tubes 
without  electrodes,  though  in  this  case  the  critical  pressure  is 
very  much  lower  than  when  there  are  electrodes.  In  other 
words,  we  see  that  as  the  state  of  the  bulb  approaches  that  of 
a  perfect  vacuum  its  insulating  power  becomes  stronger  and 
stronger.  This  result  is  confirmed  by  several  other  ex{)eri- 
ments  of  a  difterent  kind  which  will  be  described  later. 

The  discharge  presents  a  perfectly  continuous  appearance, 
with  no  sign  of  striation,  of  which  I  have  never  observed  any 
trace  on  any  of  these  discharges,  though  I  must  have  ob- 
served many  thousands  of  them  under  widely  different  con- 
ditions. 

Action  of  a  Magiiet  on  the  Discharge. 

The  discharges  which  take  })lace  in  these  tubes  and  bulbs 
are  produced  by  periodic  currents,  so  that  the  discharges 
themselves  are  periodic,  and  the  luminosity  is  produced  by 
currents  passing  in  opposite  directions.     As  this  is  the  case. 
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it  seemed  possible  that  the  uniformity  of  the  luminosity  seen 
in  the  discharge  was  due  to  the  superposition  of  two  stratified 
discharges  in   opposite   directions,  the    places   of   maximum 
luminosity  in  the   one   fitting  into  those   of  minimum  lumi- 
nosity in  the  other.     Since  these  discharges  are  in  opposite 
directions,  they  will  be  pushed  opposite  ways  when  a  magnetic 
force  acts  at  right  angles  to  them,  the  discharges  in  opposite 
directions  can  thus  be  separated  by  the  application  of  a  magnetic 
force  and  examined  separately.     In  the  experiment  which  was 
tried  with  this  object,  a  square  tube  was  used  placed  outside 
the  primary,  the  tube  at  one  or  two  places  being  blown  out 
into  a  bulb  so  as  to  allow  of  the  wider  separation  of  the  con- 
stittient  discharges.    When  one  of  these  btilbs  was  placed  in  a 
magnetic  field  where  the  force  was  at  right  angles  to  the  dis- 
charge, the  luminous  discharge  through  the  bulb  was  divided 
into  two  portions  which  were  driven  to  opposite  sides  of  the 
bulb  ;  each  of  these  portions  was  of  uniform  luminosity  and 
exhibited  no  trace  of  striation.     It  was  noticed,  however,  in 
making  this  experiment  that  the  discharge  seemed  to  have 
much  greater  difficulty  in  presing  through  the  tube  when 
the  electromagnet  was  on  than  when  it  was  off.     This  obser- 
vation was  followed  up  by  several  other  experiments,  and  it 
was  found  that  the  discharge  is  retarded  in  a  niostremarkaljie 
way  by  a  magnetic  force  acting  at  right  angles  to  the  line  of 
discharge.     This  effect  is   most  strikingly  shown  when  the 
discharge  passes  as  a  ring  through  a  spherical  bulb.    If  such  a 
bulb  is  placed  near  a  strong  electromagnet,  it  is  easy  to  adjust 
the  length  of  spark  so  that  when  the  magnet  is  oft'  a  brilliant 
discharge  jiasses  through  the  bulb,  while  when  the  magnet  is 
on  no  discharge  at  all  can  be  detected.     The  action  is  very 
striking,  and  the  explanation  of  it  which  seems  to  fit  in  best 
with  the  phenomena   I  have  observed  is  that  the  discharge 
through  the  rarefied  gas  does  not  rise  to  its  full  intensity 
suddenly,  but  as  it  were  feels  its  way.     The  gas  first  breaks 
down  along  the  fine  whore   the  electromotive  intensity  is  a 
maxinuim,  and  a  small  discharge  takes   place  along  this  line. 
This  discharge   produces   a   supply   of  dissociated  molecules 
along  which  subsequent    discharges    can  pass  with  greater 
ease.     Thus  under  the  action  of  these  electric  forces  the  gas 
is  in  a  state  of  unstable   equilibrium,  since  as  soon  as  any 
small  discharge  })asses  through  it  the  gas  becomes  electrically 
weaker  and  less  able  to  resist  subsequent  discharges.     When 
the  gas  is  in  a  magnetic  field,  the  magnetic  force  acting  on 
the  discharge  produces  a  mechanical  force  which  dispkices 
the  molecules  taking  part  in  the  discharge  from  the  Ime  of 
maximum  electric  intensity,  and  thus  subsequent  discharges 
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do  not  lind  it  any  easier  to  pass  along  this  line  in  consequence 
of  the  passage  of"  the  previous  one.  There  will  not.  therefore, 
be  the  same  instability  in  this  case  as  in  the  one  where  no 
magnetic  force  acted  upon  the  gas.  A  confirmation  of  this 
view  is,  I  tliink,  afforded  by  the  appearance  presented  by  the 
discharge  when  the  intensity  of  the  magnetic  field  is  reduced, 
so  that  the  discharge  just,  but  only  just,  passes  when  the 
magnetic  field  is  on.  In  this  case  the  discharge,  instead  of 
passing  as  a  steady  fixed  ring,  flickers  about  the  tube  in  a  very 
undecided  way. 

If  the  strength  of  the  magnetic  field  is  reduced  still  further, 
so  that  the  discharge  passes  with  some  ease,  the  bright  ring 
wdiich,  when  no  magnetic  force  is  acting,  is  in  one  plane,  is 
changed  into  a  luminous  band  situated  between  two  planes 
which  intersect  along  a  diameter  of  the  bulb  at  right  angles 
to  the  magnetic  force.  These  planes  are  inclined  at  a  con- 
siderable angle,  one  being  above  and  the  other  below  the 
plane  of  the  undisturbed  ring.  This  displacement  of  the  ring 
by  the  magnetic  force  shows  that  it  consists  of  currents  cir- 
culating tangentially  round  the  ring. 

This  action  of  a  magnet  on   a  discharge  flowing  at  right 
angles  to  its  lines  of  force  is  not,  however,  the  only  remarkable 
effect  produced  by  a   magnet   on  the  discharge.     When  the 
lines   of  magnetic  force  are  along  the  line  of  discharge,  the 
action  of  the  magnet  is  to  fxcilitate  the  discharge  and  not  to 
retard  it  as  in  the  former  case.     The  first  indication  of  this 
was  observed  when  the  jars  were  connected,  as  in  (a)  in  fig.  1. 
The  earth-connexion  being  removed,  in  this  case  there  is  a 
glow  from  the  glass  into  the  l)ulb,  due  to  the  redistribution  of 
tlie  electricity  induced  on  the  glass  by  the  primary  when  it  is 
at  a  high  potential  before  the  spark  passes.     If  the  primary 
is  connected  to  earth  by  a  circuit  with  an  air-break  in  it,  the 
intensity  of  the  glow  may  be  altered  at  will  by  adjusting  the 
length   of  the  air-break ;  when   the  air-space  is  very    small 
there  is  no  glow ;  when  it  is   long  the  glow  is  bright.     The 
bulb  in  which  the  discharge  was  to  take  place  was  placed  on 
a  piece  of  ebonite  over  the  pole  of  an  electromagnet,  and  the 
air-space  in  the  earth-connexion  of  the  primary  was  adjusted 
so  that  when  the  magnet  was  off  no  glow  was  observed  in  the 
tube.    When  the  magnet  was  on,  however,  a  glow  radiating  in 
the   direction   of  the  lines  of  magnetic  force  was  produced, 
which   lasted  as  long  as  the  magnet  was  on,  and  died  away 
rapidly,  but  not  instantaneously,  when  the  magnet  was  taken 
oft'.     In  this  case  the  dischai-ge  seems  to  be  much  easier  along 
the  lines  of  magnetic  force. 

The  following   experiment   shows  that  this   effect  is   not 
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confined  to  the  glow-discharge,  but  is  also  operative  when  the 
discharge  passes  entirely  through  the  gas.  A  square  tube 
ABCD  (fig.  G)  is  placed  outside  the  primary  EFGH,  the 
lower  part  of  the  discharge-tube  CD  being  situated  between 
the  poles  L  M  of  an  electromagnet.  By  altering  the  length  of 
spark  of  the  Wimshurst  machincj  the  electromotive  intensity 
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acting  on  the  secondary  can  be  so  adjusted  that  no  discharge 
passes  round  the  tube  ABCD  when  the  magnet  is  off",  whilst 
a  bright  discharge  occurs  as  long  as  the  magnet  is  on.  The 
two  effects  of  the  magnet  on  the  discharge,  viz.  the  stoppage 
of  the  discharge  across  the  lines  of  magnetic  force,  and  its 
acceleration  along  them,  may  be  prettily  illustrated  by  placing 
in  this  experiment  an  exhausted  bulb  N  inside  the  primary  ; 
then  the  spark-length  can  be  adjusted  so  that  when  the 
magnet  is  off*  the  discharge  passes  in  the  bulb,  and  not  in  the 
square  tube,  while  when  the  magnet  is  on  the  discharge 
passes  in  the  square  tube,  and  not  in  the  bulb. 

The  experiments  on  the  effect  of  the  magnetic  field  on  the 
discharge  were  tried  with  air,  carbonic  acid,  and  oxygen,  but 
I  could  not  detect  any  difference  in  the  behaviour  of  the 
gases. 

The  explanation  of  the  longitudinal  effect  of  magnetic  force 
seems  more  obscure  than  that  of  the  transverse  effect ;  it  is 
possible,  however,  that  both  may  be  due  to  the  same  cause, 
for  if  the  feeble  discharge  which  we  suppose  j)recedes  the 
main  discharge  branches  away  at  all  from  the  line  of  main 
discliarge,  the  action  of  the  magnetic  force  when  it  is  along 
the  discbarge  will  tend  to  bring  these  branches  into  the  main 
line  of  discharge  ;  and  thus  there  will  be  a  greater  supply  ot 
dissociated  molecules  along  the  main  line  of  discharge,  and 
therefore  an  easier  path  for  the  subsequent  discharges  when 
the  magnetic  force  is  acting  than  when  it  is  absent. 

It  is  perhaps  not  necessary  to  assumes  that  the  mechanical 
action  of  the  magnetic  force  is  on  a  small  discharge  preceding 
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tlie  main  one  ;  the  action  of  the  magnetic  force  on  the  chain 
of  ])olarizcd  molecules  which  are  formed  before  the  discharge 
passes  might  produce  an  eflPect  equivalent  to  that  which  we 
liave  supposed  was])roduced  on  an  actual  discharge. 

The  chain  of  polarized  molecules  would  he  affected  in  the 
following  way  : — The  magnetic  field  due  to  the  electroniagnet 
consists  of  tubes  of  electrostatic  induction  moving  about : 
these  tubes,  as  well  as  the  direction  in  which  they  are  moving, 
are  at  right  angles  to  the  lines  of  magnetic  force.  The  short 
tubes  of  electrostatic  induction  which  join  the  atoms  in  the 
molecules  of  the  gas  will,  under  the  influence  of  the  electric 
forces,  set  themselves  parallel  to  the  direction  of  the  electro- 
motive intensity  at  eacli  point. 

Thus,  when  the  magnetic  force  is  at  right  angles  to  the 
h'ne  of  discharge,  tubes  of  electrostatic  induction  parallel  to 
those  in  the  molecules  will  be  moving  about  in  the  field  ;  and 
since  parallel  tubes  exert  attraction  and  repulsion  on  each 
other,  the  molecular  tubes  will  be  knocked  about  and  their 
efforts  to  form  closed  chains  made  much  more  difficult  by 
the  action  of  the  magnet.  On  the  other  hand,  when, the  lines 
of  magnetic  force  are  parallel  to  the  discharge,  the  moving 
tubes  are  at  right  angles  to  those  in  the  molecules,  and  will 
not  disturb  them  in  the  attempt  to  form  chains  along  the  line 
of  magnetic  force,  they  will  in  fact  assist  them  in  doing  so  by 
preventing  all  attempts  in  directions  across  the  lines  of  force. 

Prof.  G.  F.  Fitzgerald  has  suggested  to  me  in  conversation 
that  this  action  of  a  magnet  on  the  discharge  might  be  the 
cause  of  the  "  streamers  '^  which  are  observed  in  the  aurora; 
the  rare  air  being  electrically  weaker  along  the  lines  of  mag- 
netic force  than  at  right  angles  to  them  will  cause  the 
discharii'e  in  the  direction  of  those  lines  to  be  the  brightest. 

Discharge  through  different  Gases. 

I  have  examined  the  discharge  through  air,  carbonic 
acid,  hydrogen,  oxygen,  coal-gas,  and  acetylene.  As  I  have 
already  mentioned,  at  the  highest  pressures  at  which  the 
discharge  passes  through  air,  the  discharge  is  reddish,  and 
gets  brighter  and  whiter  at  lower  pressures.  If  the  discharge 
is  examined  through  a  spectroscope,  the  lines  in  the  spectrum 
coincide  with  those  obtained  by  sparking  through  air  in  the 
ordinary  way  with  a  jar  in  the  circuit.  The  relative  bright- 
ness of  the  lines  in  the  spectrum  of  the  discharge  without 
electrodes  varies  very  much  with  the  pressure  of  the  gas  and 
the  length  of  spark  in  the  jar  circuit.  With  a  long  spark  in 
this  circuit,  and  the  pressure  such  as  to  give  a  bright  white 
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discharge,  the  spectrum  is  very  much  like  that  of  the 
onlinarv  jar-discharge  in  air.  When,  however,  the  pressure  is 
so  low  that  the  discharge  passes  with  difficulty,  a  few  lines  in 
the  spectrum  shine  out  very  brightly,  whilst  others  become 
faint,  so  faint  indeed  sometimes  that  if  the  air-spectrum  were 
not  thrown  into  the  field  of  view  of  the  spectroscope  at  the 
same  time,  they  might  })ass  unnoticed.  Three  lines  which  are 
very  persistent,  the  first  a  citron-green,  the  second  a  more 
refrangible  green,  and  the  third  a  blue,  I  am  inclined  to 
think  must  be  due  to  mercury  vapour  from  the  pump. 

I  am  indebted  to  Prof.  Liveing  for  the  loan  of  a  very  fine 
direct-vision  spectroscope,  and  to  him  and  Mr.  Robinson,  of 
the  Cambridge  (chemical  Laboratorv,  for  valuable  advice  in 
the  attempts  which  I  made  to  photograph  the  spectra  of 
some  phosphorescent  glows  mentioned  below. 

I  should  like  to  call  attention  to  the  advantages  for  spectro- 
scopic purposes  which  attend  this  method  of  producing  the 
discharge  ;  it  is  easily  done  either  by  an  ordinary  electrical 
machine  or  an  induction-coil.  An  intensely  bright  discharge 
is  got,  and  there  is  no  danger  of  complication  arising  from 
the  spectrum  of  the  gas  getting  mixed  with  that  of  the 
electrodes. 

Discharge  in  Oxijgen. 

By  far  the  most  remarkable  appearance  is  presented  when 
the  discharge  passes  through  oxygen,  for  in  this  gas  the 
bright  discharge  is  succeeded  by  a  phosphorescent  glow 
which  lasts  for  a  considerable  time ;  indeed,  with  a  strong 
discharge  it  may  remain  visible  for  more  than  a  minute. 
When  the  discharges  succeed  one  another  pretty  rapidly,  the 
|)hosphorescence  is  so  strong  that  it  hides  the  successive 
bright  discharges,  and  the  tube  seems  permaniMitly  full  of  a 
bright  yellow  fog.  We  can  thus  by  the  use  of  this  gas  con- 
vert the  intermittent  light  given  by  the  bright  discharge  into 
a  continuous  one. 

Perhaps  the  most  striking  way  of  showing  this  phosphor- 
escence is  to  use  a  long  tube,  about  a  metre  long  and  G  or 
7  centimetrc^s  in  diameter,  with  a  bulb  blown  in  the  middle, 
the  primary  coil  being  twisted  round  this  bulb.  Then,  when 
the  sparks  pass  Ix^tween  the  jars,  a  bright  ring-discharge 
passes  through  the  bulb,  from  which,  as  if  shot  out  from  the 
ring,  the  phosphorescent  glow  travels  in  both  directions  along 
the  tube,  moving  slowly  enough  for  its  motion  to  be  followed 
by  the  eye.  It  cannot,  therefore,  be  produced  by  the  direct 
action  of  the  light  from  the  spark  on  the  gas  in  the  tube,  for 
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if  it  were,  the  glow  would  travel  with  the  velocity  of  light. 
It  is  necessary  to  mention  this  point,  for  the  light  from  these 
discharges  has  great  ])owers  of  producing  })hosphorescence. 

The  glow  seems  to  consist  of  gas  ^vhich  has  heen  in  the  path 
of  the  discharge,  and  whose  molecules  have  heen  split  up  hy 
it  and  projected  from  the  line  of  discharge.  This  gas  which, 
when  projected,  is  in  a  peculiar  state,  hy  a  process  of  chemical 
combination  gradually  returns  to  its  original  condition,  and 
it  is  while  it  is  in  this  state  of  transition  from  its  new  condi- 
tion to  the  old  that  it  phosphoresces.  If  this  is  the  case  we 
should  expect  that  the  period  of  phosphorescence  would  be 
shortened  by  raising  the  temperature.  On  trying  the  experi- 
ment I  found  that  this  took  place  to  a  very  marked  extent. 
A  discharge-hulb  filled  with  oxygen  at  a  low  pressure  was 
placed  over  a  Bunsen  hurner  ;  before  the  bulb  got  hot  each 
bright  discharge  was  succeeded  by  a  bright  afterglow,  but 
as  the  bulb  got  hotter  and  hotter  the  glow  became  fainter 
and  fainter,  and  at  last  ceased  to  be  visible,  though  the  bright 
ring  was  still  produced  at  each  discharge  of  the  jar.  When 
the  Bunsen  was  taken  away  and  the  bulb  allowed  to  cool, 
the  glow  reappeared. 

The  spectrum  of  the  afterglow  is  a  continuous  spectrum, 
in  which  I  could  not  detect  the  superposition  of  any  bright 
lines.  The  only  gas  besides  oxygen  in  which  I  have  been 
able  to  detect  any  afterglow  is  air,  though  in  this  case  the 
range  of  pressure  within  which  it  is  exhibited  is  exceedingly 
small  ;  indeed  it  is  often  by  no  means  an  easy  matter  to  get 
a  bulb  filled  with  air  into  the  state  in  which  it  shows  the 
glow.  The  spectrum  of  the  air-glow  showed  bright  lines  ;  I 
thought  myself  that  I  could  see  a  very  faint  continuous 
spectrum  as  well.  Some  friends,  however,  who  were  kind 
enough  to  examine  the  spectrum,  though  they  could  see  the 
bright  lines  clearly  enough,  were  of  opinion  that  there  was 
nothing  else  visible.  I  endeavoured  to  photograph  it,  but 
without  success,  so  that  the  existence  of  a  continuous  spectrum 
for  this  glow  must  be  considered  doubtful. 

When  the  discharge  passes  through  acetylene,  the  first  two 
or  three  discharges  are  a  bright  apple-green,  the  subsequent 
ones,  however,  are  white,  and  as  the  green  discharge  does 
not  reappear,  we  must  conclude  that  the  acetylene  is  decom- 
posed by  the  discharge. 

[To  be  contiuued.] 
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DELATIONS  of  the  Yelloio  to  the  Blue  Forms.— "Ihe  gold 
and  copper-coloured  forms  on  the  one  hand,  and  the 
blue,  bluish-green,  and  steel-grey  on  the  other  hand,  stand 
in  close  relations  to  each  other.  In  previous  papers  there  has 
been  described  a  crystalline  state  intermediate  between  these 
active  forms  and  ordinary  silver,  which  intermediate  condition, 
whilst  retaining  the  bright  yellow  colour  of  the  active  form,  is 
nearly  as  indifferent  to  reagents  as  ordinary  silver.  Into  this 
intermediate  state  both  the  yellow  and  blue  forms  are  capable 
of  passing,  and  apparently  the  intermediate  states  of  both 
kinds  of  allotropic  silver  are  identical  :  the  intermediate  form 
of  blue  silver  is  ijellow.  Thus,  when  lumps  of  blue  silver  are 
heated  in  a  test-tube  to  about  ]  80°  C,  they  assume  a  gold 
colour  and  lustre.  The  same  change  takes  place  at  the  same 
temperature  when  fihns  of  blue  silver  are  placed  in  a  hot-air 
bath. 

But  relations  much  closer  than  these  exist.  Blue  silver  can 
be  converted  into  yellow  at  ordinary  temperatures  and  con- 
secpiently  with  retention  of  its  active  properties.  This  is 
accomj)lished  through  the  agency  of  sulphuric  acid.  When  a 
solution  of  silver  is  obtained  by  the  action  of  sodium  hydroxide 
and  dextrine  on  silver  nitrate  t,  it  appears  to  contain  the  blue 
variety  ;  for  if  allowed  to  precipitate  spontaneously  by  long 
standing,  or  if  precipitated  by  acetic  acid,  dilute  nitric  acid, 
or  by  many  neutral  substances,  it  gives  a  form  of  silver  which 
is  dark  red  whilst  moist  and  dries  with  a  blue  surface-colour. 
(It  is  always  a  little  difficult  to  characterize  these  substances  by 
their  colours,  since  the  surface-colour  which  they  show  when 
dry,  either  in  mass  or  in  films,  is  mostly  complementary  to 
their  colour  when  wet.  As  the  surface-colour  is  much  the 
more  characteristic,  I  have  adopted  the  course  of  naming 
them  by  that.) 

The  behaviour  of  the  red  solution  obtained  by  soda  and 
dextrine  with   dilute  sulphuric  acid  is  very  interesting  and 

*  From  an  advance  proof  communicated  by  the  Author. 

t  Forty  grams  each  of  sodium  hydroxide  and  of  yellow  or  brown  dex- 
trine (not  white)  are  dissolved  in  two  litres  of  water,  and  twetny-eiglit 
grams  of  silver  nitrate  in  solution  are  added  in  small  quantities  at  a  time, 
with  frequent  stirring,  so  that  several  hours  shall  elapse  before  the  last 
portion  is  added.  The  solution  is  always  slightly  turbid  when  viewed  by 
reMected  light,  by  which  it  shows  a  beautiful  deep  green  cohnu".  IJy  trans- 
mitted light  it  is  deep  red,  and,  when  diluted,  absolutely  transparent. 
By  diminishing  the  proportion  of  silver  nitrate  to  one  half,  a  solution 
nearly  or  quite  clear  by  retlected  as  well  as  by  transmitted  light  is  obtpiued. 
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instructive.  When  100  cubic  centini.  of  solution  are  ])oure(l 
into  100  cubic,  centim.  of  water  to  wliich  3  cubic  centiin.  of 
sulj)liuric  acid  have  been  ])reviously  added,  a  dark  red  precipi- 
tate falls,  which,  when  dry,  especially  in  films,  is  blue.  The 
mixed  liquid  from  wliich  the  precipitate  is  formed  is  acid. 
Increasing;  the  ])ro])ortion  of  acid  to  4,  5,  and  (!  cubic  centim. 
successively,  the  substance  obtained  has  a  green  surface-colour, 
becomino-  more  yellowish  (rreen  in  ])roportion  as  the  acid  is 
increased  in  quantity.  With  7^  cubic  centim.  the  substance 
no  lonoer  dries  oreen,  but  yellow.  Increased  proportions  of 
acid  produce  substances  drying  with  ii  coppery  shade. 

It  will  be  seen  that  from  a  sinf^le  solution,  and  usino;  one 
substance  only  as  a  precijjitant,  we  can  obtain  the  whole  i-ange 
of  different  forms  of  allotroj)ic  silver  by  simply  varyinn-  the 
])ro|)ortions  of  the  precipitant. 

That  these  forms  of  silver  should  subsist  in  the  presence  of 
snl])huric  acid  in  excess  is  remarkable.  For  the  most  part 
the  presence  of  this  acid  tends  to  quickly  convert  allotropic 
to  ordinary  silver.  For  example,  brioht  yellow  allotropic 
silver  obtained  with  ferrous  tartrate  was  washed  on  a  filter 
with  water  containing  -^J-^  its  volume  of  sul[)huric  acid  :  in 
two  or  three  hours  the  entire  mass  w^as  converted  into  grey 
ordinary  silver. 

It  is  observable  that  the  substances  precipitated  with  the 
least  acid  have  a  very  splendid  lustre,  and  that  this  lustre 
diminishes  steadily  as  the  projiortion  of  acid  is  increased. 
Uj)  to  6  to  100  cubic  centim.  the  efi'ect  is  hardly  noticeable, 
after  that  it  becomes  more  marked. 

But  we  can  also  obtain  the  converse  of  this  reaction.  Just 
as  the  solution  which  naturally  would  yield  the  blue  product 
can  be  made  to  yield  the  yellow  b}^  the  presence  of  excess  of 
strong  acid,  so  the  solution  which  normally  yields  the  yellow 
substance  may  be  made  to  produce  blue  (or  rather  green) 
silver  by  adding  alkali.  Thus  a  mixture  of  diluie  solutions  of 
fei-rous  sulphate  and  of  Rochelle  salt  added  to  mixed  solutions 
of  silver  nitrate  and  of  Rochelle  salt  results  in  the  formation 
of  gold-coloured  silver.  But  if  we  add  a  little  sodium  hy- 
droxide, either  to  the  iron  solution  or  the  silver  mixture,  we 
shall  get  a  bluish-gi-een  product,  whose  properties  show  that 
it  belongs  to  the  blue  class  and  not  to  the  yellow.  Even  if  a 
solution  of  the  hydroxide  is  added  immediately  after  the  iron 
solution  has  been  poured  into  the  silver,  the  result  is  the  same. 

There  is,  therefore,  a  well-marked  tendency  of  acids  to  give 
rise  to  the  formation  of  the  yellow  product  and  of  alkalies  to 
the  blue.  But  this  is  a  tendency  only.  Both  substances  can 
be  ])roduced  from  neutral  solutions,  and  slight  changes  are 
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sufficient  to  alter  tlio  product  formed.  Thus,  ferrous  tartrate 
in  dilute  solution  acting  on  silver  tartrate  gives  rise  to  the 
formation  of  the  gold-coloured  substance,  but  when  citrates 
are  substituted  the  blue  substance  is  obtained. 

Prochictlon  of  Allot ropic  Silver  hy  Inorganic  Snhstances. — 
For  reasons  which  will  be  mentioned  presently  the  reduction 
of  silver  must  take  place  gradually  to  produce  the  allotropic 
form,  and  for  a  time  it  seemed  an  invariable  condition  that 
an  organic  substance  of  some  sort  should  be  present.  This, 
however,  proves  not  to  be  essential.  In  a  paper  presented  to 
the  American  Academy,  and  kindly  read  for  me  by  Prof. 
Uemsen  at  the  meeting  in  April  last,  I  alluded  briefly  to 
having  found  a  reaction  depending  upon  inorganic  agents 
only.  It  is  as  follows  : — Sodium  hypophosphite  added  to 
silver  nitrate  does  not  effect  reduction  ;  but  when  hypophos- 
phorous  acid  is  set  free  by  the  addition  of  phosphoric  acid,  a 
red  coloration  a[)pears,  indicating  the  presence  of  allotropic 
silver.  The  coloration  is  transitory,  no  doubt  because  of  the 
strong  tendency  of  free  mineral  acids  to  convert  allotropic 
to  normal  silver;  but  red  and  blue  stains  form  on  the  sides  of 
the  vessel. 

Phos])horous  acid  gives  similar  results,  though  perhaps  less 
well  marked. 

Action  of  Light  on  Blue  Silver. — This  action  differs  with 
different  varieties  :  it  was  more  especially  examined  with  the 
form  that  is  obtained  from  the  soda-dextrine  silver  solution 
already  described,  by  pouring  the  solution  into  an  equal  bulk 
of  water  to  which  sul[)huric  acid  had  been  added  in  the  pro- 
portion of  4  cubic  centim.  to  each  100  cubic  centim.  of  water. 
This  form  was  selected  because  it  is  easy  to  obtain  with  great 
constancy  of  result,  and  because  it  is  one  of  the  forms  of 
blue  silver  most  sensitive  to  light. 

Exposed  to  light  this  substance  first  becomes  more  distinctly 
blue,  losing  a  slight  greenish  shade.  With  continued  expo- 
sure it  passes  to  a  yellow-brown  shade,  and  finally  to  a  per- 
fectly ]>ure  golden  yellow  of  great  brilliancy  and  lustre.  This 
last  is  the  intermediate  or  crystalline  form. 

The  action  of  li<>ht  on  this  form  of  silver  is  remarkable  in 
this  respect,  that  its  first  effect  is  to  increase  the  sensitiveness 
to  reagents. 

This  result  was  so  unexpected,  and  ((priori  so  improbable, 
that  it  was  sulijected  to  the  most  cnreful  verification  before 
being  accepted.  The  action  is  very  easily  shown  by  ex})osing 
a  film  of  the  substance  to  light,  covering  part  of  the  surface 
with  an  o^jaque  screen.  Afttu-  twenty  or  thirty  minutes  of 
exposure  to  strong  sunnner  sunshine  the  film  may  be  plunged 
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into  a  l-per-cent.  solution  of  potassinm  ferrideyanide,  wlien 
the  part  exposed  colours  much  sooner  and  more  strongly  than 
that  which  was  covered.  The  effect  is  shown  still  better  by 
])lac'in<>,"  the  film  in  a  frame,  coverintr  part  with  paper  rendered 
absolutely  opaque  by  coating  it  with  thick  tin-foil,  y)art  with 
translucent  paper  (thick  whiter  writinn;-])nper  or  very  thin 
brown  paper),  and  leavino;  part  wholly  exposed.  After  four 
or  five  hours'  action  of  strong  summer  sunshine,  the  film  is  to 
be  treated  with  weak  ferrideyanide.  The  part  wholly  ex])osed 
having  passed  into  the  gold  coloured  crystalline  condition  (if 
the  exposure  has  been  sufficient)  is  wholly  unacted  Uj)on  ;  the 
part  covered  by  the  ti'anslucent  paper  is  rapidlv  attacked,  that 
wholly  protected  is  attacked  slowly.  So  that  the  portion 
moderately  acted  on  by  light  has  very  markedly  increased  in 
sensitiveness  thereby. 

It  follows  that  upon  this  form  of  silver  lif^Jd  has  a  reversing 
action,  first  exalting  its  sensitiveness,  then  comj)letely  de- 
stroying it. 

It  is  impossible  to  overlook  the  analogy  which  exists  between 
this  action  of  light  and  that  which  light  exerts  on  silver 
bromide.  The  latter  substance,  though  incomparably  more 
sensitive  to  light,  is  subject  to  the  same  reversing  action  ; 
first  gaining  in  sensitiveness  to  reducing  agents,  and  then,  by 
continued  exposure,  becoming  less  sensitive  than  originally,  a 
change  commonly  known  as  solarization. 

Causes  determining  ivliether,  in  the  reduction  of  Silver,  the 
Allotropic  or  the  Normal  form  shall  he  produced. — I  have 
examined  the  phenomena  connected  with  the  reduction  of 
silver  under  a  great  variety  of  conditions.  These  for  the 
most  part  do  not  deserve  particular  mention,  but  seem  to  lead 
uj)  to  this  generalization  :  that  the  reduction  of  silver  mav  be 
direct  or  indirect  ;  direct  when  it  passes  from  the  condition 
of  the  normal  salt  or  oxide  to  that  of  the  metal,  indirect  when 
the  change  is  first  to  suboxide  or  to  a  corresponding  subsalt. 
So  far  as  my  observation  has  gone,  when  the  reduction  is 
direct  the  reduced  silver  always  appears  in  its  ordinary  form  ; 
but  when  the  reduction  is  indirect  the  silver  presents  itself  in 
one  of  its  allotropic  states. 

The  following  reactions  supj)ort  this  view. 

Three  of  the  principal  modes  of  formation  of  allotropic 
silver  are: — (1)  Reduction  of  silver  citrate  or  tartrate  bv 
ferrous  citrate  or  tartrate  ;  (2)  acting  on  silver  nitrate  or 
oxide  by  dextrine  and  fixed  alkaline  hydroxide  ;  (o)  acting  on 
silver  nitrate  or  carbonate  l)y  tannin  and  fixed  alkaline  car- 
bonate. Now  if,  in  either  of  these  three  cases,  we  interrupt 
the  action  before  it  is  complete  by  adding  an  excess  of  dilute 
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hydrochloric  acid,  we  shall  obtain  a  dark  cliestnut-brown  or 
sometimes  purple-brown  substance,  which  on  examination 
proves  to  be  a  mixture  of  silver  subchloride  and  protochloride. 
When,  after  complete  removal  of  the  excess  of  hydrochloric 
acid  hy  thorough  washing  or,  better,  by  boiling  with  distilled 
water,  the  substance  is  treated  with  cold  dilute  nitric  acid, 
that  portion  of  the  subchloride  which  is  not  combined  with 
the  normal  chloride  is  broken  up,  and  there  remains  proto- 
chloride of  a  very  rich  and  intense  rose-colour*. 

The  production  of  silver  subchloride  in  all  these  cases  would 
seem  to  indicate  that  the  reduction  when  the  acid  was  added 
was  incomplete  ;  and  that  in  case  (1)  a  subsalt,  and  in  cases 
(2)  and  (3)  a  suboxide  was  first  formed  as  an  intermediate 
step  })efore  complete  reduction.  Either  of  these  substances 
would  of  course  give  rise  to  the  formation  of  subchloride  when 
treated  with  hydrochloric  acid.  It  is  important  to  observe 
that  this  rcfsult  is  to  be  obtained  only  by  interrupting  the 
reaction  before  it  is  complete.  When,  for  example,  allotropic 
silver  in  solution  is  produced  by  the  action  of  sodic  hydroxide 
and  dextrine,  and  after  complete  reduction  hydrochloric  acid 
is  added,  the  liquid  becomes  filled  with  grey  normal  silver 
which  presently  collects  to  a  cake.  When  this  cake  is  well 
washed  and  boiled  with  water  and  then  treated  with  dilute 
nitric  acid,  solution  takes  place  :  a  trace  of  protochloride  is 
left  behind.  It  has  been  mentioned  elsewhere  that  hydro- 
chloric acid,  though  without  action  on  ordinary  silver,  is 
capable  of  forming  a  variable  quantity  of  protochloride  when 
placed  in  contact  with  allotropic  silver. 

I  have  not  met  with  any  exception  to  this  general  princi{)le, 
that  when  a  reaction  leading  to  the  formation  of  allotro])ic 
silver  is  interra[)ted  by  the  addition  of  hydrochloric  acid, 
subchloride  is  abundantly  formed  as  one  of  the  products. 

In  all  such  cases  the  reduction  is  evidently  indirect.  The 
silver  does  not  lose  at  once  the  whole  of  its  oxygen,  but  appa- 
rently passes  through  an  intermediate  form,  probably  Ag^O, 
the  reduction  of  which  tends  to  the  formation  of  allotropic 
silver. 

These  facts  lead  directly  up  to  the  question.  Does  silver 
exist  in  its  subsalts  in  th<i  allotropic  form?  There  are  sonu^ 
facts  that  would  supj)ort  tliis  view,  especially  the  very  ricli 
and  varied  coloration  of  the   subsalts  corresponding   to  the 

*  This  is  a  very  beautiful  reaction  and  deserves  more  particular  mention 
than  can  be  ^iven  here.  It  is  perhaps  the  best  means  for  obtainiii<,r  silver 
protocliloride,  fm-  which  purpose  1  have  often  em])loyed  it,  both  on 
account  of  its  facility  and  certainty,  and  the  very  beautiful  colour  of  the 
product. 
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almost  infinite  variety  of  colour  of  allotropic  silver,  whilst 
normal  salts  of  silver  when  foi'med  with  colourless  acids  are 
mostly  colourless.  On  the  other  hand,  the  greater  activity 
of  allotropic  silver  and  its  less  specific  gravity  would  seem  to 
indicate  a  simpler  molecular  constitution  than  that  of  normal 
silver. 


XLIIL  Some  Applications  of  Physics  and  Mathematics  to 
Geology.  By  0.  Chree,  M.A.^  Felloin  of  King's  College, 
Camhridge. 

[Continued  from  p.  252. J 

Part  II.  Some  Geological  Theories. 

rr>HE  belief  that  the  present  spheroidal  form  of  the  earth 
JL  necessarily  betokens  a  previous  liquid,  or  at  least  plastic, 
condition  seems  amongst  Geologists  almost  as  universal  as 
the  belief  that  the  earth  but  for  the  development  of  rotation 
must  have  been  a  spherical  body.  Whether  this  latter  con- 
clusion has  any  satisfactory  basis  apart  from  philosophical 
speculations,  it  is  not  my  present  object  to  inquire.  But 
supposing,  for  the  sake  of  argument,  that  the  natural  form  of 
the  earth  as  undisturbed  by  rotation  is  s[)herical,  the  con- 
clusion that  it  ever  was  in  a  liquid  or  even  in  a  ])lastic  state 
throughout  is,  according  to  the  preceding  results,  not  established 
by  its  present  spheroidal  form.  Yet  even  in  such  a  standard 
work  as  Goikie's  '  Text-book  of  Geology,'  after  reading  the 
discussion  on  p.  12  and  the  footnote  attached,  I  fail  to  detect 
a  trace  of  the  idea  that  the  polar  flattening  might  be  called 
forth  by  rotation  in  a  truly  solid  body. 

Various  geological  writers,  it  is  true,  speak  of  a  solid  earth 
as  capable  of  changing  its  form,  but  they  seem  in  reality  to 
regard  the  change  as  due  to  rupture  or  to  the  development  of 
a  plastic  condition.  This  appears,  for  instance,  to  be  the  view 
actually  held  by  Mr.  Herbert  Spencer  in  a  short  paper* 
entitled  "  The  Form  of  the  Earth  no  proof  of  Original 
Fluidity."  This  paper  has  been  referred  to  with  a  somewdiat 
inaccurate  conception  of  its  value  and  results  by  two  recent 
geological  writers,  so  it  claims  some  notice  at  our  hands. 
The  first  of  the  two  writers  referred  to,  Mr.  W.  B.  Taylor  f, 
says  : — "  It  is  now  nearly  forty  years  since  Herbert  iSpencer, 
with  a  juster  physical  insight  [than  Sir  W.  Thomson  and 
Professor  Tait],  contended  and  satisfactorily  showed  that  a 
solid  earth  (of  any  shape)  would  assume  the  oblate  spheroidal 

*  Phil.  Mag.  [3]  vol.  XXX.  1847,  pp.  194-196. 

t  American  Jouruiil  of  Science,  vol.  xxx.  1885,  pp.  2o8,  259. 
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form  due  to  its  rate  of  rotation,  as  certainly  and  promptly  as 
if  it  were  liquid/'  The  other  writer,  Mr.  A.  Blytt*,  amongst 
other  references  to  the  paper  says,  "  I  believe  that  Spencer  is 
the  first  who  expressed  the  opinion  that  even  a  solid  earth  can 
change  its  form.'"' 

Mr.  Spencer,  after  some  statements  as  to  the  relative 
strength  and  agility  of  large  and  small  animals,  such  ns 
elephants  and  fleas,  formulates  the  general  result  that  the 
strength — called  also  "  resistance  to  fracture  " — of  a  soUd 
structure  varies  as  the  square  of  its  linear  dimensions,  while 
the  "agencies  antagonistic  to  cohesive  attraction,'"'  i.o.  gravi- 
tational and  "  centrifugal '"  forces,  &c.,  vary  as  the  cube. 
Excepting  a  statement  that  this  is  obviously  true  of  sinijde 
longitudinal  and  torsional  stress,  the  following  is  the  sole 
proof  of  his  very  general  law  supplied  by  Mr.  Spencer  : — 
"  The  strength  of  a  bar  of  iron,  timber,  or  other  material  sub- 
jected to  the  transverse  strain  varies  as  BD^L  ;  B  being  the 
breadth,  D  the  depth,  and  L  the  length.  Suppose  the  size  of 
this  bar  to  be  changed,  whilst  the  ratios  of  its  dimensions 
continue  the  same  ;  then  . . .  the  strength  will  vary  as  D" ..." 
(p.  li>5).  The  following  is  the  conclusion  drawn  by  Mr. 
S[)encer  : — "  Viewed  by  the  light  of  this  principle,  the  fact 
that  the  earth  is  an  oblate  spheroid  does  not  seem  to  afford 
any  support  to  the  hypothesis  of  original  fluidity  as  commonly 
understood.  We  must  consider  that,  in  respect  of  its  obedience 
to  the  geo-dynamic  laws,  the  earth  is  fluid  now  and  must 
always  remain  so  ;  for  the  most  tenacious  substance  with 
which  we  are  acquainted,  when  subjected  to  the  same  forces 
that  are  acting  upon  the  earth^s  crust,  would  exceed  the  limit 
of  self-support  determined  bv  the  above  law,  befoi'e  it  attained 
^^^^.^^i^th  of  the  earth's  bulk-  (p.  196). 

Perhaps  if  one  knew  what  Mr.  Spencer  means  by  "the 
limit  of  self-support,'^  and  what  is  the  exact  distinction  he 
draws  between  "  fluidity  as  commonly  understood "  and 
"  fluidity  in  respect  of  obedience  to  geo-dynamic  hiws,"  one 
might  be  in  a  position  to  form  some  estimate  of  his  degree  of 
})hysieal  insight ;  but  so  far  as  I  can  see  all  he  satisfactorily 
shows  is  an  extraordinary  agility  in  jumping  to  conclusions. 
If  his  meaning  is  that  deformation  must  accompany  tlie 
action  of  gravitational  and  centrifugal  forces,  he  might,  if 
Maxwell's  view  be  correct,  have  added  to  the  denominntor 
of  his  estimate  as  man}'  U's  as  the  {)rinter  couhl  spare  ;  l)ut  if  it 
is  the  rupture  of  an  elastic  solid  or  its  transformation  into  a 

*  Phil.  Ma?.  May  1889,  p.  4]  5.  Tmn.-lated  from  iSljt  Mcujazin  for 
Naturvidcn.skdbenic,  ^^d.  xxxi.  iHSi). 
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plastic  state  to  which  he  refers,  as  seems  almost  certain  from 
the  context,  he  must  have  formed  an  extremely  low  estimate 
of  what  strains  a  solid  can  stand. 

In  the  same  passage  Mr.  Blytt  refei's  to  Mr.  Peirce*,  Sir 
J.  W.  Dawson  t,  and  Professor  J.  E.  Todd  t  as  holdino-  that 
a  solid  earth  will  alter  its  shape  if  the  rate  of  rotation  vary. 
The  views  of  Mr.  Peirce  I  have  not  seen,  but  the  other  two 
writers  mentioned  regard  the  solid  earth  itself  as  changing 
shape  only  by  means  of  a  succession  of  what  we  may  term 
catastrophes.  Their  views  seem  identical  with  those  which 
Mr.  BIytt's  translator  ascribes  to  him  in  the  following  words  : 
— "  The  sea  adjusts  itself  in  accordance  with  the  smallest 
change  in  the  length  of  the  day  ....  But  the  solid  earth 
offers  resistance  to  change  of  form,  and  begins  to  give  way 
only  when  the  tension  reaches  a  certain  amount'^  (p.  418). 
Mr.  Blytt  makes  several  distinct  references  to  the  subject, 
and  his  remarks  are  not  perhaps  always  strictly  consistent. 
This,  however,  is  hardly  to  be  wondered  at  since  he  gives  as 
the  result  of  his  investigations : — "  As  has  been  stated,  there 
j)revails  ...  a  disagreement  as  to  how  far  the  earth  will 
ghange  its  form,  in  case  the  centrifugal  force  varies.  Thomf^on 
is  most  inclined  to  believe  that  it  will  not ;  Darwin  is  of 
o])inion  that  it  will.  And  among  other  physicists  whom 
1  have  consulted  a  similar  divergence  prevails  upon  this  point. 
One  thinks  that  a  lengthening  of  the  day  even  by  several 
hours  will  be  incapable  of  altering  the  form  of  the  solid 
earth;  another  believes  that  the  solid  earth  will  probably 
change  its  form  just  as  easily  as  the  sea"  (p.  421). 

If  Mr.  Blytt  should  ever  have  further  occasion  to  consult 
physicists  on  this  or  any  allied  point,  he  would  find  an  exact 
definition  of  such  terms  as  solid  a  certain  amount  of  pi'otection 
from  a  prion  speculations.  Mr.  Blytt^s  own  principal  view 
seems  due  in  part  to  an  erroneous  interpretation  of  Tresca^s 
experiments  on  the  flow  of  metals  under  pressure.  They  do 
not  in  reality  justify  his  statement  "  By  reason  of  the 
enormous  pressure  which  prevails  in  the  interior  of  the  earth, 
it  must  be  supposed  that  masses  from  a  certain  depth  are 
more  or  less  in  a  plastic  state  "  (p.  417) .  It  was  in  fact  pointed 
out  some  years  ago  by  the  Pev.  Osmond  Fisher  §  that  tlie 
existence  of  an  orifice  from  which  the  metal  can  flow  con- 
stitutes  a    complete    difference    between    the    conditions    of 

*  Proc.  Amer.  Acad.  Arts  and  Science,  vol,  viii.  1873,  p.  106. 

+  'Story  of  the  Earth  and  Man,'  ninth  edition,  pp.  291,  292. 

X  American  Naturalist,  vol.  xvii.  1883,  pp.  15-20,  specially  pp.  18,  19. 

§  '  Physics  of  the  Earth's  Crust,'  ]st  edition,  1881,  footnote  p.  120. 
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Tresca's   experiments  and   the  state  of  a  body  subjected  to 
nearly  uniform  pressure  all  round. 

Mr.  Blytt  apparently  does  not  stand  alone  in  believing 
Sir  W.  Thomson  to  hold  that  the  solid  earth  is  incapable 
of  altering  its  form  as  the  rotation  alters,  and  that  it  possesses 
the  same  eccentricity  as  when  it  soliditied.  Professor  Darwin 
in  '  Kature,'  vol.  xxxiv.  (18b(3),  pp.  420-3,  seems  also  to  put 
this  interpretation  upon  a  passage  he  quotes  from  §  830  of 
Thomson  and  Tait's  '  Natural  Philosophy.'  Supposing  this 
interpretation  correct,  Professor  Darwin^s  opinion  that  Sir 
W.  Thomson  does  not  allow  "a  sutficient  margin  for  un- 
certainties ""  expresses  only  a  part  of  the  objections  1  should 
entertain.  I  find  it  dithcult,  however,  to  believe  that  Sir  AV. 
Thomson,  who  elsewhere  gives  data  for  the  eccentricitv  pro- 
duced by  rotation  in  solid  spheres  of  steel,  can  actually 
suppose  no  change  at  all  in  the  eccentricity  to  follow  an 
alteration  in  the  angular  velocity.  Still  it  must  be  confessed 
that  though  the  passage  contains  the  statement,  "  It  must 
necessarily  remain  uncertain  whether  the  earth  would  from 
time  to  time  adjust  itself  completely  to  a  figure  of  equilibrium 
adapted  to  the  rotation,^'  its  most  natural  interpretation  is  that 
given  by  Professor  Darwin.  I  need  hardly  say  that  the  con- 
clusion that  the  earth,  however  solid,  would  retain  a  constant 
eccentricity  while  the  rate  of  rotation  varied,  seems  to  me 
directly  opposed  to  the  conclusions  to  which  the  elastic  solid 
theory  leads. 

Professor  Darwin  himself,  in  his  paper  in  *  Nature,^  refers 
to  Tresca^s  experiments  and  thinks  it  probable  there  would 
Ije  from  time  to  time  a  flow  of  material  as  the  angular  velocitv 
altered.  One  of  the  "  uncertainties^''  he  refers  to  is  the  possi- 
bility that,  in  accordance  with  Dr.  Croll's*  views,  a  greater 
rapidity  of  denudation  in  equatorial  than  in  polar  regions  may 
have  reduced  the  eccentricity  markedly  below  the  valtie  it  pos- 
sessed when  the  earth  solidified.  He  does  not  seem,  however, 
to  refer  to  the  considerable  change  of  eccentricity  that  might 
occur  in  a  solid  through  mere  variation  of  elastic  strain. 

As  regards  the  present  state  of  the  earth's  interior  there 
are, according  to  Geikie's  '  Text-book,'  p.  49,  only  three  theories 
which  merit  serious  consideration,  viz. : — 

(1 )  That  there  is  a  solid  crust  and  a  molten  interior. 

(2)  That  with  the  exception  of  local  vesicular  spaces  the 

earth  is  perfectly  solid. 

(3)  That  the  earth  consists  of  a  solid   crust  and  nucleus 

with  an  intervening  li(|uid  layer. 

*  '  Climate  aud  Time  '  (188u),  p.  33G, 
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Accorclino-  to  the ' Text-book,'  the  theory  of  a  thin  crnst  con- 
taining liquid  or  viscous  matter  is  exposed  to  "  vveiohty  and 
indeed  insuperable  objections,"  p.  18,  and  "  is  now  abandoned 
by  most  geologists,'^  p.  43. 

According  to  I)r.  ('roll*  the  "general  opinion  among 
geologists''  is  that  the  earth  "  consists  of  a  fluid  interior  sur- 
rounded by  a  thick  and  rigid  [really  solid]  crust."' 

Professor  l^restwich  f  believes  that  '^  the  crust  rests  on  a 
yielding  substratum,  and  that  of  no  great  thickness. '^  In 
fact  he  advocates  the  third  of  the  above-mentioned  theories, 
and  believes  30  miles  to  be  probably  in  excess  of  the  crust's 
tbickness.  Most  writers  on  the  subject  appear  to  have  sub- 
sidiary theories  of  their  own. 

Wbetber  the  assurance  that  the  question  is  beyond  the  roach 
of  experiment  accounts  for  the  multitude  of  theories  and  the 
confidence  with  which  they  are  proposed,  is  a  question  for 
pliilosophers  not  mathematicians  to  consider,  but  it  seems  a 
jyi'iori.  a  possible  exjdanation  of  such  a  declaration  of  faith  as 
tbat  of  Mr.  AV.  B.  Taylor  |  : — "  The  liquidity  of  our  globe,  and 
the  relative  thinness  of  its  encrusted  envelope, — as  attested  by 
all  legitimate  geological  induction, — will  be  assumed  without 
misgiving  or  hesitancy  ;  and  the  supposed  mathematical  argu- 
ments for  its  solidity  ignored  as  essentially  fallacious  and 
wholly  inconclusive." 

Of  course,  if  the  geological  evidence  were  conclusive,  it 
would  be  mere  waste  of  time  further  to  consider  the  matter, 
but  the  evidence  that  satisfies  Mr.  Taylor  does  not  seem  to 
carry  conviction  to  all  geologists  even  in  America.  Mr.  G.  F. 
Becker  §,  for  instance,  who  appears  to  have  some  practical 
experience,  says  : — "  For  a  considerable  number  of  years  I 
have  constantly  had  the  theory  of  the  earth's  solidity  in  mind 
while  making  field  observations  on  upheaval  and  subsidence, 
with  the  result  that  to  my  thinking,  the  phenomena  are  capable 
of  much  more  satisfactory  explanation  on  a  solid  globe  than 
on  an  encrusted  fluid  one." 

It  may  thus  be  not  wholly  unprofitable  to  glance  briefly  at 
some  of  the  arguments  which  some  of  the  advocates  of  the 
several  theories  base  on  their  ideas  of  the  pro[)erties  of  solid 
bodies. 

Mr.  Taylor's  object  is  to  get  an  equatorial  circumference 
some  10  per  cent,  in  excess  of  its  present  value,  so  as  to 
account  for  the  lateral  compression  at  the  surface  observed  in 

«  '  Climate  and  Time,'  p.  395. 

t'Geoloo-y,'Tol.  ii.  p.  540. 

X  American  Journal  of  Science,  vol.  xxx.  (^1885),  p.  250. 

§  American  Journal  of  Science,  vol.  xxxix.  (I8y0j,  pp.  351,  352. 
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mountain-chains.  Thiis^  following  Professor  Darwin *j  be 
supposes  the  earth  to  have  once  possessed  a  much  greater 
angular  velocity  than  at  present,  and  speaks  of  a  "  consistent 
crust  (of  some  few  miles  thickness)"  as  having  formed  "  when 
the  rotation  of  our  planet  was  at  four  times  its  present  rate  " 
(/.  c,  p.  257).  The  equatorial  radius  would  then  have  been,  he 
says,  some  435iJ  miles,  and  the  polar  some  o^Ul.  The  change 
of  shape,  as  the  rotation  fell  otf,  would  account,  he  thinks,  for 
observed  phenomena.  He  considers  his  conclusions  opposed 
by  Sir  W.  Thomson's  theory  that  the  earth  solidified  through- 
out and  retains  at  least  approximately  its  original  eccentricity. 
Jt  is  on  this  point  that  he  I'efers  to  the  data  supplied  by  Mr. 
Herbert  Spencer's  "juster  phj-sical  insight  ;  ^^  anel  he  adds, 
apparently  as  his  own  contribution  to  the  argument, — "  The 
supposition  that  a  granite  mountain  or  equatorial  protuberance 
400  miles  high  or  iOO  jniles  high  could  for  a  moment  su})[)ort 
itself,  would  hardly  be  entertained  by  a  practical  engineer  ;" 
and  in  a  footnote,  "  The  limitini;;  modulus  of  heioht  of  a 
granite  pyramid  (eciualHng  one  side  of  its  square  base)  is 
fcomewhat  less  than  eleven  miles"  (/.  c.  p.  258).  1  am  ([uite 
ready  to  agree  with  Mr.  Taylor  that  if  solidiiication  occurred 
under  the  conditions  he  sup})oses  the  eccentricity  must  have 
altered  enormously  and  that  in  a  non-elastic  way,  and  I 
hardly  suppose  that  Sir  W.  Thomson  would  oppose  this  view. 
ISo  one,  however,  so  far  as  I  know,  has  propounded  the  theory 
of  an  elastic  solid  spheroidal  earth  of  eccentricity  "65  rotating 
completely  in  six  hours,  so  that  the  investigation  of  the  strains 
and  stresses  required  by  such  a  theory  is  unnecessary.  I  can 
quite  imagine  that  on  any  probable  theory  of  density  the 
magnitude  of  the  strains  is  hardly  likely  to  be  consistent  with 
the  a})plication  of  the  mathematical  theory  of  elasticity.  The 
force  of  Mr.  Taylor's  remarks  as  to  the  pyramid  I,  however, 
fail  to  see.  Such  an  isolated  mass  exists  under  totally  ditfer- 
ent  conditions  from  any  portion  of  a  solid  sphere  or  spheroid, 
and  one  might  as  well  argue  as  to  the  impossibiUty  of  a  liquid 
interior  from  the  fact  that  an  isolated  liquid  column  100  miles 
high  has  not  yet  been  observed  on  the  earth's  surface.  If 
Mr.  Taylor  were,  however,  to  calculate  the  strains  and  stresses 
in  such  a  thin  shell  as  he  supposes,  of  material  showing  anv- 
thing  resembling  the  structure  of  ordinary  rock,  with  a  i-uro 
of  rotation  such  as  he  mentions,  I  very  much  doubt  whether 
he  would  find  it  in  an  essentially  better  position  than  his 
imaginary  pyramid. 

Alter  this  criticism  Mr.  Taylor  considers  the  question  of  the 
probable  degree  of  rigidity  of  our  planet  quite  irrelevant,  but 

•  I'liil.  Trans.  (187U),  p.  o32. 
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the  "  temptation  is  strong  to  waste  upon  it  a  collateral  glance  " 
(/.  c.  p.  2ol)).  Accordingly  he  crushes  Sir  W.  Thomson's 
argument*  from  the  tides  by  the  remark — "  That  a  siliceous 
crust  of  20  miles  average  thickness,  and  an  overlying  aqueous 
ocean  of  three  miles  average  depth,  should  have  (as  required 
hy  the  argument)  so  equal  a  coefHcient  of  mobilitv,  that  sea 
and  land  could  thus  together  '  rise  and  fall,'  might  well  be 
pronounced  incredible^'  (/.  c.  \).  2(J0). 

He  reoards  Sir  W.  Thomson  as  very  seriously  damaoino- 
his  own  argument  by  the  admission  that  tides  comparable  in 
magnitude  with  those  observed  would  occur  even  in  a  solid 
earth  of  steel.  It  does  not  seem  to  have  occurred  to  him  that 
the  existence  of  a  difference  between  the  motions  of  the  land 
and  water  may  constitute  an  argument  for  solidity  f. 

Mr.  Taylor  admits  one  difhculty  in  his  theory,  viz.  the 
nature  and  local  characteristics  of  the  plications  actually 
observed  ;  and  remarks: — "  While  i\\e  force  at  the  command  of 
the  rotating  planet  is  abundantly  sufficient  .  .  .  evidently  some 
supplementary  considerations  are  requisite  to  give  the  observed 
(h'redion  to  this  force,"  ...  "  The  mere  mechanical  difficulty, 
however,  of  transmitting  stresses  through  comparativelv  un- 
disturbed areas  of  hundreds  of  miles  of  a  flexible,  friable,  and 
practically  plastic  crust — with  a  large  coefficient  of  viscous 
friction  beneath — is  not  so  formidable  as  might  at  first  appear. 
It  must  be  borne  in  mind  that  the  pressures  derived  from  an 
action  so  slow  as  from  century  to  century  to  be  scarcely 
sensible,  are  of  an  order  of  very  great  intensity,  but  of  very 
small  quantity"  (/.  c.  p.  265).  Mr.  Taylor  also  infers  from 
"  various  considerations  "  that  "  in  all  ages  mountain  building 
has  been  at  a  maximum  ;  that  is,  the  uplifted  heights  have 
been  the  greatest  which  the  average  tliickness  of  the  crust  at 
the  time  was  capable  of  supporting  ;  so  that  the  former  has 
been  a  constant  function  of  the  latter,  the  ratio  being  probably 
not  far  from  one-fifth"  (/.  c.  p.  265).  Mr.  Taylor  does  not 
state  that  this  law  of  the  uplifted  heights  is  true  of  all  lands 
as  well  as  of  all  time,  but  the  possibility  that  such  may  be  the 
case  is  rather  alarming.  He  enters  in  fact  into  no  unnecessary 
details  as  to  how  he  reached  his  conclusions,  so  that  all  one 
can  say  is  that  measured  by  his  own  standard  he  is  certainly 
not  inferior  in  physical  insight  even  to  Mr.  Herbert  Spencer. 
Perha[)S  when  he  comes  to  deal  with  the  "  supplementary 
considerations  "  he  may  supply  sufficient  data  for  the  mathe- 
matician to  follow  him. 

Professor  Prestwich,  in  his  '  Geology,'  vol.  ii.,  regards  the 

*  Natural  Pliilnsopliy,  vol.  i.  part  ii.  §  8.33. 
t  See  his  remarks,  /.  c.  p.  260  and  footnote. 
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"present  very  great  rigidity  of  the  earth  "as  proved  by  mathe- 
matical and  physical  investigations,  but  complains  of  a  "  want 
of  elasticity  "  in  the  methods  of  the  mathematicians  (p.  5o8). 
According  to  him,  "  The  hypothesis  most  compatible  with  the 
geological  phenomena  is  that  of  a  central  solid  nucleus  with 
a  molten  yielding  envelope — not  fluid,  but  viscid  or  plastic;  nor 
is  it  necessary  that  this  magma  should  be  of  any  great  thick- 
ness ;  but  a  thin  crust  is,  it  seems  to  me,  an  essential  con- 
dition" (p.  543).     Professor  Prestwich  adduces  in  support  of 
his  views  various  arguments  from  geological  phenomena  which 
seem  of  much  weight .     He  has  also  various  arguments  of  a 
more  or  less  physical  character,  but  they  seem  to  take  a  good 
deal  for  granted.     Thus,  on  ]>.  ,540,  referring  to  plications  in 
the  surface  rocks,  he  says,  "  if  the  earth  were  solid  thi'ough- 
out,  the  tangential  pressure  would  result  not  in  distorting  or 
Qrum[)ling,  but  in  crushing  and  breaking.     As  a  rule  no  such 
results  are  to  be  seen,  and  the  strata  have  .  .  .  yielded,  as  only 
a  free  surface-plate  could,  to  the  deformation  caused  by  lateral 
pressure  ...  a  yielding  bed,  on  which  the  crust  could  move 
;is  a  separate  body,  was  necessary."     It  seems  to  me  that  as 
the  phenomena  of  rupture  are  as  yet  very  imperfectly  ascer- 
tained, except  perha})S  for  a  few  simple  standard  conditions, 
Professor  Prestwich  has  very  little  to  go  on  but  a  priori  ideas. 
1  fail  to  see,  for  instance,  why  pressures  at  or  near  the  surface 
of  a  solid  sphere  should  necessarily  produce  fracture  and  not 
flow.     Also  it  seems  improbable  that  there  would  be  a  sharp 
line  of  demarcation   so   as  to  enable  a  crust  — which    seems 
clearly  to  mean  a  solid  superficial  layer — to  move  as  a  separate 
body  on  a  "  yielding  bed."     Would  not  this  imply  a  liquid 
substratum  with  no  appreciable    viscosity  ?      And    sup])osing 
there  were  a  substratum  of  this  kind,  is  there  any  sufficient 
experimental  evidence  that  a  solid  crust  of  even  a  few  miles 
thickness  would  on  the  falling"  away  of  the  liquid  underneath 
go  into  folds  instead  of  being  crushed  and  broken?     Further, 
can  ])lications,  to  the  extent  shown,  say  by  the  Alps,  be  re- 
conciled   with    the    retention    of  contemporaneous    solidity  ? 
Supposing  the  earth  to  be  essentially  solid  throughout,  is  there 
any  reason  why  the   strain  at  some  miles  below  the   surface 
should  not  locally  at  intervals  exceed   the  elastic  limit,  with 
the  result  for  a  tinu;  of  a  state  of  flow  or  plasticity  throughout 
a  vohnne  of  greater  or  less  extent?     During  such  an  e[)och 
there  would  exist  locally  conditions  somewhat  resembling  those 
which  Professor  Prestwich  believes  existent  everywhere.     It 
is  true  that  one  argument  adduced  by  Professor  Prestwich  and 
others  against  the  existence  of  separate  reservoirs  of  molten  ma- 
terial— viz.  the  siu)ilaritv  in  tlie  character  of  volcanic  products 
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all  over  the  earth — applies  equally  against  such  an  hypothesis. 
If,  however,  volcanic  products  he  supposed  to  come  from 
several  miles  below  the  surface,  I  see  no  obvious  reason  why 
they  should  not  present  similar  characteristics  everywhere. 
No  conclusive  argument  can  well  be  based  on  the  differences 
observed  in  the  sedimentary  strata,  because  the  conditions 
under  which  such  strata  are  deposited  are  obviously  of  a  varied 
cha  racier. 

In  various  passages  of  Professor  Prestwich's  discussion  of 
the  state  of  the  earth  one  is  apt  to  be  puzzled  by  his  falling 
into  the  practice,  by  no  means  uncommon  in  geological 
writings,  of  emjdoying  physicnl  terms  with  a  view  to  oratory 
rather  than  to  exposition.  For  instance,  he  sjieaks  of  con- 
traction ''  due  to  the  yielding  of  the  weaker  lines  in  the  crust, 
when  the  tension  caused  by  the  excessive  strain  (and  of  which 
the  first  order  of  movement  is  an  index)  overcomes  the  re- 
sistance, and  fractures  and  doubles  up  the  strata  ;"  and  he 
adds,  "  Moantain-ranfjcs  are  in  fact  the  concluding  term  of 
the  stress  which  caused  the  deformation  of  the  crust,  and  the 
movements  which  at  those  times  took  place  must  have  been 
influenced  l)y  the  greater  energy  of  the  strains  then  at  work  " 
(p.  546).  It  is  diflticult  to  see  here  what  is  intended  to  be  cause 
and  what  effect.  In  fact,  wdiile  a  number  of  terms  are  em- 
ployed which  in  mathematics  and  physics  have  a  fairly  definite 
meaning,  I  must  confess  my  inability  to  form  an  adequate 
conception  of  what  is  meant  by  the  passage  as  a  whole. 

Professor  Prestwich  refers  (pp.  543,  544)  to  the  hypothesis 
of  the  late  Professor  E.  Boche  (in  the  reference  to  which  a 
misprint  gives  the  year  1861  for  1881)  as  supplying  some- 
thing of  the  kind  of  earth  he  wants.  Thus  an  examination 
of  Professor  Roche's  work"^  may  be  of  some  service. 

He  supposes  the  earth  to  consist  of  a  central  nucleus  or 
"  bloc,"  homogeneous  but  for  a  possible  accumulation  of 
matter  of  greater  density  at  the  centre,  and  of  a  superficial 
hiyer  of  lighter  material.  Of  the  nucleus,  with  the  possible 
exception  of  a  small  core  of  heavier  matter,  he  says,  "  Sa  den- 
site  calculee,  de  7  a  I'b,  indique  qu'elle  est  metalHque,  sans 
doute  formee  de  fer  .  .  . ."  The  specific  gi-avity  of  the  heavier 
matter  which  may  possibly  exist  at  the  centre  is,  he  says, 
"  cei'tainement  bien  inforieur  [to  18],  probablement  10  on  12 
(argent,  plomb),^'  p.  235.  The  outer  layer  or  crust  he  sup- 
poses to  have  a  s])ecific  gravity  about  3,  and  a  thickness  of 
about  one  sixth  the  earth's  radius.  Between  the  crus^t  and 
the  nucleus  there  exists,  it  may  be  everywhere  or  only  locally, 

*  Acacl&inie  ...  de  3Io72fp''!/icr,  Memoires  de  la  Section  dcs  Sciences,  tome 
dixieme,  1880-84,  pp.  221-!264. 
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molten  matter  such  as  ajjpears  at  the  surface  in  volcanic  out- 
bursts, but  the  total  Aohnne  occnpied  by  this  must  be  small. 
Professor  Roche  takes  three  results  as  given  ;  viz.  the  earth's 
total  mass,  the  eccentricity  of  its  surface,  and  the  ratio  of  the 
principal  moments  of  inertia,  the  last  quantity  beino-  deduced 
from  astronomical  data.  He  satisfies  all  tlie  conditions  he 
recognizes  by  the  aid  of  the  following  hypothesis  regarding 
his  nucleus  : — "Ce  bloc  a  pris  sa  forme  definitive  sous  Tinflu- 
ence  d-'une  rotation  moins  rapide  qu'elle  n'est  aujourd'hui, 
et  il  a  conserve  I'aplatissemeut  correspondant,  malgre  les 
accroissements  successifs  de  vitesse  du  systeme  resultants  do 
sa  contraction  ])rogressive "  (p.  232).  In  other  words,  he 
assumes  the  nucleus  to  have  sofidified  before  the  crust  and  that 
it  retains  its  shape  unaltered.  Thus  as  he  regards  the  angular 
velocity  as  increasing  in  consequence  of  the  diminution  in  the 
moment  of  inertia  through  contraction  in  cooling,  the  nucleus 
possesses  a  smaller  eccentricity  than  the  crust.  He  supposes 
only  a  small  difference  in  the  length  of  the  day  at  the  dates  of 
the  two  solidifications,  so  thai  the  difference  between  the 
eccentricities  of  the  nucleus  and  crust  is  also  small.  This, 
however,  in  no  way  justifies  his  hypothesis  that  the  nucleus 
retains  its  form  unaltered.  If  its  material  possessed  the  pro- 
perties of  an  elastic  sohd  the  eccentricity  would  certainly 
alter,  and  to  an  extent  probably  quite  comparable  with 
the  alteration  that  would  have  occurred  if  it  had  remained 
fluid.  Professor  Roche  seems  in  fact  to  treat  his  nucleus 
as  possessed  of  the  properties  of  the  wholly  imaginary  per- 
fectly rigid  body.  He  certainly  introduces  no  equations 
such  as  ought  to  hold  over  the  surface  of  an  elastic  solid  sphe- 
roid. The  exact  view  he  adopted  as  to  the  properties  of  solids 
it  is,  however,  difiicult  to  decide.  On  his  p.  241  a  brief  state- 
ment would  iniply  that  he  did  not  regard  each  elementai'v 
layer  of  a  solid  s})here  as  of  necessity  totally  self-supporting  ; 
but  on  ])p.  223,  224,  where  the  discussion  is  fuller,  he  says, 
"  Si  Ton  rejette  la  complete  fluidite  de  la  terre,  il  n'est  plus 
possible  d^ittribuer  a  lacomjjressibilite  de  ses  couches  la  memo 
influence."  ..."  Dans  un  solide,  les  tensions  laterales  sont 
variables  et  acquierent  jiarfois  une  valeur  enorme.  C'est 
ainsi  qu'une  couche  pourrait  se  soutenir  d'elle-meme  comme 
une  especo  de  voute,  sans  peser  sur  celle  qui  est  au-dessous.'"'' 
A  solid  layer  supporting  itself  like  an  arch  under  the  con- 
ditions of  matter  near  the  earth^s  surface  treated  as  an  elastic 
solid,  presents  strains  far  in  excess  of  those  which  are  regarded 
here  as  coming  within  the  range  of  the  mathematical  theory. 
.  On  various  grounds  it  seems  to  m(;  that  the  criticism  of  a 
want  of  elasticity,  though  hardly  in  the  sense  intended  by 
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Professor  Prestwicli,  m;iy  be  strono'iy  urged  against  Roche's 
investigations. 

Some  remarks  of  M.  Rochets,  on  his  }>}).  240,  241,  throw  con- 
siderable hght  on  his  standpoint  and  that  of  many  other 
theorists  : — "  Les  astronomes  qui  persistent  a  admettre  la 
fluiditc  ....  cherchent  a  ehider  les  objections  de  Hopkins  et 
de  Thonison,  en  attribuant  ....  an  liquide  central  une  vis- 
cositc  assez  grande  pour  que  ....  I'ensemble  en  arrive  a 
tourner  tout  d'une  piece  ....  La  masse  tournante  ofi're  une 
telle  rigidite  qu'elle.est  assimilable  sous  ce  rapport  a  un  bloc 
solidifie,  mais  admettre  cette  assimilation  revient  a  depouiller 
le  milieu  interne  des  proprietes  ordinaires  des  liquides,  et  a 
lui  en  conserver  le  nom  tout  enFidentifianta  uncor])S  solide." 
He  proceeds  to  point  out  that  the  mere  question  of  a  name  is 
of  no  account,  cousiilering  our  ignorance  of  what  would  be 
the  properties  of  matter  under  such  pressures  and  at  such  a 
temperature  as  the  theory  of  fluidity  would  lead  to.  His  line 
of  argument  is  not  very  clear,  but  there  is  no  hesitation  appa- 
rent in  his  conclusion  : — "  En  effet,  la  pression  supportee 
par  les  couches  centrales,  dans  la  supposition  d^une  complete 
fluiditc,  depasserait  deux  millions  et  demi  d'atmosphcres.  La 
grandeur  meme  de  ce  nombre  est  a  elle  seule  une  objection 
percmptoire  a  I'hypothese  qui  y  conduit." 

Such  a  position  as  this  may  be  all  very  well  for  a  philo- 
sopher who  supposes  the  external  world  a  mere  idea,  the 
private  })roperty  othis  own  mind  and  so  necessarily  obedient 
to  laws  which  his  understanding  can  fully  grasp,  or  for  a 
scientist  who  believes  the  earth  created  for  the  special  pur[)ose 
of  supj)lying  problems  of  precisely  that  amount  of  difficulty 
which  he  personally  is  able  to  solve,  but  from  a  common-sense 
point  of  view  it  seems  utterly  irrational.  No  physicist  or 
geologist  has  any  reason  to  suppose  that  there  are  not  nume- 
rous ])roblems  whose  full  comprehension  requires  more  exten- 
sive knowledge  than  is  possessed  by  himself  or  any  of  his 
contem])oraries. 

The  necessity  for  theories  has  been  eloquently  urged  by 
Professor  Darwin*,  who  ?ays  "A  theory  is,  then,  a  necessity 
for  the  advance  of  science,  and  we  may  regard  it  as  the  branch 
of  a  living  tree,  of  which  facts  are  the  nourisliment."  Enq)loy- 
ing  this  simile,  I  must  confess  that  the  suliject  treated  in  this 
paj)er  resendjles,  in  my  opinion,  a  tree  which  comlnnes  a  sad 
deficiency  of  sap  with  a  gi-eat  superfluity  of  branches.  It  will, 
1  dare  say,  be  generally  admitted  that  the  })remature  craving 

*  'Nature,'  vol,  xxxiv.  (1880)  p.  420,  Address   to  Ijiitisli   Association, 
Section  A. 
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after  a  finality  of  knowledge  has  been  responsible  for  nume- 
rous fruitless  speculations  in  the  past,  and  it  seems  only  too 
probable  that  the  impatience  of  the  mind  with  its  own  igno- 
rance is  the  princi[)al  foundation  of  much  of  the  theory  of 
to-day.  The  satisfaction  derived  from  the  contemplation  of 
simple  and  comprehensive  laws  may  sufhce  perhajis  to  prove 
that  the  powers  of  the  mind  are  limited,  but  hardly  that  the 
processes  of  nature  are  simple. 


XLl  V.    On  the  Specific  Heat  of  Basalt.     By  W.  C.  Roberts- 
AusTEN,  C.B.,  F.R.S.,  and  A.  W.  Rtj'cKER,  FM.S* 

HAVING  been  asked  by  the  Rev.  0.  Fisher  to  determine 
for  him  the  latent  heat  of  basalt,  we  made  some  ex- 
periments on  a  specimen  which  was  furnished  to  us  by  Prof. 
Judd. 

Fragments  of  the  rock  were  melted  in  a  platinum  crucible, 
and  the  junction  of  a  thermal  couple  consisting  of  platinum  with 
platinum  containing  10  per  cent,  of  rhodium  was  inunersed 
in  the  pasty  mass,  which  was  then  allowed  to  cool.  The  scale 
of  the  galvanometer  had  previously  been  standartlized  by  an 
observation  on  the  solidifying-point  of  pure  gold,  and  the 
pyrometer  was  standardizetl  Irom  time  to  time  by  the  same 
means.  When  the  index  spot  of  light  reached  the  desired 
point  the  wires  were  nipped  off  close  to  the  basalt,  and  the 
crucible  and  its  contents  were  plunged  into  1000  grams  of 
water  contained  in  a  silver  calorimeter.  The  water  was 
stirred  by  a  screw  or  fan  of  silver  which  was  rotated  by  an 
electric  motor.  The  temperature  was  read  by  means  of  a 
mercurial  thermometer  which  had  been  carefully  corrected. 

The  two  main  sources  of  error  in  the  experiments  are  pro- 
bably an  uncertainty  as  to  the  mean  temperature  of  the 
basaltic  mass  owing  to  its  being  a  bad  conductor  of  heat, 
anil  the  fact  that  in  the  j)rocesses  of  heating  and  cooling  it 
undergoes  more  or  less  important  changes  of  constitution. 

The  first  error  was  reduced  to  small  proportions  by  using 
small  quantities  of  basalt,  the  mass  employed  rarely  nuich 
exceedino"  20  jrrams. 

The  second  error  is  in  part  unavoidable.  The  ra{)idly 
cooled  basalt  was  always  glassy  like  olivine.  We  also  found 
that  frecpu'ut  heatings  and  coolings,  and  the  nature  of  the 
fiame — whether  oxidizing  or  reilucing — employed  to  heat  the 
mass  aj)peared  to  affect  the  results  very  seriously. 

\.\\  some  experiments  the  crucible  was  heated  in  the  flame 

•  Communicatod  by  tin;  Authors. 
Phil.  }ta,j.  iS.  5.  Vol.  32.  No.  il»7.  Oct.  IblH.         2  W 
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of  a  small  gas-furnace,  in  others  in  a  coke-furnace.  All  the 
former  were  consistent  with  each  other,  and  those  of  the  latter 
group  in  which  fresh  specimens  of  hasalt  were  used  were  in 
agreement  with  them.  The  results  obtained  with  specimens 
which  had  been  heated  two  or  more  times  in  the  coke-furnace 
were,  however,  very  irregular,  and  have  been  discarded. 

As  we  have  not  definitely  proved  what  was  the  cause  of 
these  discrepancies,  we  publish  our  conclusions  with  a  certain 
amount  of  reserve. 

In  the  following  table  T  is  the  temperature  (Cent.)  of  the 
basalt  at  the  moment  of  immersion,  C  is  the  mean  s})ecitic 
heat  between  about  20°  C  and  T, 


T. 

0. 

T. 

C. 

467 

0199 

860 

0-277 

747 

•217 

924 

•282 

759 

•223 

977 

•284 

792 

•220 

983 

•283 

846 

•257 

1090 

•285 

1192 

•290 

These  results  are  plotted  in  the  figure. 


If  Ci2  be  the  mean  specific  heat  between  two  temperatures 
t^  and  ^2  we  have  the  relation 

Ol3(«3-<l)=Ci2(/2-/J  +023(^3-/2). 

If,  then,  we  take  the  mean  specific  heat  from  20°  C. 

to    470°  to  be  -199 

to    750      „      -216 

to    880      „      -278 

and  to  1190      „      '290 

we  get  the  followino-  results  : — 
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The  moan  specific  heat  Ijetween 

20  °  and  470^  is  0-1D9 
470  and  750  is  -Ud 
750  and  880  is  '026 
880    and  1190    is    -323. 

As  Mr.  Fisher  was  anxious  to  use  our  results  in  some 
calculations,  we  supplied  him  with  approximate  numbers 
before  all  our  observations  were  completed.  They  do  not, 
however,  ditler  much  from  the  above. 

The  oeneral  result  seems  to  be  that  the  specific  heat  of 
Ijasalt  follows  the  ordinary  rule  that  the  specific  heat  of  a 
substance  is  o-reater  in  the  liquid  than  in  the  solid  state. 
There  is  a  large  absorption  of  heat  in  the  neighbourhood  of 
800°,  which  raises  the  mean  specific  heat  between  750°  and 
880°  to  the  laro-e  value  of  0-G36. 


XLV.    The  New  Theories  of  Solution. 
By  James  Walker,  D.Sc,  Ph.n.,FJi.S.K^ 

SINCE  the  theories  of  osmotic  pressure  and  of  electrolytic 
dissociation  were  in  1887  made  generally  accessible  by 
their  j)ublication  in  the  Zeitschrift  fur  p}iysihali&che  Chemie., 
they  have  in  Germany  and  elsewhere  on  the  Continent  enjoyed 
an  ever-increasing  favour  and  popularity.  In  this  country 
they  have  mostly  been  met  with  a  passive  resistance  ;  but  in 
one  or  two  cases  where  they  conflict  with  rival  theories  they 
have  encountered  active  opposition. 

Mr.  S.  U.  Pickering,  in  particular,  has  subjected  them  to 
unfavourable  criticism,  in  the  pages  of  this  Magazine,  at  the 
Leeds  meeting  of  the  British  Association,  and  elsewhere. 
His  attack  is  twofold.  In  the  case  of  osmotic  pressure  he 
compares  the  deductions  from  theory  with  the  results  of 
experiment,  and  endeavours  to  show  discordance  between 
them  :  against  the  dissociation  hypothesis  he  seeks  to  raise 
"  theoretical  objections  of  a  fundamental  character.'" 

First,  with  regard  to  osmotic  pressure,  Mr.  Pickering 
singles  out  the  freezing-point  ot"  solutions  from  the  many 
j)lienomena  which  have  received  an  explanation  from  this 
theory!,   as  the   ground   for   his   attack.     The  hy[)othesis  of 

*  Communicated  by  tlin  Author. 

t  'r.ilvinf,'  tlin  osiuotic-prussure  tlioovy  in  conjunction  with  liis  own, 
Avrheniu.s  (I'iiil.  Ma^--.  x.vviii.  p.  30)  enumerates  seventeen  lieads  undiT 
wliicli  tiiese  phenomena  may  lie  arranged— a  number  already  lno  small  to 
inehule  the  hiler  r.'searehes  of  Nerusl  and  others  on  solutions. 
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osmotic  pressure  claims  to  put  us  in  a  position  to  calculate 
the  freezing-point  of  a  dilute  solution  if  we  know  its  com- 
position, the  molecular  weight  of  the  substance  in  solution, 
and  certain  easily  determined  ])hysical  constants  of  the  sol- 
vent— provided  that  t/ie  solution  is  not  an  electrolyte.  If  the 
solution  conducts  electricity,  then,  in  order  to  find  its  freezing- 
])oint,  we  must  in  addition  to  tlie  above  data  know  its  electrical 
conductivity  ;  from  which,  by  the  help  of  the  theory  of  elec- 
trolytic dissociation,  we  may  calculate  the  correcting  factor 
to  be  applied  to  the  value  deduced  directly  from  osmotic 
pressure.  A  specimen  showing  how  such  a  calculation  is 
made  will  be  given  in  the  sequel.  Mr.  Pickering  contends 
that  the  results  of  experiment  are  not  in  harmony  with  the 
Aalues  given  by  the  theory  ;  and  this  is  perfectly  true  as 
regards  the  values  calculated  by  Mr.  Pickering.  But  then 
he  has  repeatedly  confounded  the  laws  deduced  from  van 
't  Hoff's  theory  with  the  empirical  relations  stated  by  Eaoult; 
and,  besides,  has  utterly  ignored  electrolytic  dissociation  in 
his  calculations.  He  says  (Chem.  Kews,  Ixiii.  p.  171): — 
"  Professor  Arrhenius  accuses  me  of  neolectins  the  effect  of 
dissociation  when  discussing  the  freezing-points.  In  this  he 
is  quite  right,  for  I  do  not  believe  in  it.'''  Of  course,  the 
assumption  of  such  an  attitude  will  undoubtedly  enable  Mr. 
Pickering  to  find  disagreement  on  comparing  experiment 
with  calculation  ;  but,  if  the  comparison  is  to  be  of  any  value, 
it  is  surely  evident  that  the  theoretical  numbers  must  be 
legitimate  deductions  from  the  theory  as  expounded  by  its 
originators,  not  as  misconceived  or  distorted  by  its  critics. 

Ijel'ore  proceeding  further,  we  shall  do  well  to  look  for  a 
moment  at  the  conditions  under  which  the  law  for  the  lowering 
of  the  freezing-point  is  obtained  from  the  hyjiothesis  of 
osmotic  pressure.  First  of  all,  it  nuist  be  understood  that 
the  solutions  consideied  are  dilute;  secondly,  that  they  do 
not  conduct  electricity;  and,  lastly,  it  is  assumed  that  wjien 
a  solution  freezes,  the  pure  solvent  alone  separates  out  in  the 
solid  form.  If  these  conditions  are  fulfilled,  it  follows  from 
the  theory  that  the  depression  produced  by  one  molecular 
weight  of  a  substance  (in  grams)  dissolved  in  1000  grams  of 
solvent,  will  be  constant  for  any  (me  solvent,  and  equal  to 

•002T^ 

~^^ — }  where  T  is  the  freezing-point  in  the  absolute  scale,  and 

W  the  heat  of  fusion  of  the  solvent  (van't  Hoff,  Phil.  Mag.  xxvi. 
p.  95).  Further,  it  follows  that  the  depression  of  the  freezing- 
j)oint  is  proportional  to  the  concentration  of  the  solution  (Blag- 
den'rf  Law).  That  this  law  is  a  well-justified  generalization 
where  dilute  non-electrolytic  solutions  are  concerned,  is  amply 
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[iroved  by  the  agreement  between  experimental  results  and 
the  values  calculated  directly  or  indirectly  by  its  aid.  Mr. 
Pickering,  however,  has  made  a  number  of  accurate  observa- 
tions on  the  freezing-points  of  dilute  solutions,  and  states  that 
the  numbers  obtained  by  him  are  in  discordance  with  those 
demanded  by  the  law.  The  solvent  he  employed  was  water  : 
the  substances  dissolved  were  sulphuric  acid,  calcium  nitrate, 
calcium  chloride,  and  alcohol.  A  table  of  the  deviation  of 
these  solutions  from  regularity,  i.  e.  from  Blagden's  Law,  is 
given  bv  Mr.  Pickering  in  '  Nature,'  vol.  xlii.  p.  Q'l'd  (also  in 
B.  A.  Reports,  1890,  p.  316).  It  will  be  observed  that  only 
the  solution  of  alcohol  is  a  non-electrolyte^  and  therefore  it 
only  can  be  expected  to  give  results  in  conibrmity  with  the 
law  in  question.  Now  in  Mr.  Pickering's  table  for  dilute 
solutions  the  freezing-point  of  the  aqueous  alcohol  shows  a 
maxiriivm  deviation  from  regularity  of  O°"0035,  a  resiilt  which 
might  indeed  seem  to  contirm  the  theory  rather  than  contradict 
it.  Mr.  Pickering,  however,  estimates  his  mean  error  at 
0'^'00()5,  a  seventh  part  of  the  above  amount.  This  is  some- 
what strange  ;  lor  on  the  same  page  where  the  claim  to  such 
accuracy  is  tirst  made  (Ohem.  Sue  Journ.  Ivii.  p.  335)  he 
compares  two  series  of  observations,  made  with  different 
instruments,  with  the  following  result  *  : — 


Freezing-p./int. 

P.  c.  H,S04. 

Difference. 

Series  I. 

Series  II. 

[)i):) 

-0°  02(10 

-0°-02G3 

+  •0003 

oiu 

•051.') 

•0-192 

-•0023 

0-2U 

•0899 

•0911 

+  0012 

0-50 

•2135  (?) 

•2or.4 

+  awg 

1-00 

•4090 

•4018 

-•0U72 

Iv'iU 

•589(j 

•5846  (?) 

-•0059 

The  values  for  the  two  series  are  deduced  from  the 
"  smoothed  '■*  curves  drawn  to  represent  them,  i.  e.  errors  of 
individual  experiments  are  already  as  far  as  possible  eliminated. 
Yet  if  we  add  up  the  differences  without  regard  to  sign,  and 
divide  by  their  number,  we  find  a  mean  difference  of  U°'0O3. 
The  result  is  (juite  the  same  if  we  compare  the  two  series  at 
closer  intervals,  twenty  corres])onding  points  on  the  two  curves 
giving  a  mean  difierence  of  0°'0U33.  Thus  the  only  evidence 
that  Mr.  Pickering  places  before  us  from  which  we  can  form 

*  Thore  are  evidejitly  .'•onie  uii,<iiriiits  in  this  tabk' ;  I  have  talien  the 
diHeiences  as  bein";  conect. 
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an  independent  judgment  of  his  accuracy,  sliows  his  mean 
error  in  any  one  set  ot"  determinations  to  he  many  times 
greater  than  his  own  estimate  of  it.  The  maximum  deviation 
exhibited  by  alcohol  now  falls  within  the  magnitude  of  the 
experimental  error  ;  and  thus  Mr.  Pickering's  observations 
must  be  looked  upon  as  furnishing  one  moi'e  confirmation  of 
Blagden's  Law  and  of  van  \  Hoff's  theory. 

With  regard  to  the  other  three  solutions,  they  cannot  be 
expected  to  follow  this  simple  law,  if  the  theory  of  electro- 
Ivtic  dissociation  is  true.  The  theory,  however,  when  a{)}jlied 
in  conjunction  with  van  't  Hoff's  expression  for  the  molecular 
lowering,  given  above,  enables  us  to  calculate  the  freezing- 
point  of  dilute  electrolytic  solutions  provided  we  know  their 
conductivity.  Now  very  accurate  determinations  of  the  con- 
ductivity of  dilute  solutions  have  been  made  by  Kohlrausch, 
and  from  these  Dr.  Arrhenius  has  been  at  the  pains  to  calcu- 
late the  freezing-points  of  the  solutions  studied  by  Mr. 
Pickering,  in  order  that  a  comparison  might  be  instituted 
between  the  theoretical  and  the  experimental  numbers.  A 
table  embodying  the  results  is  given  in  the  B.  A.  Report,  18IK), 
p.  325  ((Jhem.  News,  Ixiii.  p.  148) ,  and  from  it  will  be  seen  that 
the  agreement  in  the  case  of  weak  solutions  is  as  satisfac- 
tory as  could  be  wished  for.  Arrhenius  has  there  indicated 
the  method  of  calculation,  but  it  may  be  well  that  the  matter 
should  be  looked  into  in  somewhat  greater  detail,  so  that  it 
may  serve  as  an  example  of  how  such  calculations  are  made, 
and  show  on  what  exceedingly  simple  principles  they  rest. 

\Ve  find  from  van  ^t  Hott''s  formula  that  a  normal  aqueous 
solut.ion  of  a  non-electrolyte,  i.  e.  a  solution  containing  one 
molecular  weight  (in  grams)  per  litre,  freezes  at  — 1°"90. 
But  sulphuric-acid  solutions  conduct  electricity  readily,  which 
means,  in  the  light  of  Arrhenius^s  theory,  that  the  molecules 

+ 
are  to  a  great  extent  dissociated  into  charged  molecules  H 

and  SO4.     Each  original  molecule  on  dissociation  gives  three 

+  .+  - 
charged  molecules  (H2S04=  H  +  H  +  8O4),  which  act,  as  far 
as  the  freezing-point  is  concerned,  exactly  like  any  other 
molecules.  If  the  whole  of  the  sulphuric  acid  in  a  noi-mal 
solution  were  thus  dissociated,  the  freezing-point  would  be, 
not  -l°-90,  but  -l°-90  x  3=  -5°-70.  We  know,  however, 
that  this  is  not  the  case,  and  that  the  dissociation  varies  with 
the  dilution  ;  so  that  it  remains  to  determine  the  dissociated 
proportion  of  the  sulphuric  acid  at  the  various  concentrations. 
According  to  the  theory  this  is  given  by  the  ratio  of  the 
molecular   conductivity  of  the  substance  in  a  given  solution 
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(/*(,)  to  ifs  molecular  conductivity  in  an  infinitely  dilute 
solution  {/jb^J,  i.  e.  in  one  where  it  is  completely  dissociated*. 

If"  the  dissociate  1  proportion  is  a  I  =  —"  |,  then  for  every  mole- 
cule which  would  be  present  it  no  dissociation  took  place, 
there  are  now  actually  1  +  2a  molecules  ;  for  each  original 
molecule  on  dissociation  becomes  three,  /.  e.  contributes  two 
additional  molecules.  We  nmst,  therefore,  multiply  the 
freezing-[)oint  as  deduced  from  the  theory  of  osmotic  pressure 
by  the  factor  i=l  +  2a  determined  for  each  concentration. 
Kohlrausch's  results  give  us  both  jju^  and  yu.^.  His  estimate 
of  /A^  for  ^HaSO^  as  370/10'  Siemens  units  is  admittedly 
only  a  rough  one,  for  the  molecular  conductivity  for  in- 
finite dilution  is  difficult  to  determine  in  the  case  of  many 
acids  and  bases.  It  is  quite  definite,  however,  with  salts  ;  and 
by  applying  the  dissociation  theory  we  can  deduce  /i^  for 
^H2!S04  with  gi-eat  accuracy  from  ix^  for  ^KgSO^,  the  differ- 
ence between  the  values  for  potassium  and  hydrogen  salts 
being  constant  according  to  the  theory.  The  number  thus 
obtained  is  356/10',  and  with  it  the  accordance  between  experi- 
ment and  theory  is  (complete. 

With  respect  to  the  deviations  from  constancy  shown  by 
stronger  solutions,  Mr.  Pickering  states  that  on  the  osmotic- 
pressure  theory  the  de{)ression  of  the  freezing-point  m  their 
case  should  be  abnormally  small.  This  conclusion  is  reached 
from  somewhat  crude  mechanical  considerations  regarding  the 
balance  of  attraction  between  the  solvent  and  the  dissolved 
molecules  (Journ.  Chem.  Soc.  Ivii.  pp.  354,  355  ;  Phil,  Mag. 
xxix.  }).  500).  The  matter  is  not  nearly  so  simple  as  Mr. 
Pickering  imagines.  Even  in  the  case  of  true  gases  (oxygen, 
nitrogen,  &c.)  there  is  a  deviation  from  Boyle's  Law,  first  in 
one  direction  and  then  in  the  other,  as  more  and  more  gas  is 
compressed  into  a  given  volume.  In  a  solution  the  relations 
are  much  more  complex,  and  it  is  im})ossible  at  present  to 
predict  what  the  behaviour  of  any  particular  substance  in 
solution  will  be  with  regard  to  osmotic  })ressure  (and  the 
freezing-])oint)  when  the  concentration  passes  beyond  certain 
limitsf.  Mr.  Pickering  commits  a  strange  mistake  when  he 
writes  the  following  sentence  ((/hem.  News,  Ixiii.  p.  171)  : — 
"  It  is  also  remarkable  that  Professor  Arrhenius  should  be  so 
anxious  to  show  that  strong  solutions  have  an  abnormally  high 
freezing-point,  since  he  starts  hy  telliiig  us  that  acconiiny  to  the 

*   Cf.  Ostwiild,  Oiitliiiivs  (if  (uneral  C'liciiiislry,  j).  28o. 
t  liifoiiiiation  on  tliis  point  will  be  Ibiiiid  in  a  pajier  Ly  A.  A.  Noyes, 
Zeitachr . phy-^ilxul.  Chcni.  v.  p.  53. 
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physical  tJu'onj  the  reverse  should  he  the  case.'"  Nowhere  lias 
Arrlienius  made  any  such  statement  :  the  deviation  may  he 
in  one  direction  or  the  other,  depending-  on  the  nature  of  the 
dissolved  body  and  of  the  solvent. 

The  objections  urged  by  Mr,  Pickering  against  the  theory 
of  osmotic  pressure  in  the  Philosophical  Magazine,  xxix. 
])p.  490-501,  fall  to  the  ground  when  we  take  into  account 
his  neglect  of  electrolytic  dissociation,  his  (then)  ignorance  of 
the  difference  between  Raoult's  emj)irical  value  for  the  mole- 
cular depression  an(l  the  value  deduced  from  van  't  Hoff's 
theory,  and  the  odd  selection  of  solvents  to  which  Mr.  Shaw 
drew  attention  at  the  B.  A.  meeting  (Report,  181)0,  p.  o3G). 
AVe  are  given,  for  example,  the  molecular  depression  for  water 
dissolved  in  HoSOijHgO.  One  is  inclined  to  look  upon  the 
addition  of  water  to  this  substance  rather  as  the  dilution  of  a 
strong  snlphuric-acid  solution  than  as  the  dissolution  of  water 
in  a  definite  solvent.  That  such  a  hydrate  as  H2S04,H20  can 
be  crystallized  is  no  proof  that  it  has  previously  existed  as 
such  in  solution.  All  experiments,  for  instance,  have  gone  to 
show  that  racemic  acid  and  racemates  do  not  exist  in  aqueous 
solution  although  they  are  always  obtained  on  evaporation. 
Again,  altliough  ammonium  chloride  may  be  sublimed  un- 
changed, yet  it  does  not  exist  as  such  in  the  vaporous  state. 
The  fact,  therefore,  that  certain  hydrates  can  be  obtained  as 
crystalline  solids  in  nowise  proves  their  existence  in  solutions 
from  which  they  separate  ;  so  that  Mr.  Pickering's  choice  of 
them  for  solvents  renders  his  experimental  results  in  their 
application  to  the  new  theories  worthless'*. 

Mr.  Pickering  takes  exception  to  the  theory  of  dissociation 
into  ions  on  the  ground  that  it  "  seems  to  be  quite  irrecon- 
cilable with  our  ideas  of  the  relative  stability  of  various  bodies, 

*  In  a  footnote  to  the  paper  cited,  p.  494,  the  following  passage 
occiu's  :  — "  Van  't  Hoff's  statement  as  to  Kaoiilts  position  respecting  the 
high  and  low  values  of  substances  in  water  is  certainly  remarknble ;  he 
savs  (Phil.  Mag.  1888,  xxvi.  p.  99),  '  Raoult  did  not  discover  the  exist- 
ence of  so-called  normal  [meaniug  small]  molecular  depression  of  freezing- 
point  ami  lowering  of  vapour-pressure  until  he  investigated  organic  com- 
poimds ;  their  behaviour  is  almost  without  exce])tion  regular.'  As  a  matter 

of  fact,  Eaoult  investigated  organic  suhstances  Jirst "     In  this  Mr. 

Pickering  is  perfecth'  accurate.  The  misunderstanding  has  arisen  from  a 
somewhat  ambiguous  German  sentence  of  whicli  the  above  is  a  transla- 
tion: it  runs— "  so  wurde  audi  die  Existenz  der  sogenannten  normalen 
molekularenGefrierpunktserniedrigungund  Dampfdruckveiminderiing  erst 
aufgefuuden,  als  Eaoult  sich  den  organistdien  "N'erbindungen  zuwandle  : 
da  eben  tritt  das  nornuile  ^'erhalten  fast  ausnahmslos  ein  "  {^Zeif.  phi/sikal. 
Clicm.  i.  p.  oOl).  The  meaning  is  of  course — "the  existence  of  so-called 
normal  depression  ....  was  not  discovered  until  organic  coujpounds  were 
investigated  "  (by  Eaoult). 
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aud  with  the  })rinciple  of  the  conf^ervation  of  energy."  It  is 
a  curious  fact,  and  one  not  without  a  certain  sionificmce,  that 
it  has  been  left  to  chemists  to  discover  that  the  dissociation 
theory  is  at  vai'iance  with  the  fundamental  principles  of 
energy,  while  physicists,  on  the  other  hand,  have  preferred  to 
base  their  objections  on  more  or  less  purely  chemical  grounds. 
Prof.  Oliver  Lodge,  for  example,  refers  to  "  that  extreme 
state  of  dissociation  which  physically  seems  to  be  so  satisfac- 
tory and  chemically  so  abhorrent "  (Brit.  Assoc,  lieport,  1890^ 
p.  331).  Surely  if  the  theory  is  such  as  to  satisfy  so  eminent 
an  authority  as  Prof.  Lodge  on  the  physical  side,  Mr.  Picker- 
ing need  not  concern  himself  to  show  that  it  is  in  contradic- 
tion to  the  fundamental  laws  of  energy.  What  it  contradicts 
is  Mr.  Pickering's  ])reconceived  ideas  of  the  nature  of  atoms 
aud  molecules  and  the  energy  associated  witii  theni'^. 

Li  his  criticism  in  the  July  number  of  this  Magazine 
(p.  21)  Mr.  Pickering  lays  great  stress  on  the  fact  that  the 
sup{)orters  of  the  dissociation  theory  sometimes  speak  of  the 
heat  of  electrolytic  dissociation  as  being  jjositive,  sometimes 
as  being  negative.  Arrhenius,  in  his  original  paper  (1884\ 
stated  that  heat  was  absorbed  on  dissociation  ;  whereas  "  they 
now  hold,  I  believe,  that  the  decomposition  of  molecules  into 
ions  evolves  heat."  "  This  change  of  front  nmst  rather  be 
inferred  directly  from  the  writings  of  dissociationists  than 
from  any  definite  retraction  which  they  have  published  ;  nor 
does  it  appear  to  have  been  followed  by  all  the  supporters  of 

the  theory It  may  also  be  remarked  that  up  to  July 

1889  Ostwald  seems  to  have  held  both  views,  and  to  have 
adopted  either  just  as  the  exigencies  of  the  case  suggested.  .  .  . 
The  first  point,  therefore,  on  which  the  dissociationists  should 
give  us  definite  information  is  whether  dissociation  of  a 
molecule  into  its  ions  issu[)posed  to  evolve  or  to  absorb  heat." 
If  Mr.  Pickering  had  not  been  more  zealous  to  criticise  the 
dissociation  theoiy  than  to  proj)erly  comprehend  it,  he  would 
scarcely  have  written  these  senttuices.  Two  years  ago,  in  the 
recognized  organ  of  the  ^' dissociationists  "  {Zeksc/w.  j)hi/i<ik(tL 

*  That  Mr.  Pickerinii;  is  occa-jonally  liable  to  mistake  diverfrencics 
from  his  own  opinions  lor  contradictions  to  the  "  rociii;nizi'd  ]\rincipl('s  of 
science  '"  may  also  be  seen  in  his  paper  ■'  Un  Chemical  Action  "'  ('  Naturt',' 
xliii.  p.  Kio),  where  he  accn.-es  thermo:'hemistsofim]>lving-  that  '•  physical 
chanjres  are  not  subservient  to  the  law  of  tlie  conservation  of  energy.' 
lie  assumes  that  all  chemical  reactions  must  be  accom])anied  by  e\  olution 
of  heat,  and  explains  the  known  e.\((!])tions  to  this  arbitrary  ])rinci])le  bv 
introducing'-  dissociation  as  an  accessory  ])rocess  in  endothermic  reactions. 
This  explanation,  given  by  Uerthelot  {Mcaudque  Chiiitiquc,  ii.  p.  A^y2),  is 
njected  by  Ilorstmami  (J'/ii/sikalixche  Chcniic,  vol.  i.  part  2  of  (Jraham- 
Ulto's  Lchrhuch)  and  others  as  mmocessary. 
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Clu'tn.  iv.  J).  9(3),  Arrhenins  puhlislied  ;i  ))aj)or  on  tliis  \orv 
snliject  iindor  the  title  "  Ueber  die  Dissociatlonswarmo  mid 
{[{'Xi  Eintiuss  der  Tempenitnr  auf  den  Dissociationscrrad  dcr 
Elektrol\do  ;"  yet  of  the  existence  of  this  important  memoir 
Mr.  Pickering  is  completely  ignorant,  althounh  an  abstract  of 
the  results  is  coiitaiiuMl  in  tlu^  Brit.  Assoc.  Report,  1890, 
pj).  220-22o.  In  it  the  whole  snl)ject  is  discussed  in  great 
detail,  numerical  values  being  given  for  tlie  heat  of  dissociation 
in  nearly  thirty  instances.  Some  of  them  are  positive,  some 
negative,  and  mostly' all  are  small.  One  of  the  most  striking, 
if  not  one  of  the  main,  points  in  this  paper  is  the  prediction 
given  by  the  dissociation  tlieorv  of  the  existence  of  (hitherto 
unknown)  electrolytic  solutions  with  negative  tem])(U"ature- 
coctiicients  for  the  conductivity,  and  the  j)erfect  fulfilment  of 
the  prediction  in  the  cases  investigated  (Brit.  Assoc,  lleport, 
1890,  p.  223  ;  Sack,  Wied.  Ann.  xliii.  p.  212). 

A  few  paragraphs  further  on  (p.  23)  it  is  asked  : — "  How  can 
it  be  maintained  that  the  positive  electritication  of  the  hvdrogen 
and  the  negative  electritication  of  the  chlorine  would  dissolve 

the  union  between  them  ? Further,  if  these  so-called 

+  and  —  charges  repel  each  other,  why  are  they  attracted 
by  the  —  and  +  charges  respectively  on  electrodes  during 

electrolysis  ? On  the  new  theory,  the  electric  charges 

are  the  cause  of  decomposition.'^  Here,  again,  there  are  put 
into  the  mouths  of  the  dissociationists  words  which  they 
never  uttered.  No  one  has  stated  that  the  electrical  charges 
are  the  cause  of  dissociation,  although  they  always  accompany 
the  phenomenon  ;  nor  has  any  one  ventured  to  assert  that  the 
"f  and  —  charges  repel  each  other, — in  fact,  the  assumption 
that  they  attract  each  other  as  usual  is  the  basis  on  which 
Nernst  has  built  his  elegant  theory  of  the  diffusion  &c.  of  salt- 
solutions  (^Zcitselir.  j>//i/stkal.  C/wm.  ii.  p.  617).  In  a  com- 
pletely dissociated  solution — one  of  hydrochloric  acid  let  us 
assume — the  positive  and  negative  atoms  are  no  longer  paired 
off  together,  but  there  is  rather  supposed  to  exist  a  complete 
communism  amongst  the  chai'ged  atoms.     The  positive  ions 

(H)  still  attract  the  negative  ions  (CI),  but  one  hydrogen  ion  no 
longer  exhausts  all  its  attraction  on  one  chlorine  ion.  There 
is  rather,  now,  attraction  between  it  and  all  the  chlorine  ions  in 
its  neighbourhood  ;  and,  similarly,  any  one  chlorine  ion  is 
attracted  in  all  possil>ie  directions  by  the  hydrogen  ions  sur- 
rounding it.  It  is  only  when  the  positive  ions  are  separated 
en  bloc  from  the  negative  ions,  that  the  electrostatic  forces 
betw^een  the  opposite  kinds  of  electricity  become  evident. 
After  discussing  the  Clausius-Willianison  hypothesis  from 
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the  ic  priori  standpoint,  Mr.  Pickering  goes  on  to  say  {loc.  cit. 
p.  26)  :  "  It  does  not  seem  necessary,  however,  to  imagine 
the  presence  of  free  atoms  to  explain  the  phenomena  of  elec- 
trolysis {cf.  Lodge,  Brit.  Assoc.  Re})ort,  1887,  p.  o38)."  At 
the  ])lace  cited,  and  more  fully  in  his  'Modern  Views  of 
Electricity,'  p.  80,  Prof,  Lodge  gives  as  his  opinion  that 
''  the  addition  of  the  idea  of  double-decomposition  and  inter- 
change to  the  original  hypothesis  of  Grotthus  explains  ail 
that  is  required  by  the  facts,  viz.  a  virtual  or  potential  disso- 
ciation, a  momentary  state  of  hovering  and  indecision,  without 
the  need  for  any  continuous  and  actual  dissociation.'^ 

It  appears  to  me  that  such  a  potential  dissociation  is  not 
quite  sufficient  to  explain  the  known  facts  of  the  behaviour 
of  electrolytic  solutions.     The  state  of  hovering  or  indecision 
can  only  be  brought  about,  according  to  the  theory,  by  the 
approach  of  two  molecules  of  the  electrolyte  to  such  a  distance 
that  they  can  interchange  radicals.     The  number  of  molecules 
whose  radicals  are  in  this  undecided  state  is  therefore  depend- 
ent on  the  number  of  molecular  collisions  per  unit  time,  the 
word  collision  being  used  to  express  a  conjunction  of  mole- 
cules close  enough  for  atomic  interchange  to  take  place.     On 
the  other  hand,  the  conductivity  depends  directly  on  the  num- 
ber of  potential  interchanges,  and  therefore  on  the  number  of 
collisions.     Now  in  very  dilute  solutions  the  speed  of  the  ions 
cannot  be  sup{)osed  to  be  altered  by  any  increase  in  the  dilu- 
tion, and  therefore  the  conductivity  will  be  regulated  by  the 
number  of  collisions  alone.     In  such  salt-solutions  as  Kohl- 
rausch  investigated,  where  1  gram-molecular-weight  of  salt 
was  dissolved  in  as  much  as  100,000  litres  of  water  (/.  e.  whore 
there  was  only  one  molecule  of  salt  to  5,500,000  molecules  of 
water ■^),  it  was  found  that  the  conductivity  is  proportional  to 
the  concentration.     But  halving  tlie  concentration  (/.  e.  the 
number  of  salt-molecules  in  a  given  volume)  would  diminish 
the  number  of  collisions  of  the  salt-molecules  to  a  quarter  of 
the   former   value.       We  should,  therefore,    expect   on    the 
})otontial-dissociation  hypothesis  that  in  dilute  solutions  the 
conductivity  should  be  [)roportional,  not  to  the  concentration, 
but  to  the  scpiare  of  the  concentration,  which  is  not  the  case. 
On  this  ground,  then,  we  must  reject,  1  think,  the  id(^a  of 
virtutd  dissociation  brought  about  by  atomic  interchange.     It 
might  be  contended  that  collisions  of  the  salt-molecules  with 
the  water-molecules  would  be  sufficient  to  cause  the  potential 
dissociation  ;  but  if  that  were  so,  sodium  hydrate  and  hydro- 
chloric acid  would  always  exist  in  a  solution  of  common   salt. 

*  It  is  here  a8.-iuiiud   tliat  the  nioli'ciilo  of  liquid  \v;itoi'  is  tlie  sanu'  as 
that  of  water-vapour — probably  it  is  twice  as  large. 
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iind  could  he  siiparatcd  by  diffusion  or  otherwise,  whieli  is 
coutrary  to  all  ex[)erience.  Tlie  assumption  of  a  merely 
potential  dissociation  thus  fails  to  account  for  the  known 
facts,  whereas  an  actual  dissociation  at  once  affords  the  neces- 
sary explanation.  Many  interesting  examples  of  the  appli- 
cation of  the  dissociation  theory  to  explain  the  elcH'trical 
behaviour  of  salt-solutions  are  to  be  found  in  a  [)aper  by 
Ostwald,  in  the  Ze/tschi'.  jilajsikal.  Chem.  ii.  p.  270. 

With  reference  to  the  existence  of  hych'ates  in  solution, 
Mr.  Pickering  (Phil.  Mag.  xxxii.  p.  01)  brings  against  Mr. 
S.  Lupton  the  charge  of  entirely  ignoring  the  cumuhitivc 
character  of  the  evidence  brought  forward  in  favour  of  the 
hydrate  hypothesis.  Now  this  cumulative  character  of  the 
evidence  is  precisely  on  what  the  theories  of  osmotic  pressure 
and  of  electrolytic  dissociation  chiefly  rely,  and  what  Mr. 
Pickering  altogether  neglects.  In  the  short  paper  by  Arrhenius 
already  referred  to  (Phil.  Mag.  xxviii.  p.  36)  attention  is  drawn 
to  the  great  number  of  subjects  dealt  with  by  these  theories 
jointly  :  in  almost  all  cases  a  quantitative  comparison  of  the 
results  of  experiment  with  deductions  from  the  theory  has  been 
})Ossible,  with  the  most  satisfactory  results. 

The  only  rival  hypothesis  which  has  been  actively  pursued 
is  the  hydrate  theory,  according  to  which  the  dissolved  sub- 
stance in  an  aqueous  solution  is  combined  with  all  the  water 
(except  in  very  dilute  solutions)  to  form  one  or  more  hydrates. 
This  is  of  course  a  perfectly  legitimate  hypothesis  so  far  as  it 
goes  ;  but  besides  suffering  at  present  from  a  slight  arbi- 
trariness in  its  employment  where  the  inter[)retation  of  expe- 
rimental data  is  in  question,  it  also  labours  under  the  dis- 
advanfage  of  being  unable  to  afford  any  secure  basis  for 
calculation.  Mr.  Pickering,  it  is  true,  has  calculated  the 
freezing-])oints  of  sulphuric-acid  solutions  by  its  aid,  and  on 
account  of  the  a[)parent  great  elasticity  of  his  method  has 
obtained  results  in  perfect  accord  with  his  experiments  (Brit. 
Assoc.  Report,  IbDO,  p.  321  ;  'Nature,'  xlii.  p.  631).  When 
one  looks,  however,  a  little  closely  into  the  details  of  the  cal- 
culation, the  concordance  appears  of  questionable  value.  He 
attributes  the  lowering  prodttced  by  the  dissolved  substance 
to  three  distinct  causes,  which  he  classifies  as  (1)  mechanical, 
(2)  physical,  and  (3)  chemical.  The  actual  depression  is 
made  equal  to  the  sum  of  three  components  depending  on  the 
above  causes.  First  of  all,  we  have  the  mechanical  lowering- 
based  on  Person's  so-called  absolute  zero  for  liquids,  i.  e.  the 
temperature  below  which  a  liquid  will  not  solidify  (Proc. 
Cheui.  Soc.  1889-90,  p.  150).  Mr.  Pickering  himself  Las 
subsequently  proved  Person's  views  to  be  utterly  untenable 
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(Pi'oc.  Roy.  Soc.  xHx.  p.  11),  so  the  meclianical  depression  is 
roljl)e(J  of  its  basis.  Tlio  ])liysical  and  chemical  lowerings  are 
arrived  at  from  a  thorouoh  confusion  of  heat  with  tempera- 
ture. "  A  definite  hydrate,  such  as  H2SO4,  loHgO,  can  only 
give  up  its  water  by  decomposing  into  the  next  lower  hydi-ate, 
H2SO4,  9H2O  in  the  instance  taken  :  the  heat  absorbed  in 
this  change  is  given  by  the  heat  of  dissolution  curve  (863  cal.), 
and  will  lower  the  temperature  of  a  mixture  with  a  heat- 
c.ipacity  of  •i23-5  cal.  by  3°-/)  '=  fProc.  Chem.  Soc.  1889, 
]).  151).  This  3°'5  is  the  "chemical  lowering."  Now  while 
it  may  be  true  that  the  absorption  of  863  cal.  "will  lower  the 
temperature  of  a  mixture  with  a  heat-capacity  of  223"5  cal. 
by  3"*5/'  it  is  difficult  to  see  what  this  has  to  do  with  the 
freezing-point  of  sulphuric-acid  solutions.  The  freezing-j)oint 
of  an  aqueous  solution  is  the  temj)erature  at  which  it  is  in 
(Hpiih'brium  with  ice  ;  and  no  matter  what  amount  of  heat 
may  be  developed  on  the  congelation,  this  temperature  will 
remain  unaffected.  Heat,  whether  from  an  external  or  an 
internal  source,  cannot  affect  the  temperature  of  equilibrium 
between  the  solid  and  the  liquid  :  it  can  only  change  in  the 
one  case  the  relative  proportions  of  the  substances,  and  in  the 
other  the  latent  heat  of  fusion.  Calculations  on  such  a 
theoretical  foundation  need  scarcely  be  further  considered. 

Whatever  of  future  development  may  await  the  hydrate 
theory,  it  cannot  to-day  be  looked  upon  as  a  serious  rival  to 
the  hypotheses  of  osmotic  pressure  and  electrolytic  dissociation, 
the  list  of  whose  achievements  is  constantly  increasing. 

University  of  Edinburgh, 
Aus-ust  1891. 


XLVl.    On  a  New  Modijirafion  of  Phosphorus. 
By  H.  M.  Vernon,  Scholar  of  Aftrtoa  Collet/*',  Oaford^. 

HAVING  occasion  to  melt  some  ordinary  yellow^  phos- 
.  phorus,  it  was  noticed  that  in  some  cases  the  phosphorus 
nieltiMl  suddenly,  and  had  no  definitely  marked  melting-point, 
while  in  oth.er  cases  it  exhibited  a  definite  melting-|)oint,  as 
most  other  bodies  do  when  jiassing  from  the  solid  to  the  liquid 
static  Further  examination  confirmed  this,  and  showcil  that 
thes(^  were  two  different  crystalline  varieties  of  ])hosph()riis, 
which  differed  in  other  properties  as  well. 

In  order  to  examine  the  manner  in  which  the  phosphorus 
passed  from  the  solid  to  the  li({uid  state,  quantities  of  about 
twenty-five  grams  were  placed  in  a  bulb-tube  or  broad  test- 

•  ConununifatcMl  j)v  lli(>  Aiitlior. 
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tuljo  and  a  tliernionictor  placed  in  it.  In  all  ex])eriinents  on 
the  rate  of  rise  of  teniperatun;  of  tlie  pliospliorus,  the  tiilx' 
was  placed  in  an  air-hath  kept  at  100°  hy  heing  surrounded 
with  hoiline-  water.  The  tuhe  of  phosphorus  was  closed  and 
the  thermometer  kept  in  position  by  means  of  a  cork  at  the 
mouth  ;  but  no  especial  precaution  was  taken  to  make  this 
tight  to  prevent  air  »etting  to  the  plios})liorus,  as  a  few  drops 
of  water  forming  a  layer  about  1  millim.  thick  were  always 
introduced  into  the  tube,  and  this  etfectually  stopped  any 
oxidation  or  combustion  of  the  phos[)horus,  even  when  it  was 
heated  to  100°.  In  a  few  cases  a  thin  kyer  of  oil  was  sub- 
stituted for  the  water.  The  thermometer  was  graduated  in 
tenths  of  a  degree,  and  as  all  readings  were  taken  with  a 
cathetometer,  it  was  read  to  a  hundredth  of  a  degree.  The 
temperature  was  read  at  intervals  of  a  (quarter  or  half  a  minute. 
The  first  curve  in  the  fio-ure  shows  the  rate  of  rise  of  tem- 
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perature  of  phosphorus  with  a  well-defined  melting-point. 
The  melting-jjoint  of  this  variety  was  found  to  be  -li^'o,  a 
value  found  also  by  v.  Schrotter  and  other  observers  for  octa- 
hedral phosphorus.  The  second  curve  shows  the  rate  of  rise 
of  temperature  of  the  other  variety  of  phos])horus.  It  will  bo 
seen  that  there  is  no  sudden  change  in  the  form  of  the  curve 
at  any  point,  and  so  it  might  be   thought  to  be  impossible  to 
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determine  the  niGltiiiij;-point.  The  direction  of  the  lower  part 
of  the  curve  is,  however,  ditFeront  from  that  of  the  curve  from 
ahout  4G°  upwards  ;  and  if  these  two  parts  of  the  curve  he 
produced  in  their  same  directions,  the  point  where  they  meet 
will  ap{)roximately  indicate  what  may  he  taken  as  the  melting- 
point  of  the  phosphorus.  The  melting-point  thus  found  is 
45°'3,  or  a  degree  above  that  of  the  other  variety.  It  may  be 
wondered  where  all  the  Litent  heat  of  fusion  of  this  phos{)horus 
has  disapjieared  to.  On  producing  the  u])[)er  j)arts  of  the 
curves  of  both  varieties  of  phos])horiis,  it  will  be  seen  that  the 
amount  of  heat  required  to  melt  them,  which  is  represented 
by  the  area  of  the  figures  ahcd,  efg,  is  considerable  in  each 
case,  though  it  is  greatest  for  the  variety  with  the  definite 
melting-point.  With  the  variety  with  tlie  undefined  melting- 
point,  however,  the  latent  heat  of  fusion  begins  to  be  absorbed 
at  about  3<!)°  or  lower,  and  being  spread  over  such  a  large 
temperature-interval  its  effect  is  at  first  sight  masked. 

As  these  two  dift'erent  vai-ieties  of  phosphorus  were  both 
obtained  from  the  same  specimen,  supposed  to  contain  phos- 
])horus  all  in  the  same  state,  it  is  evident  that  it  must  be 
possible  to  easily  convert  one  variety  into  the  other.  After  a 
great  many  att(;mpts  had  been  made  at  converting  them  into 
one  another  by  heating  them  to  different  tem{)eratures,  it  was 
at  length  found  that  the  modification  into  which  the  phos- 
phorus solidified  depended  only  on  the  manner  of  its  solidifi- 
cation. If  it  cooled  to  below  its  solidification-point  and  then 
solidified,  the  temperature  being  theivby  raised  considerably, 
the  variety  with  the  undefined  meltiiig-[)oint  was  formed ; 
while  if  it  began  to  solidify  the  moment  it  reached  its  solidifi- 
cation-point without  cooling  below  it,  the  variety  with  the 
definite  melting-point  was  formed.  In  order  to  cool  it  below 
43°'8,  the  temperature  of  solidification,  without  solidification 
taking  place,  the  tube  containing  the  liquid  ])hosphorus  covered 
over  with  a  layer  of  water  or  oil  is  ])iaced  in  hot  water,  and 
the  whole  left  to  cool.  The  plios})liorus  generally  cools  to 
about  30°  before  solidification,  and  then  the  tenq>erature 
rushes  up  to  about  43°,  or  higher  if  the  mass  of  phosphorus 
be  large  enough.  To  produce  the  other  variety,  the  tube  of 
meltecl  phosphorus  is  ])lunged  into  cold  water.  The  sides  of 
tlu;  tube  thus  become  cold  enough  to  solidify  some  of  the 
]ih()S[)liorus,  which  causes  the  whole  mass  to  solidify  when  it 
cools  to  43°"8.  The  same  efiect  may  be  ])roduced  l)v  intro- 
ducing sonu^  solid  ]ihos|)horus  into  the  li(|uid  at  about  14°,  or 
by  scraping  a  glass  rod  against  some  fragments  of  glass  pre- 
viously added  to  the  melted  j)lios[)hoius. 

A  single  rapid  or  slow  cooling  in  this  manner  is  not  gene- 
Tally  sufficient  to   wholly  convert   ()n(;   variety   of  plK)s|iliorus 
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ink)  tlio  other,  l)ut  it  must  l)e  re|)eat('(l  anotlier  time  in  the 
i<low  coolinf>",  and  two  or  three  times  more  in  th(^  raj)i(l  cooling. 
It  is  very  easy  to  obtain  an  idea  as  to  the  proportions  of  each 
vari(^ty  present  in  any  sj)ecimen  by  taking'  its  rate  of"  rise  of 
teni[)erature,  the  form  of  the  curve  obtained  being  between 
tliose  of  the  two  given,  and  the  melting-point  also  varying 
between  the  extremes  44°'3  and  45°'3.  It  is  therefore 
possililc  by  alternate  ra])id  and  slow  cooling  to  convert  phos- 
])horns  backwards  and  forwards  from  one  varietv  to  the  other 
as  often  as  is  desired, 

As  a  single  rapid  or  slow  cooling  is  not  sufHcient  to  wholly 
convert  one  variety  into  the  other,  it  follow-s  that  the  phos- 
phorus, when  melted,  must  also  be  in  a  different  state  in  tlu^ 
two  cases,  thus  differing  from  sulpliur,  with  which,  though 
there  are  several  different  crystalline  states,  there  is  only  one 
liquid  state. 

Up  to  the  present  ])hosphorus  has  always  been  stated  to 
crystallize  in  octahedral  or  rhombic  dodecahedral  crystals.  It 
is  necessary  therefore  to  ascertain  which  of  the  above  varieties 
crysiallizes  in  this  form,  and  in  what  form  the  other  A^ariety 
crystallizes.  It  was  at  first  endeavoured  to  crystallize  out  the 
phosphorus  from  its  solution  in  carbon  disulidiide.  About 
equal  volumes  of  carbon  disulphide  and  phosphorus  w(u-e 
mixed  and  the  excess  of  carbon  disulphide  distilled  off" ;  but 
the  solution,  though  left  for  some  time,  did  not  crystallize. 
It  would  probably  be  only  possible  to  obtain  good  crystals  by 
operating  on  very  large  quantities  of  material,  as  carbon 
disulphide  dissolves  about  eighteen  times  its  weight  of  j)hos- 
phorus,  and  so  the  whole  of  the  phosphorus  would  crystallize 
out  by  the  evaporation  of  this  very  small  quantity  of  cai-bon 
disulphide.  Benzene  only  dissolves  ])hosphorus  to  a  slight 
extent,  but  it  was  found  possible  to  obtain  small  crystals  l)y 
first  warming  the  benzene  with  the  phos])horus  to  40°  and 
then  allowing  the  solution  to  slowly  cool  down.  All  the  ope- 
rations were  performed  in  sealed  glass  tubes  with  a  bend  in  the 
middle,  and  after  the  crystals  had  been  deposited  in  one  limb 
the  benzene  was  poured  off'  into  the  other,  the  crystals  being 
thus  left  free  for  examination.  The  tubes  containing  the 
crystals  w^ere  then  examined  under  a  microscope  with  a  power 
of  ten  diameters.  The  crystals  from  the  modiiication  with 
the  undefined  melting-point  were  observed  distinctly  to  crys- 
tallize in  rhombic  prisms  ;  but  as,  from  their  inflammable 
nature,  it  was  not  possible  to  examine  them  except  in  the 
glass  tube,  no  measurements  could  be  taken.  Some  of  the 
crystals  were  in  masses,  with  smaller  crystals  shooting  out  in 
different  directions  at  right  angles  from  the  larger  ones  :  none 
of  the  crystals  were,  however,  more  than  about  5  millim.  in 
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length.  Some  of  them  could  be  seen  on  end,  and  the  lengths 
of  these  axes  appeared  to  be  in  about  the  ratio  1  :  2.  The 
crystals  from  the  modification  of  phosphorus  with  the  definite 
melting-point,  on  examination  in  the  same  way,  were  observed 
to  consist  of  masses  of  octahedral  crystals.  In  size  the}'  were 
scarcely  as  large  as  those  of  the  preceding  modification,  but 
there  was  no  difficulty  in  identifying  them.  It  is  thus  con- 
cluded that  it  is  the  variety  of  phosphorus  with  the  definite 
melting-point  and  crystalli/ing  in  octahedra  which  has  pre- 
viously been  examined  and  described  ;  while  the  variety  with 
the  undefined  melting-})oint,  crystallizing  in  rhombic  prisms, 
is  the  modification  not  previously  described. 

As  the  different  crystalline  modifications  of  sulphur  exhibit 
a  marked  difterence  in  their 'specific  gravities,  that  of  octa- 
hedral sulphur  being  2'02,  and  that  of  prismatic  sulphur  1*97, 
a  similar  difference  might  be  expected  to  obtain  for  phos- 
phorus. The  specific  gravity  was  determined  by  first  weighing 
about  20  grams  of  the  })hosphorus,  cut  in  oblong  lumps  and 
well  dried,  in  a  small  stoppered  weighing-bottle,  then  filling 
up  the  bottle  with  distilled  water  and  w^eighing  again,  and 
lastly  weighing  the  bottle  full  of  water  only.  All  determina- 
tions were  made  at  13°  C,  and  were  compared  with  water  at 
the  same  temperature.  Two  different  specimens  of  the  octa- 
hedral modification  were  found  to  have  the  specific  gravities 
1*8177  and  1*8184;  while  for  two  different  specimens  of  the 
prismatic  modification  the  values  1"8272  and  1"8254  were 
obtained.  The  discrepancy  between  these  two  last  values  is 
probably  due  to  the  fact  of  one  specimen  containing  some  of 
the  other  variety  of  })hosphorus  in  it,  so  the  extreme  value, 
1*8272,  is  probably  the  more  correct.  A  sample  of  phosphorus 
known  to  contain  both  varieties  had  a  specific  gravity  1*8237. 
The  difference  between  the  specific  gravities  of  the  two  modi- 
fications is  about  half  a  per  cent.  This  is  not  nearly  so  great 
as  that  of  the  two  varieties  of  sulphur,  which  is  about  two  and 
a  half  ])er  cent.,  but  it  is  large  enough  to  be  easily  appreciable. 
The  phosphorus  used  in  these  determinations  was  generally 
only  purified  by  shaking  it  with  a  hot  solution  of  sul})huric 
acid  and  potassium  bichromate.  Some  of  it  was  also  distided, 
})ut  no  difierence  in  specific  gravity  or  other  properties  was 
observable,  so  the  oxidizing  agent  alone  is  probably  enough 
to  remove  any  impurities  existing  in  it. 

As  the  curves  for  the  rate  of  rise  of  temperature  show  a 
considerable  difference  in  the  latent  heat  of  fusion  of  the  two 
varieties  of  phos})horus,  a  corresponding  difterence  ought  to 
be  exhibited  in  the  amounts  of  heat  given  out  on  solidification. 
Curve  (3)  shows  the  rate  of  cooling  of  octahedral  or  definite- 
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melting-point  phosphorus,  while  curve  (4)  shows  the  rate 
of  cooling  of  the  other  variety  :  both  these  curves  are  for  the 
cooling  of  equal  quantities  of  phosphorus.  It  will  be  seen 
that  there  is  an  ap])reciable  dift'erence  in  the  heat  given  out ; 
and  this  too  is  to  a  ereat  extent  masked,  as  the  rhombic  modifi- 

'111* 

cation,  on  solidifying  without  coohng  previously  to  below  its 
solidification-point,  is  converted  to  a  great  extent  into  the 
octahedral  modification.  This  is  also  the  reason  why  both 
modifications  solidify  at  the  same  temperature,  viz.  43°'8. 
This  temperature  liiay  therelbi'e  be  taken  as  the  solidifying- 
]i()int  of  the  octahedral  modification,  while  that  of  the  other 
variety  is  not  known.  It  must,  however,  be  a  temperature 
below  and  not  above  this  point.  In  order  to  determine  it 
accurately,  it  would  be  necessary  to  cool  a  very  large  quantity 
of  liquid  phosphorus  to  below  this  tem})erature  and  then  cause 
it  to  solidify,  and  notice  the  tein})erature  to  which  the  ther- 
mometer rushed  up.  If  only  a  moderate  quantity  of  phos- 
phorus, as  fifty  grams,  were  thus  treated,  the  heat  of  solidifi- 
cation would  not  be  sufficient  to  raise  the  temperatui-e  of  the 
mass  up  to  the  true  temperature  of  solidification. 

The  different  properties  of  the  two  modifications  of  phos- 
phorus may  be  summed  up  as  follows  : — 


Octahedral  modification. 

Has  definite  melting-point  at 
44°-3. 

Specific  gravity  at  13°,  1-8177. 

Has  considerably  greater  latent 
heat  of  fusion  than  rhombic 
variety. 

Formed  from  the  rhombic  va- 
rietv  by  cooling  rapidly. 

Solidities  at  43°-8. 
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Rhombic  modification. 

Has  no  well-defined  melting- 
point  :  melts  at  about  4o°'3. 

Specific  gravity  at  13°,  1-8272. 

Has  less  latent  heat  of  fusion 
than  octahedral  variety,  and  it 
begins  to  absorb  this  at  about  38°. 

Formed  from  the  octahedral 
variety  by  cooling  slowly,  so 
that  it  cools  below  the  sohdifi- 
catiou-point  before  solidification 
sets  in. 


XLVII.  Experimental  Determination  of  the  Beats  in  the  Vibra- 
tions of  a  Revolving  Bell.  jBy  James  Walkee,  J/..-1.,  arid 
J.  L.  S.  Hatton,  B.A.J  Demonstrators  at  the  Clarendon 
Laboratory,  Oxford  *. 

IN  a  communication  read  before  the  British   Association 
at  Leeds,  and  in  a  paper  published  in  the  Proceedings 
of  the  Cambridge    Philosophical  Society   (vol.   vii.  p.   101) 
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Mr.  G.  H.  Biyan  has  oiven  the  mathematical  theory  of  the 
rotation  of  the  nodal  meridians  in  a  revohing  cylinder  or  bell. 
According  to  his  analysis,  the  number  of  beats  per  revolution 
due  to  this  rotation  of  the  nodal  meridians  is  independent  of 
the  velocity  of  revolution,  and  is  given  in  the  case  of  two- 
dimensional  oscillations  by  '2s{s-  —  l)i{s'^  +  V),  2s  being  the 
number  of  nodal  meridians,  and  in  the  general  case  by 
2.v(5-  +  X.j,— "l)/(6''  +  Xs+l),  X.S  being  a  quantity  which  can 
never  be  negative. 

Mr.  Bryan's  own  experiments  with  two  different  champagne- 
glasses  gave  "about  2*6  and  2*2  beats  per  revolution  respec- 
tively for  the  gravest  tone,"  of  which  "  the  latter  is  too  small 
to  be  compatible  with  "  the  theory,  and  it  was  at  his  suggestion 
that  we  have  undertaken  some  experiments  at  the  Clarendon 
Laboratory  in  order  to  test  the  same.  The  results  already 
obtained  appear  of  sufficient  interest  to  warrant  this  pre- 
liminary note  on  the  subject,  pending  a  fuller  investigation 
with  more  accurate  ap])aratus. 

The  glass  to  be  experimented  upon  was  rigidly  attached  to 
the  disk  of  a  whirling-table  carrying  a  graduated  scale  :  and 
an  index,  which  could  be  held  in  a  fixed  position  in  space,  was 
carried  round  with  the  disk  when  released  by  the  observer. 
The  glass  was  caused  to  vibrate  by  means  of  a  bow  :  when  the 
note  obtained  was  free  from  beats  and  of  the  required  pitch 
the  disk  was  rotated.  In  order  to  prevent  complicating  the 
experiment  by  the  acceleration  of  the  disk  several  beats  were 
first  observed,  and  when  the  intervals  at  which  they  occurred 
a})peared  to  be  uniform  the  index  was  released  on  hearing  a 
beat,  and  after  the  observation  of  a  certain  number  the  disk 
was  stopped.  The  whole  number  of  turns  were  counted,  and 
the  position  of  the  index  when  the  disk  was  stopped  gave  the 
fraction  of  a  turn. 

In  order  to  concentrate  the  sound  and  to  prevent  any 
motion  of  the  ear  during  the  observations,  the  beats  were 
observed  through  a  ttibe  fixed  with  one  extremity  close  to  the 
revolving  glass.  A  difficulty  arose  in  obtaining  glasses  which 
gave  a  ])ure  tone,  and  it  was  found  that,  even  after  careful 
selection  of  the  glass,  accuracy  was  only  to  be  arrived  at  when 
the  vibrations  were  excited  with  great  care  by  means  of  a 
violin-bow.     The  glasses  selected  were  bell-shaped. 

The  following  were  the  results  obtained,  and  it  will  be 
observed  that  in  each  case  the  mean  is  slightly  above  the 
value  calculated  from  the  two-dimensional  theory. 
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These  results  afford,  moreover,  the  means  of  determining 
in  the  case  of  a  non-revolving  hell  the  proportion  of  the  whole 
kinetic  energy  which  is  dnc  to  the  longitudinal  components 
of  the  displacement,  and  thus  give  an  indication  of  the  extent 
to  which  the  vibrations  differ  from  two-dimensional  vibrations 
on  the  one  hand  (in  which  the  pro])ortion  is  zero),  and  from 
the  vibrations  of  a  circular  plate  on  the  other  hand  (in  ■\^■hich 
the  proportion  is  unity). 

For,  according  to  Mr.  Bryan's  results,  the  kinetic  energy  in 
the  case  of  a  non-revolving  bell  is  proportional  to  (Xj.  + 1  +  *'')y'^, 
in  which  expression  the  term  Xqr  arises  from  the  longitudinal 
motion,  and  hence  the  ])roportiou  in  question  is 

^s 

On  the  other  hand,  when  the  bell  is  rotated  the  number  of 
beats  per  revolution  is 

z^,,  +  ^'  +  1 

whence  we  easily  obtain 

\s        ^  n(^-  +  l)-'2s^s^^~l) 
\+l  +  s^      '  4.S 

Using  the  values  given  above  for  the  number  of  beats  })er 
revolution  in  the  case  of  the  different  modes  of  vibration  of 
the  two  glasses,  we  obtain  from  the  above  formula  the  fol- 
lowino-  results  : — 


Number  of  Nodes, 
2s. 

Proportion  of  the  whole  kinetic  energy 
which  is  due  to  longitudinal  motion. 

Glass  No.  1.                Glass  No.  2. 

4 
6 

8 

■0.3 

•033 

•232 

•019 
•025 
•076 
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XL  VIII.    On  Periodic  Motion  of  a  Finite  Conservative  System. 
Bif  Sir  William  Thomson^. 

1.  XN  a  recent  communication  to  the  Royal  Society  f  T 
.L  suggested  an  extension  to  stable  systems  in  general  of 
the  well-known  theory  of  "  fundamental  modes  ^'  for  systems 
in  which  the  potential  energy  is  a  quadratic  function  of 
coordinates  and  the  kinetic  energy  a  quadratic  function  of 
velocities,  each  with  constant  coethcients.  This  extension  is 
the  subject  of  the  present  communication  to  the  British 
Association. 

2.  In  its  title, "  finite  "  means  that  the  number  of  freedoms 
is  finite  and  that  the  distance  between  no  two  points  of  the 
system  can  increase  without  limit.  "  Conservative  ^'  means 
that  the  kinetic  energy  is  always  altered  by  the  same  difference 
when  the  system  passes  from  either  to  the  other  of  any  two 
configurations,  whatever  be  the  amount  given  to  it  when  the 
system  is  projected  from  any  configuration  and  left  to  move 
off  undisturbed.  By  "path  of  a  system"  we  shall  under- 
stand, in  generalized  dynamics,  the  succession  of  configurations 
through  which  the  system  passes  in  any  actual  motion  :  or 
the  group  of  single  lines  constituting  the  paths  traversed  by 
all  points  of  the  system.  By  an  "  orbit  "  we  shall  understand 
a  circuital  path  ;  or  a  "  path  "  of  wdiich  every  constituent  line 
is  a  complete  circuit,  and  all  moving  points  are  always  at 
corresponding  points  of  their  circuits  at  the  same  time. 

3.  It  will  be  convenient,  though  not  necessary,  to  occa- 
sionally use  the  expression,  "  potential  energy  of  the  system 
in  any  configuration."  AVhen  used  at  all  it  shall  mean  the 
difference  by  which  the  kinetic  energy  is  diminished  when  the 
system  passes  to  the  configuration  considered,  from  a  con- 
figuration or  tlte  configuration  such  that  passage  to  anv  other 
permitted  configuration  involves  diminution  of  the  kinetic 
energy.  By  ''  total  energy  "  of  the  system  in  any  condition 
will  be  meant  the  sum  of  its  kinetic  and  potential  energies. 

4.  Theorem  of  periodic  motion.  For  every  given  value,  E, 
of  the  total  energy,  there  is  a  fully  determinate  orbit  such 
that  if  the  system  be  set  in  motion  along  it,  at  any  con- 
figuration of  it,  with  the  given  total  energy,  E,  it  will 
circulate  periodically  in  it. 

*  Communicated  by  the  Author  ;  §§  1 ...  10,  and  §§  17  .  .  .  ■22  liaviuj>- 
been  read  before  Section  A  of  the  British  Association  at  its  recent 
meetiiif^'  in  CardiH". 

t  Proceedings,  June  1801,  "On  some  Test  Cases  ibr  llic  Mnxwell- 
Pioltzmann  Doctrine  regardinir  Distribution  of  Energy." 
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i).  To  prove  this  theorem,  suppose  the  number  of  freedoms 
to  be  ?'.  Any  configuration,  Q,  is  fully  specified  by  i  given 
vahies  for  the  i  coordinates  respectively.  Suppose  now  the 
system  to  pass  tln-ougli  some  configuration,  Q,  at  two  times 
separated  ]jy  an  interval  T,  and  to  liavo  the  same  velocities  and 
directions  of  motion  at  those  times.  The  path  thus  travelled 
in  this  interval  is  an  orbit,  and  it  is  periodically  travelled  over 
in  successive  intervals  each  equal  to  T.  To  find  how  to  pro- 
cure fulfilment  of  our  sup])Osition,  let  the  system  be  started 
from  any  configuration,  Q,  with  any  /  values  for  the  i  velocity- 
components  (or  rates  of  variation  per  unit-time,  of  the  i  coordi- 
nates). To  cause  it  to  return  to  Q  after  some  unknown  time 
T,  we  have  i—1  equations  to  be  satisfied  :  and  to  cause  /—I 
of  its  velocity-components  to  have  the  same  values  at  the 
second  as  at  the  first  passage  through  Q  we  have  i — 1  equa- 
tions to  satisfy  ;  and,  in  virtue  of  the  equation  of  energy,  the 
remaining  velocity-coin})onent  also  must  have  the  same  value 
at  the  two  times.  That  the  total  energv  niay  have  the  prescribed 
value,  E,  we  have  another  equation.  Thus  we  have  in  all 
2i  — 1  equations,  among  coordinates  and  velocity-components. 
Eliminate  among  these  the  i  velocity-components,  and  there 
remain  r  — 1  equations  among  the  «' coordinates  which  are  the 
conditions  necessary  and  sufficient  to  secure  that  Q  is  a  con- 
figuration of  an  orbit  of  total  energy  E.  Being  i  —  \  equations 
among  /  coordinates,  they  leave  only  one  freedom,  that  is  to 
say  they  fully  determine  one  path;  of  which,  in  the  language 
of  generalized  analytical  geometry,  they  are  the  equations. 
The  or  any  path  so  determined  is  an  orbit  of  total  energy,  E. 
Thus  is  proved  the  Theorem  of  §  4. 

6.  The  solution  of  the  determinate  problem  of  finding  an 
orbit  whose  total  energy  has  the  prescribed  value,  E,  is,  in 
general,  infinitely  multiple,  with  different  periods  for  the 
infinite  number  of  different  orbits  determined  by  it. 

7.  A  simple  illustration  with  only  two  freedoms,  will  help 
to  the  full  understanding  of  §  G  for  every  case,  of  any  number 
of  variables.  Consider  a  jointed  double  pendulum  consisting 
of  two  rigid  bodies,  A  and  B  :  one  (A)  supported  on  a  fixed 
horizontal  axis,  I ;  the  other  (B)  supported  on  a  parallel  axis, 
J,  fixed  relatively  to  A  :  and  for  simplicity  let  G,  the  centre 
of  gravity  of  A,  be  in  the  plane  of  the  two  axes.  Call  H  the 
centre  of  gravity  of  B.  Let  0  be  the  angle  between  the  plane 
I J  and  the  vertical  plane  through  I,  which  we  shall  call  IV  ; 
and  let  -^^  be  the  angle  between  the  })lane  J  H  and  the  vertical. 
The  coordinates  and  velocities  of  the  system  in  any  condition 
of  motion  are  ^,'^,  ^,  '^.  The  potential  energy  of  the  sys- 
tem, in  kinetic  units,  will  be  5/Wc,  where  W  denotes  the  sum 
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of  the  masses,  and  z  the  height  of  their  centre  of  gravity  in 
any  configuration  of  the  system,  above  its  lowest.  Suppose 
now  A  to  be  placed  in  any  particular  position  j>q',  and  let  it 
be  required  to  find  what  must  be  the  position,  i/tq,  of  B,  and  with 
what  velocities,  ^0)'*/''o  ^^'*^  must  start  A  and  B  in  motion,  so  that 
the  first  time  0  has  again  the  same  value,  0o?  "^li'^t  is  to  say  when 
A  has  made  one  complete  turn  in  either  direction,  the  system 
shall  be  wholly  in  the  same  position  ((po^'^o)  ^^^^  moving  with 
the  same  velocity  (0o;''/^o)  (}^^  ^^^'^  same  direction  understood) 
as  at  the  beginning.    Tiiis  implies  only  two  equations,  '\^='v|rQ; 

and  either  '\|r  =  -»^Q,  or  ^  =  0o  (because  either  of  these' implies 
the  other  in  virtue  of  the  equation  of  energy).     And  we  have 

just  two  disposables,  t/tq,  and  either  ^jr^  or^o  (flie  given  total 
energy  E  determining  either  ^^  or  -^q  when  the  other  is 
known).  The  solution  of  this  determinate  problem  is  clearly 
possible,  unless  E  is  too  small  :  bitt  it  is  not  generally  unique. 
AV^e  may  have  solutions  with  the  velocities  of  A  and  B  started 
each  in  the  positive  direction,  or  each  negative,  or  one  nega- 
tive and  the  other  positive.  If  A  is  a  flywheel  of  very  great 
moment  of  inertia,  and  B  a  comparatively  small  pendulum 
hung  on  a  crank-pin  attached  to  it,  and  if  for  simplicity  we 
suppose  the  crank  to  be  counterpoised,  so  that  the  centre  of 
gravit}'  of  A  is  in  its  axis,  it  is  clear  that,  according  to  the 
greater  or  less  value  given  for  E,  B  may  turn  round  and  round 
many  times  before  A  comes  again  to  its  primitive  position  0^. 
But  it  is  clear  that,  though  not  generally  unique,  our  problem 
of  finding  j)eriodic  motion  with  just  one  complete  turn  of  A 
in  its  period  has  no  real  solution  unless  E  is  large  enough  ; 
has  many  solutions  for  large  enough  values  of  E ;  but  has 
not  an  infinite  number  of  sokitions  for  any  finite  value  of  E. 

8.  Again,  let  the  condition  be  that,  not  the  first  time,  but  the 
second  time  A  passes  through  its  initial  position,  both  coordi- 
nates and  both  velocities  have  their  primitive  values.  When 
the  given  value  of  the  total  energy  is  not  too  great,  the 
jjcriodic  motion  which  we  now  have  will  be  ptirely  vibratory ; 
and  the  sohition  clearly  duplex.  But  if  E  be  great  enough,  A 
may  still  merely  vibrate,  while  B  may  go  round  and  round,  first 
in  one  direction  and  then  in  the  other,  within  the  period  of  A's 
vibration.  If  the  condition  l)e  that  not  at  the  first  and  not  at 
the  second,  but  at  the  third  transit  of  A  across  its  initial 
position,  both  coordinates  and  both  velocities  have  their  }»ri- 
mitive  values,  we  may,  with  sufliciently  great  total  energy, 
liave  still  wiltler  acrobatic  performances,  both  bodies  going 
round  and  round  sometimes  in  one  direction  and  sometimes 


378  Sir  W.  Thomson  on  7\oy'odic  Motion 

in  the  otlier.  Still  with  any  finite  value  for  E  there  is  only 
a  finite  numher  of  modes  for  the  motion  subject  to  the  con- 
dition that  the  third  transit  of  A  throU(i;h  its  initial  position 
completes  the  first  period.  Wilder  and  wilder  vaoaries  we 
have  to  think  of  if  the  first  period  is  completed  at  the  fourth 
transit  of  A  ;  and  so  on. 

9.  This  terrible  Frankenstein  of  a  problem  is  all  involved 
in  a  very  simple  mathematical  statement  >iot  inchidin<i'  any 
declaration  that  it  is  the  first,  or  the  second,  or  the  third,  or 
other  specified,  transit  of  A  that  completes  the  first  ])eriod. 
It  will  probably  be  convenient  to  arrange  so  as  to  find  a 
transcendental  equation  which  will  have  an  infinite  number 
of  finite  groups  of  roots  equal  to  the  periods  of  the  modes  of 
the  ]ieriodic  motions. 

10.  The  case  of  no  gravity  presents  a  vastly  simjiler  problem, 
of  which  the  main  solution  has  no  doubt  been  many  times 
found  in  terms  of  elliptic  functions  in  the  Cambridge  Senate- 
house  and  Smith's  Prize  examinations.  The  character  of  the 
solution  of  this,  as  of  all  "adynamic"  problems,  is  indepen- 
dent of  the  absolute  value  of  the  given  energy,  and  of  (J^q.  It 
depends  only  on  the  value  of  the  ratio  t/^q/^oj  which  of  course 
may  be  either  positive  or  negative.  In  the  general  solution 
ylr—cf)  is  clearly  a  periodic  function  of  the  time  ;  and  our 
question  of  periodicity  relatively  to  a  Jj.ved  plane  through  I 
resolves  itself  into  this  : — During  the  period  of  the  variation 
of  i/r  — (/),  is  the  change  of  <^  either  zero  or  a  numeric  com- 
mensurable with  27r?  A  corresponding  question  occurs  for 
every  case  in  which  our  "  system  "  is  free  in  space,  without 
any  fixed  guides,  and  with  no  disturbing  force  from  other 
bodies  ;  as,  for  example,  in  the  question  of  rigorous  periodicity 
of  the  motion  of  three  bodies  such  as  the  earth,  moon,  and 
sun,  or  of  any  finite  number  of  mutually  attracting  bodies, 
such  as  the  solar  system,  to  be  considered  presently. 

11.  An  (idealized)  ordinary  clock  with  weight,  and  pen- 
dulum, and  dead-beat  escapement,  affords  an  interesting- 
illustration.  For  simplicity  let  the  cord  be  perfectly  flexible 
and  inextensible  ;  let  the  cord- drum  be  rigidly  fixed  on  the 
shaft  of  the  escapement-wheel  ;  let  the  escapement  be  rigidly 
fixed  to  the  pendulum  ;  and  let  the  pendulum  be  a  rigid  body  on 
perfect  knife-edge  bearings.  Thus  we  have  virtually  two  bodies, 
each  with  one  freedom :  A  the  escapement-wheel,  cord,  and 
w^eight ;  B  the  escapement  and  pendulum.  Each  impact  of 
tooth  on  escapement  is,  in  every  deck  and  watch,  followed  by 
a  mutual  recoil.  This  recoil  ])robably  in  almost  all  practical 
cases  goes  so  far  as  to  produce  complete  separation,  followed 
by  several  more  impacts  and  recoils  before  the  tooth  escapes. 
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and  tlie  corresponding  next  tooth  falls  on  the  other  side  of 
the  escapement.  But  there  is  a  loss  of  energy  by  impacts  and 
slipping,  both  on  the  non-working  and  on  the  working  faces 
of  the  escapement.  The  loss  on  the  working  faces  could  be  dis- 
pensed with  :  but  the  loss  on  the  non -working  faces  is  essential 
to  the  going  of  the  clock.  In  our  idealized  clock  we  suppose 
each  recoil  to  exactly  reverse  the  relative  motion  of  tooth  and 
escapement  in  the  direction  perpendicular  to  the  common 
tangent  plane  of  the  two  surfaces  at  their  point  of  impact ; 
and  we  suppose  the  surfaces  to  be  perfectly  frictionless,  so 
that  the  infinitely  great  mutual  force  at  the  instant  of  each 
impact  is  exactly  in  that  direction.  The  jumping  action  thus 
produced  would  keep  stopping  the  clock  and  letting  it  go  on 
again  :  and  would  utterly  prevent  any  regularity  of  going. 
Therefore  I  add  the  following  arrangement  of  energy-receivers 
to  annul  the  shocks  on  the  non-working  faces  of  the  escape- 
ment : — Prolong  the  shaft  of  the  escapement-wheel,  and  fix 
on  it,  in  helical  order,  sixty  little  arms  each  carrying  at  its 
end  a  disk,  with  its  front  face  in  a  plane  through  the  axis. 
Adjust  the  escapement-wheel  on  its  shaft,  so  that  when  each 
of  its  thirty  teeth  strikes  one  or  other  of  the  two  branches  of 
the  escapement,  the  lowest  one  of  those  sixty  disks  has  its  front 
face  vertical.  On  a  horizontal  plane  below  the  prolongation 
of  the  shaft  place  sixty  little  balls  (energy-receivers)  in  such 
positions  that  each  shall  be  struck  by  a  disk  j/?<5^  before  the 
corresj^ontling  tooth  touches  the  corresponding  branch  of  the 
escapement.  Let  the  mass  of  each  ball  be  equal  to  the  pro})er 
inertia-equivalent"^  of  A,  (the  escapement-wheel,  &c.,  and 
driving-weight).  Each  ball  struck  by  it,  receives  the  whole 
kinetic  energy  which  A  had  before  the  impact ;  and  leaves  A 
at  rest,  with  a  tooth  of  the  escapement-wheel  pressing  on  a  non- 
working  face  of  the  escapement.  Fix  sixty  rigid  stops  to  })re- 
vent  the  balls  from,  in  any  circumstances,  (§§  lo  . . .  16),  going 
too  far  behind  the  positions  in  which  they  are  initially  placed. 
Each  of  these  stops  must  be  slotted,  to  allow  the  proper  disk 
of  the  escapement-shaft  to  strike  the  ball  and  afterwards  pass 
clear  through  with  its  carrying  arm.  For  brevity  these 
forked  stops  will  be  called  the  home-stops.  Fix  also  sixty 
other  stops,  (field-stops  we  shall  call  them)  in  such  positions 
that  the  balls  shall  strike  them  all  simultaneously  and  at 
exactly  the  instant  (§  12)  when  the  weight  strikes  the  bottom 
of  the  clock-case. 

*  Let  r  be  the  radius  of  the  cord-drum :  W  the  dri-ving-woight :  /.•  tlie 
radius  of  gyration,  and  tv  the  weiglit  of  the  whole  rotating  body  cc in- 
sisting of  curd-drum,  escaponient-whui,'!,  shaft,  and  GO  arms  and  disks :  a 
the  length  of  each  arm  reckoned  from  the  axis  to  the  point  of  its  disk 
which  strikes  the  ball.    The  "  proper  inertia-equivalent "  is  ( Wy-  -|-  wlr)  ,Vr. 
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12.  kSuppose  now  the  puuduluin  ui'  our  ideal  clock,  with  its 
weight  wound  up  very  nearly  to  the  top,  to  be  started  with 
sufficient  range  to  let  it  keep  goino-.  For  simplicity  let  this 
range  be  small  enough  to  secure  that  when  the  weight  is  run 
down,  the  augmented  range  of  vibration  will  still  be  within  the 
limits  allowed  for  proper  action  of  the  escapement  mechanism. 
Let  the  bottom  of  the  clock-case  be  a  rigid  horizontal  })lane 
fixed  relatively  to  the  framework  bearing  the  wheel  and  pen- 
dulum in  exactly  such  a  position  that  when  the  weight,  in 
running  down,  strikes  it,  the  pendttlum  is  at  either  end  of  its 
range.  The  weight  jumps  up  after  the  impact,  and  the  clock 
goes  backw^ards,  the  energy-receivers  return  home  from  their 
tield  stops  at  exactly  the  right  times,  retracing  exactly  every 
step  till  the  weight  (wound  up  by  the  energy  of  the  pendulum 
and  of  the  returning  energy-receivers)  passes  through  its 
initial  position.  If  it  is  allow^ed  to  go  higher  till  it  strikes 
against  an  unadjusted  stop,  the  clock  may  be  stopped  for  a 
time,  with  the  pendulum  vibrating  through  a  moderately 
small  range,  and  one  tooth  of  the  wheel  chattering  against 
one  w^orking  facet  of  the  escapement :  but  "  sooner  or  later  " 
(very  soon)  the  tooth  will  escape;  the  clock  will  again  go 
forward  ;  the  weight  will  run  dow'u,  and  again  strike  the 
bottom  and  jump  from  it,  this  time  not  when  the  pendulum  is 
quite  exactly  at  either  end  of  its  range. 

13.  Complicated  but  quite  orderly  action  will  follow  ;  and 
"  sooner  or  later  "  a  tooth  will  be  hooked  tip  by  the  escape- 
ment and  the  clock  will  go  backwards  a  beat  or  two  ;  bttt 
after  a  very  few  beats,  if  more  than  one,  it  will  go  forward 
till  the  weight  strikes  the  bottom  again.  "  Sooner  or  later  " 
the  bottom  will  be  struck  at  a  time  when  the  pendttlum  is 
verii  nearly  at  rest  at  either  end  of  its  range  and  when  several 
energy-receivers  are  in  such  positions  as  to  arrive  home  and 
strike  disks  at  right  times  ;  and  the  clock  will  go  backwards 
for  a  good  many  beats. 

14.  "  Sooner  or  later,''  that  is  to  say  after  some  finite  number 
of  millions  of  millions  of  years,  the  weight  will  strike  the  bottom 
when  the  pendttlum  is  so  very  nearly  at  rest  at  either  end  of 
its  range  and  all  the  sixty  balls  so  very  nearly  striking  each 
its  field-stop,  that  the  clock  will  be  driven  back,  winding  up 
the  weight  till  it  again  strikes  the  top  stop,  and  immediately, 
or  after  a  very  few  beats,  begins  again  to  go  forward  and 
let  the  weight  run  down.  But  our  sttbject  is  not  the  fortttitous 
concourse  of  atoms.  It  is  "  periodic  motion  of  a  finite 
system.'^ 

15.  Returning  therefore  to  the  end  of  §  12  ;  let  the  top 
stop  be  so  adjusted  that  it  is  struck  by  the  weight  at  an  instant 
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when  the  pendulum  is  at  one  end  of  its  range.  The  clock 
instantly  begins  to  go  forward  ;  and  goes  on  retracing  every 
step,  and  repeating  every  one  of  the  numerous  impacts^  of  its 
first  forward  motion  ;  till  the  weight  strikes  the  bottom  exactly 
when  each  of  the  sixty  balls  is  striking  its  field-stop,  and 
when  the  pendulum  is  at  one  end  of  its  range,  the  same  end 
of  its  range  as  when  the  weight  struck  the  bottom  the  first 
time.     Thus  a  ^?e?;/ecf/y  periodic  motion  goes  on  for  ever. 

16.  During  any  of  the  half-periods  in  which  the  clock  is 
going  forward,  and  the  weight  running  down,  an}^  moderate 
disturbance,  such  as  a  slight  blow  on  the  ])endulum,  or  a 
holding  of  the  escapement-wheel  stopped  for  some  time,  large 
or  small,  will  make  no  noticeable  difference  in  the  subsequent 
motion  :  till  the  weight  readies  the  bottom  of  its  range,  when 
we  find  that  the  periodicity  is  lost,  and  the  state  of  things 
described  in  §§  13,  14  supervenes.  But  any  such  disturbance 
during  a  half-period  when  the  clock  is  going  backwards  causes 
the  backward  motion  to  cease  and  regular  forward  motion  to 
follow,  immediately,  or  after  a  few  beats,  a  greater  or  less 
number  according  as  the  disturbance  is  exceedingly  infini- 
tesimal or  but  moderately  small.  This  is  a  true  dynamical 
illustration  of  the  "  dissipation  of  energy,"  and  helps  to  show 
the  vanity  of  attempts  which  have  been  made  to  found 
"  Carnot's  Principle,"  or  "  the  Second  Law  of  Thermo- 
dynamics," or  theories  of  chemical  action,  on  Lagrange^s 
generalized  equations  of  motion. 

17.  Consider  the  "problem  of  the  three  bodies,"  in  two 
varieties  ;  first  "  the  Lunar  Theory,"  secondly  "  the  Planetarv 
Theory."  One  body  (the  8un)  is  in  each  case  vastly  larger 
than  either  of  the  two  others.  In  the  first  case  the  two  others 
(the  Earth  and  Moon)  are  so  near  one  another  in  comparison 
with  the  Sun's  distance  from  either  that  his  force  produces 
but  a  smaU  disturbance  of  the  relative  motion  of  the  Earth 
and  Moon  under  their  own  mutual  attraction.  In  the  second 
case,  two  planets  move  each  chiefiy  under  the  Sun's  influence 
with  comparatively  small  disturbance  by  their  own  mutual 
attraction.  In  each  case  we  shall,  for  simplicity,  neglect  the 
motion  of  the  Sun^s  centre  of  gravity,  and  consider  him  as  an 
absolutely  fixed  "centre  of  force.'" 

18.  Taking  first  the  lunar  theory,  suppose  the  centre  of 
gra\aty,  I,  of  Earth  and  Moon  to  move  vert/  approximately  in 
a  circle  round  the  Sun.  Now  (without  necessarily  considerino- 
that  the  Moon  is  much  smaller  than  the  Earth)  at  an  instant 
when  the  line  M  I  E  ]nisses  through  S  give  equal  and  opposite 
monientums  to  M  and  E  in  the  line  M  E  so  as  to  annul  their 
relative  motion  in  this  line  if  they  bad  any,  and  to  cause  each 
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to  move  exactly  perpendicularly  to  it.  If  the  next  time  their 
line  passes  through  S  they  are  again  moving  perpendicularly 
to  M  E,  their  motion  relatively  to  S  I  is  rigorously  periodic. 
This  we  see  by  considei'ing  that  if  both  motions  are  reversed 
at  any  instant,  M  and  E  will  exactly  retrace  their  paths  ;  and 
if  such  a  reversal  is  made  at  an  instant  of  perpendicularly 
crossing  the  line  S  T,  the  retraced  paths  are  similar  to  the 
direct  ])aths  wliicli  are  traced  when  there  is  no  reversal. 

19.  Hence  if  the  three  bodies  be  given  in  line,  S  M  E,  we 
secure  rigorous  periodicity  of  their  motion  if  we  project  them 
in  contrary  directions  perpendicular  to  this  line  with  exactly 
such  velocities  that  the  next  time  M  E  is  again  in  line  with  S, 
now  S  E  M,  their  directions  of  motion  are  again  perpendicular 
to  E  M.  The  problem  of  doing  this  has  three  solutions  ;  in  one 
of  which  the  velocities  of  projection  are  so  great  that  M  and 
E  are  carried  far  away  from  one  another,  in  opposite  direc- 
tions round  the  Sun  till  they  again  come  near  one  another 
and  in  line  on  the  far  side  of  the  Sun.  Excluding  this  case 
we  have  certainly  only  two  solutions  left.  In  these  I  describes 
exceedingly  nearly  a  circle  round  the  Sun  ;  while  M  and  E 
move  relatively  to  the  point  I  and  the  line  I  S,  somewhat 
approximately  in  circles,  but  to  a  second  approximation  in  the 
ellipses  corresponding  to  the  lunar  perturbation  called  the 
variation,  and  quite  rigorously  in  two  constant  similar  closed 
curves  each  differing  very  little  from  the  variational  ellipse. 
The  centre  of  the  variational  ellipse  is  at  I  :  its  major  axis  is 
perpendicular  to  S  I  and  exceeds  the  minor  axis  l)y  approxi- 
mately 1/179'6,  being  the  square  of  the  ratio  (l/lo*4)  of  the 
angular  velocity  of  8  I  to  the  angular  velocity  of  ME,  each 
relative  to  an  absolutely  fixed  direction.  There  are  two  solu- 
tions of  this  kind,  in  one  of  which  (as  in  the  actual  case  of 
Earth  and  Moon)  E  M  turns  samewards  as,  in  the  other 
contrary- wards  to,  SE. 

20.  If  M  E  were  two  or  three  times  as  great  as  it  is  when 
the  three  bodies  are  in  line,  S  ME,  and  other  dimensions  the 
same,  we  should  still  have  a  solution  for  periodicity  corre- 
sponding to  that  of  §  19,  but  with  the  orbital  curves  of  M  and 
S  round  I  differing  very  largely  from  circles  and  largely  from 
ellipses.  AVhen  M  E  exceeds  a  certain  limit,  this  kind  of  solution 
becomes  impossible.  It  would  be  not  wholly  uninteresting  to 
follow  the  character  of  the  orbital  curves  round  I  for  increas- 
ing magnitudes  of  M  E  until  they  are  lost.  The  solution 
referred  to  and  rejected  in  §  19  is  still  available  and  becomes 
now  more  interesting,  but  not  so  interesting  as  the  correspon- 
ding solution  in  which  M  and  E,  now  two  planets,  are  pro- 
jected so  as  to  revolve  in  the  same  directions  round  the  Sun. 
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21.  Rigorously  jyeriod'tc  motion  of  tioo  planets.  Given  S  V  ii 
in  line,  the  Sun  and  two  planets  at  distances  such  as  those  of 
Venus  and  the  Earth  : — it  is  required  to  project  them  with 
such  velocities  that  the  subsequent  motion  is  rigorously 
periodic.  A  first  solution  is  obtained  by  projecting  them 
perpendicularh^  to  V  E  with  such  velocities  that  their  periods 
of  revolution  round  S  are  a})proximately  equal ;  and  exactly 
such  that  at  the  next  time  when  V  E  is  again  in  line  with  S, 
the  motions  are  rigorously  perpendicular  to  this  line.  The 
velocities  M'hich  must  be  given  to  fulfil  this  condition  must  be 
such  that  the  major  axes  of  the  ellipses  approximately  described 
are  approximately  equal.  This  solution,  however^  belongs 
rather  to  the  Cometary  than  to  the  Planetary  Theory. 

22.  Project  the  planets  perpendicularly  to  S  V  E  with 
such  velocities  that  after  some  given  number  of  times  of  their 
being  in  line  with  the  Sun,  their  motions  are,  for  the  first  time 
again,  perpendicular  to  SVE.  The  determinate  velocities 
which  fulfil  this  condition  must  L  think  he  such  that  the  orbits 
are  a})proximately  ellipses  of  eccentricities  not  differing  much 
from  those  required  to  make  the  major  axes  such  that  the 
periods  have  the  proper  commensurability  to  render  the  line 
of  the  three  bodies  at  the  second  perpendicular  crossing 
ap})roximatel)'  coincident  with  their  line  at  the  initial  perpen- 
dicular crossing. 

Madeira,  Sept.  8,  1891. 

[To  be  coutiuued.] 


XLIX.  On  some  of  the  Effects  of  Magnetism  on  Rods  of  Iron, 
Nickel,  and  other  Metals  ivhiclt  have  received  a  permanent 
Torsional  Set ;  and  a  neio  formof  Chronograph  St glus.  By 
Frederick  J.  Smith,  Millard  Lecturer  Mech.  and  Fhys., 
Trinity  College,  Oxford*. 

DURING  the  present  year  I  liave  gone  through  rather  a 
long  scries  of  experiments  with  a  view  to  discover  some 
form  of  chronograph  stylus  which  would  respond  to  ra])id 
vibrations  and  make  a  clear  record  of  its  vibrations  on  the 
moving  plate  of  a  chronograph.  I  have  succeeded  in  finding 
a  combination  which  appears  to  give  satisfactory  results. 
Durinii  the  research  several  facts  of  interest  bearing  on  a 
certain  branch  of  magnetic  induction  presented  themselves. 
I  beg  respectfully  to  give  a  sununary  oi'  some  of  them  in  the 

*  Communicated  by  the  Author. 
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form  of  sliort  notes.  In  the  last  two  notes  will  be  fonnd 
a  description  of  the  application  of  one  of  the  phenomena  to 
the  production  of  a  chronogra[)h  stylus.  I  have  added  below, 
a  list  of  some  of  the  papers  wdiich  treat  of  relationships  which 
exist  between  stress  and  electromagnetic  induction. 

1.  In  1841  Joule  showed  that  if  an  iron  bar  was  magnetized 
it  was  increased  in  length  ;  he  also  found  that  if  an  iron  bar 
was  subjected  to  considerable  tension  and  then  magnetized  it 
was  shortened.  Since  Joule's  discovery  the  action  of  the  force 
of  magnetization  on  iron  subjected  to  stress  has  been  investi- 
gated by  Matteucci,  Compt.  L'end.  t.  xxiv.  p.  301  (1847)  ; 
Wertheim,  ibid.  xxxv.  p.  702  (1852)  ;  also  Ann  de  Chem.  el 
de  Phys.  [3],  1. 1.  p.  385  (1857)  ;  Villari,  Pogg.  Ann.  (18(;8)  ; 
Wiedemann,  Galvanismng,  p.  447  ;  Sir  W.  Thomson,  Phil. 
Trans.  1879,  p.  55  ;  Prof.  Hughes,  Proc.  E.  S.  (1881),  xxxi. 
p.  524  ;  id.  ibid,  xxxiii.  p.  25  ;  Mr.  S.  Bidwell,  Proc.  R.  S. 
xi.  p.  257  (1886)  ;  ditto,  xlvii.  p.  49(5  ;  Prof.  Ewing,  Proc. 
Roy.  Soc.  voL  xxxvi.  p.  117  ;  '  Nature,'  vols,  xlii.,  xhii, 

2.  Wiedemann,  Gahanismus.  p.  447,  showed  that  under 
certain  conditions  twisted  iron  wires  untwist  on  magnetization. 
His  words  are  : — "  Die  gedrillten  Eisendrahte  detordiren  sicli 
also  bei  der  Magnetisirung."  He  made  his  experiments  on  an 
iron  wire  suspended  in  a  vertical  position  and  weighted  with 
a  considerable  mass,  viz.  1103  grammes.  By  means  of  a 
disk  attached  to  it,  and  a  cord  and  weight,  torsion  was  given 
to  the  iron  wnre.  A  coil  of  copper  wire,  in  the  axis  of  which 
was  the  iron  wire,  was  used  for  magnetizing  the  latter  ;  change 
of  torsion  was  read  by  means  of  a  mirror  and  scale  seen  in 
the  field  of  a  telescope.  In  his  experiments  torsional  set  was  not 
produced,  or  if  so  in  only  a  very  small  degree.  In  my  own 
work  rods  of  iron,  steel,  and  nickel  which  were  not  w^eighted 
and  had  received  permanent  torsional  set  were  experimented 
on.  The  magnetizing  force  H  used  by  me  was  many  times 
greater  than  that  used  by  Wiedemann  ;  as  far  as  I  can  calculate 
probably  in  some  cases  thirty-five  times  as  great.  I  arrived 
at  this  conclusion  by  assuming  his  coil  to  have  had  next  to  no 
resistance,  also  that  the  whole  nuud^er  of  cells  mentioned  were 
used  by  him. 

3.  The  first  experiment  was  arranged  to  find  out  whether  a 
magnetic  field  of  force  acting  on  an  iron  rod  only  subject  to  its 
own  weight  would  set  up  a  torsional  stress  in  it.  The  follow- 
ing apparatus  was  used  : — A  magnetizing  coil  50  centim.  long, 
wound  on  a  glass  tube  0'825  centim.  external  diameter  ;  the 
number  of  turns  of  silk-covered  copper  wire  0'6  millim. 
diameter  was  3865  ;  the  coil  was  wound  so  as  to  have  no 
component  along  its  length,  its  magnetizing  force  for  one 
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ampere  was  H= — — — =  97'1  C.G.S.  units.     The  coil 

^  oO  X  10 

was  fixed  vertically  on  a  strong   board.      Under   its  lower 

end,    at   a    distance   of  4   centim.,  a  brass  frame  was  fixed 

carrying  a  mirror  on  an  axle,  the  axis  of  which  coincided  with 

that  of  the  coil.     The  rods  to  be  examined  were  the  same  length 

as  the  coil  but  elongated  at  each  end  with  nonmagnetic  wire  ; 

these  were  passed  through  the  coil  and  attached  at  one  end  to 

the  axle  of  the  mirror,  which  was  used  in  conjunction  with  a 

telescope  and  scale.     Any  minute  torsion  of  the  rod  could  be 

accurately  measured.     The  scale  Mas  })laced  at  a  distance  of 

226  centim.  from  the  axis  of  the  mirror,  the  wire  was  passed 

through  collars  within  the  tube  ;   these   kept  it  in  a  central 

position  and  prevented  any  movement  sideways.     By  means  of 

a  liquid  resistance  in  the  circuit  the  current  was  regulated,  so 

that  the  value  of  H  could  be  easily  changed. 

4.  The  first  iron  rod  which  was  tested  was  50  centim.  long 
and  0*162  centim.  in  diameter,  well  annealed  by  being  placed 
in  a  tube  furnace  and  raised  to  a  bright  red  heat  and  cooled 
slowly.  (All  the  metals  were  supplied  by  Messrs.  Johnson 
and  Matthey,  and  may  be  considered  as  pure  as  can  be  pro- 
cured.) The  reading  of  the  scale  as  seen  in  the  telescope 
was  brought  to  zero,  and  then  the  rod  was  magnetized  with  a 
magnetizing  force  H  of  21*5  C.Gr.S.  units.  A  rotation  of 
0*1  centim,  was  produced  in  a  direction  with  clock-hands  to  a 
person  looking  from  the  fixed  end  down  the  rod  ;  when  the 
current  was  broken  it  returned  instantly  to  its  initial  position. 
A  very  delicate  thermometer  was  put  from  time  to  time  in 
the  usual  position  of  a  rod  under  examination  and  then  the 
current  was  put  on  as  for  an  experiment  ;  no  change  of  tem- 
perature could  be  detected,  so  that  the  effect  produced  was 
due  to  the  magnetizing  force  alone. 

5.  The  rod  in  (4)  was  replaced  by  one  which  had  received 
a  permanent  torsional  set  of  seven  revolutions.  To  give  this 
amount  of  torsion  the  rod  was  fixed  at  one  end  and  then  the 
other  was  rotated  through  over  eight  complete  revolutions,  it 
was  finally  left  with  a  twist  of  seven  revolutions.  The  twist  was 
with  clock-hands  to  a  person  looking  down  the  rod  from  the 
fixed  end  as  an  axis  of  the  couple  ;  it  was  then  subjected  to  a 
force  H  =  21*5.  This  instantly  produced  a  further  torsion  in 
the  same  direction  as  the  initial  torsion  of  5  scale-divisions. 
The  scale  (divided  into  centim.  and  millim.)  was  in  this  and 
all  the  following  <'X})eriments  180  centim.  from  the  mirror. 
The  effect  was  carefully  examined  by  several  observers  and 
always  rejjroduced  when  required.  In  subsequent  ex[)eriments 
1  fouiul  that  when  the  rotation  was  large  it  could  be  readily 
made  visible  by  the  addition  of  a  light  pointer  attached  to  the 

ridl  Ma<i.  S.  5.  Vol.  32.  No.  107.  Oct.  1891.        2  D 
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end  of  tlio  axle  of  the  mirror.  This  led  to  the  result  described 
in  (25).     ■ 

(),  On  reversing  the  current  the  direction  of  torsion  was 
not  reversed.  A  similar  rod,  with  the  same  amount  of  torsion 
in  the  oi)posite  direction,  was  further  twisted  by  the  magnetic 
force  in  the  direction  of  the  initial  torsion.  When  the  current 
was  oft",  the  rod  returned  to  its  original  })Osition.  Subse(|uent 
ex})eriments  showed  that  there  was  a  hmit  to  tins  torsion  by 
magnetism. 

7.  The  next  experiment  was  arranged  to  find  out  any  re- 
lationship which  might  exist  between  the  magnetizing  force 
and  the  amount  of  torsion. 

An  iron  rod  O'lG  centim.  diameter  and  50  centim.  long, 
with  torsion  as  hefore  (5),  was  successively  magnetized  with 
an  increasing  force,  shown  in  the  colunm  headed  H,  the 
corresponding  deflexions  are  shown  in  the  next  column. 


H. 

Deflexions. 

H. 

Deflexion. 

1902 

3-0 

114-12 

10-1 

28-53 

4-0 

123-63 

10-1 

38-04 

6-2 

13314 

10-1 

47"55 

61 

142-65 

10-1 

57-06 

7-1 

152-16 

10-1 

6fi-57 

80 

161-67 

10-1 

76-08 

8-8 

171-18 

10-1 

85-59 

91 

180-69 

9-0 

95-10 

100 

190-20 

9-0 

104-61 

100 

The  table  indicates  that  for  low  values  of  H  the  deflexion 
is  nearly  proportional  to  the  force  H,  and  that  after  a  certain 
value  it  becomes  p3rmauent  and  then  begins  to  fall  off, 
indicating  an  untwisting.  1  am  now  arranging  a  large 
hattery  of  accumulators  for  the  production  of  very  nmch  more 
intense  magnetic  fields,  so  that  I  may  find  out  the  rate  at  which 
the  wire  untwists  after  the  maximum  of  deflexion  is  reached. 

The  last  experiment  was  repeated  with  a  similar  iron  rod, 
subjected  to  one  complete  twist  in  its  length  instead  of  seven, 
and  the  followino-  results  w^ere  obtained  : — 


H. 

Deflexions. 

H. 

1 
Deflexions. 

28-53 

1-0 

114-12 

3-5 

38-04 

2-0 

123-6:3 

3-4 

47-55 

3-0 

133-14 

3-1 

57-06 

3-1 

142-65 

3-0 

66-57 

3-5 

152-16 

3-0            1 

76-08 

3-5 

161-67 

3-0 

89-59 

3-75 

171-18 

3-0 

95-10 

4-00 

18069 

3-0 

104-61 

3-75 

. 
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All  experiments  of  a  sinnlar  character  with  wires  with  a 
permanent  torsion  of  2,3,4,  &c.  showed  that  for  a  small 
magnetizing  force  the  deflexion  rose  almost  pro])ortional  to 
it,  iind  that  ;ifter  a  certain  point  further  torsion  was  not  pro- 
duced by  increasing  the  magnetizing  force,  and  that  ultimately 
with  a  greater  magnetizing  force  the  rod  began  very  slightly 
to  untwist. 

b.  The  next  experiment  was  made  to  discover  any  relation- 
ship which  might  exist  between  the  initial  torsion  of  the  rod 
and  that  added  to  it  by  the  force  of  the  magnetic  tiekl  when  the 
m;ignetic  force  was  constant.  The  following  results  were  ob- 
tained. Up  to  some  value  of  initial  torsion  l)etwecn  10  and 
15  the  deflexion  produced  by  magnetization  is  a  maximum, 
and  then  it  decreases  us  the  torsion  rises. 


Initial  Torsion. 

1 
2 
3 
4 

Scale-divisions. 

Initial  Torsion.    Scale-divisions. 

300 
500 
Ir.oU 
7'25 

.5 
10 
15 

8-00 

lo-oo 

80U 

By  initial  torsion  I  mean  that  the  rod  received  a  permanent 
torsional  set  of  1  ,  2  , 3,  &c.  complete  revolutions. 

\).  I  noticed  in  the  case  of  the  last  two  values  that  after 
each  magnetization  the  rod  began  to  slowly  untwist  when 
the  current  was  taken  off.  After  each  experiment  the  reading 
I'ell  below  the  figure  it  started  at.  As  an  instance,  the  initial 
position  was  at  60  divisions  ;  when  the  current  was  on,  G9 
was  reached,  and  when  the  current  was  taken  off  the  reading 
was  59. 

Subsequent  experiments  showed  that  when  a  I'od  having 
])ernianent  torsional  set  was  used  in  induction  experiments 
with  a  ballistic  galvanonu'ter,  the  induction  followed  in  value 
the  slow  change  of  torsion  of  the  rod.  Jn  some  cases  I  noted 
tlie  slow  change  from  last  February  to  the  present  time  (July 
30) .  Each  induction  experiment  is  modified  by  its  predecessor 
having  apparently  changed  the  constitution  of  the  rod. 

]().  In  the  next  experiment  this  step  by  step  unwinding  of 
torsion  after  magnetization  is  shown  in  the  case  of  a  rod  of 
nickel.  The  rod  was  [)laced  in  exactly  the  same  position  as 
the  iron  rod  of  the  former  experiments.  The  behaviour  of 
nickel  api)ears  to  be  the  same  as  that  of  iron,  but  in  nickel  the 
increase  of  torsion  with  magnetization  is  not  so  great.  The 
tw('lv(^  v(irtical  lines,  in  the  aj)[)ended  diagram,  represent  j)ro- 
longations  of  thescale.   In  each  case  No.  1  indicates  the  position 

2  J)  ■> 
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of  deflexion  before  the  current  is  put  on  ;  No.  2  the  position 
of  deflexion  with  current  on  ;  No.  3  the  new  position  to  which 
the  deflexion  has  come.  This  was  the  starting-point  of  the 
next  deflexion.  The  magnetic  force  [)rodueed  in  all  cases  an 
increase  of  torsion  in  the  direction  of  the  initial  torsion,  so 
that  in  each  case  the  amount  of  twisting  in  tbe  dirciction  of 
torsion  was  2,  and  the  untwisting  about  1  in  each  set  of 
magnetizations  and  demagnetizations.  The  wire  did  not 
untwist  when  left  to  itself,  at  least  perceptibly  in  100 
minutes,  but  the  untwisting  after  magnetization  was  im- 
mediate. 

Fi<?.  1. 
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Step  by  Step  Untwisting  of  Nickel. 

11.  Rods  of  non-magnetic  metals  (Cu,  St,  Pt,  Pb,  Ag,  Zn, 
Cd,  brass,  and  bronze)  were  subjected  to  the  same  treatment  as 
the  iron  rods,  but  no  rotation  of  any  kind  could  be  seen. 

12.  A  rod  of  bismuth  was  next  prepared  by  being  drawn 
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into  a  glass  tube  when  melted.  If  the  glass  tube  be  kept  hot 
during  the  formation  of  the  casting,  and  be  cooled  slowly, 
very  long  rods  may  be  produced,  in  some  cases  25  centim. 
long.  The  glass  tube  is  removed  from  the  metal  by  being 
cracked.  When  treated  as  the  iron  rods  were  in  the  previous 
experiments,  no  movement  whatever  could  be  perceived. 
From  the  brittle  nature  of  Bi  it  could  be  subjected  to  only  a 
slight  amount  of  torsion. 

13.  A  transitory  current  of  electricity  induced  in  a  magnetic 
core  subjected  to  2->€rmanent  torsional  set. 

Fi-.  2. 


A  B 


-<!> 


Diagram  of  Connexions,  &c. 

A  B.  A  long  helix  of  covered  copper  wire  30  centim.  long, 

2100  coils,  mean  area  0*5  centim. 
C  D.  A  rod  of  annealed  iron  4  millim.  diam.,  30  centim. 
long. 
G.  Low-resistance  galvanometer,   astatic   needles   (con- 
structed for  ballistic  work  by  Elliott). 
P.  Current-reverser. 
K.  Key. 

E.  Battery  (2  E.P.S.  accumulators). 
R.  A  resistance-box. 

F.  Amperemeter. 

The  galvanometer  was  so  placed  that  it  was  in  no  way 
affected,  either  by  the  helix  A  B  or  by  the  magnetic  action  of 
the  core. 

14.  When  the  iron  core  C  D  was  freshly  annealed,  and  free 
from  magnetization,  except  that  produced  by  the  inductive 
action  of  the  earth's  magnetizing  force,  a  current  was  passed 
through  the  helix  ;  a  transient  current  w-as  indicated  by  the 
galvanometer  as  existing  in  the  circuit  of  which  the  iron  core 
formed  a  ])art.  The  current  produced  a  deflexion  of  150 
divisions  of  the  scale  ;  a  Bowland  inductor  circle  in  the 
earth's  horizontal  field  gave  300  divisions.       (The  log.  of  the 
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induction  area  of  tbe  Rowland  coil  =  4 "07 132  ;  it  has  42  tnrns, 
and  a  mean  circumference  1()7"305  centim.)  The  value  of 
the  horizontal  component  of  the  earth  field  at  Oxford  at  the 
time  of  these  experiments  was  about  0"179  C.G.S.  units.  On 
breaking  the  circuit  hardly  any  current  was  indicated,  1  or 
1'5  divisions  at  the  most.  On  again  closini!;  the  circuit  at  K 
no  current  was  indicated,  and  by  repeating  the  closing  no 
swing  of  the  galvanometer-needle  could  be  prodnced.  The 
direction  of  the  current  was  next  changed  by  means  of  the 
commutator  P.  Then,  on  closing  the  circuit  at  K,  a  current  of 
the  same  value  as  the  former  was  indicated,  but  it  was  now  in 
the  opposite  direction.  On  breaking  or  making  the  circuit  no 
deflexion  could  be  got  from  the  iron  core  nnder  examination. 

So  that  in  order  to  get  a  transient  current  from  an  iron 
core  well  annealed  its  magnetization  must  be  reversed.  An 
examination  of  cores  under  stress  shows  that  the  phenomenon 
may  be  modified. 

15.  The  relationship  between  the  direction  of  the  magnetiz- 
ing current  in  the  long  helix  and  iron  core  current  is  shown 
in  the  diagram  (fig.  3). 

Fig.  .3. 


^^^^ 


) 


1(1.  Tbe  experiment  was  next  arranged  so  that  the  core 
might  be  as  long  as  ])ossible,  and  3'et  wound  with  a  moderate 
length  of  copper  helix.     An  iron  core,  A  B,  (r3  metres  long, 


Fisr.  4. 


4    mm.    diam.,    covered   Avith    a    non-conducting   coat,    was 
coiled  into  a  ring  of  about  15  centim.  diam.     It  was  next 
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coiled  with  a  thick  layer  of  swansdown  cloth,  and  then  with 
600  turns  of  covered  copper  wire,  so  coiled  as  to  have  no 
lateral  component.  A,  13  were  connected  to  the  ballistic 
galvanometer,  and  C,  D  to  the  battery-circuit  and  K,  &c. 
All  the  former  effects  were  produced,  but  in  a  much  greater 
degree,  the  deflexion  of  the  galvanometer  =  510  divisions. 
The  magnetizing  force  due  to  the  ring  coil  w^as  so  arranged  as 
to  be  almost  equal  to  that  used  in  (1-1).  A  minute  deflexion 
could  be  produced  on  either  closing  or  opening  the  battery- 
circuit  after  the  first  effect. 

17.  An  iron  rod  1*5  millim.  long,  1  centim.  diam.,  was 
next  coiled  with  a  helix,  and  all  the  former  effects  were  pro- 
duced. The  effect  was  not  so  marked  as  when  bars  of  small 
diameter  were  used. 

18.  The  remarkable  feature  of  the  phenomenon  appears  to 
be  that  it  is  only  on  the  entire  reversal  of  the  magnetism  of 
the  core  that  the  transient  current  is  produced  in  any  marked 
degree. 

19.  None  of  the  effects  could  be  got  from  brass  or  copper 
cores,  so  that  the  current  from  the  iron  core  is  due  to  the 
reversal  of  the  magnetic  matter  of  the  core.  In  all  the 
experiments,  already  described,  the  cores  were  as  free  from 
torsional  stress  as  possible.  Similar  experiments  were  next 
made  on  cores  which  had  a  torsional  set. 

20.  The  marks  ^^ — ^  ^  ^  in  the  appended  tables 
indicate  rijrht-handed  or  left-handed  torsion  o-iven  to  the  core 
under  examination  (see  Table  I,).  The  torsion  was  given  by 
fixing  one  end  of  the  core  and  then  rotating  the  other  a 
certain  number  of  times,  and  then  deducting  the  number  of 
turns  in  the  opposite  direction  that  the  core  took  before 
settling  down  at  its  '*  set "  torsional  position.  It  was  found 
that  when  the  cores  received  20  turns  that  they  untwisted  four 
turns,  so  that  the  whole  torsion,  at  the  condition  of  "  set," 
was  16  turns.  In  all  experiments  tabulated,  the  marks  f 
indicate  an  experiment  made  next  after  reversal  of  the  current^ 

21.  In  these  experiments,  with  cores  subjected  to  torsional 
"  set,"  the  same  markedly  large  deflexion  of  the  needle  of  the 
galvanometer  inmicdiateiy  after  the  reversal  of  the  magnetizing 
current  was  clearly  shown,  but  now  only  large  in  one  direcfion, 
the  direction  dc{)ending  on  the  direction  of  torsion  of  the 
core. 

22.  In  Table  I.  the  relationship  existing  between  the 
direction  of  the  magnetizing  current,  the  /?vm  core  current, 
and  the  torsion  of  the  core  are  shown. 

In  the  next  ex[)orimenfs  (Table  II.)  the  current  was  passetl 
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tbrou^ijli  tlie  iron  core  while 
galvanometer. 

23.  Two  similar  cores  (fig 
0})j)osite,  but  the  amount  of 
into  the  helix  togetlier,  their 
to  the  battery-circuit  ;  the 
cores,  l)ut  no  indication  of 
galvanometer  G,  the  effect  o 
that  of  the  other. 


the  coil  was  in  circuit  with  the 

.  5),  having  tlieir  sense  of  torsion 
torsion  in  each  equal,  were  put 

ends  A,  D  and  B,  (3  being  joined 

current  was  passed  through  the 
current  was  manifested  by  tbe 

f  one  core  apparently  cancelling 


Fiff.  5. 


24.  While  a  current  was  passing  through  the  iron  core  sub- 
ject to  torsional  set,  a  couple,  indicated  by  the  arrows  P  Q,  was 
applied  in  the  direction  of  the  torsion  of  the  core  (fig.  G). 
When  the  arm  0  A  was  moved  through  10°,  suddenly  a 
deflexion  of  400  was  given  by  the  galvanometer.  The  length 
of  the  core  was  50  centim.,  diam.  4  millim.  The  transient 
current  was  reversed  by  reversing  the  sense  of  the  couple. 
When  I  made  this  experiment  I  had  not  read  the  work  of 


Fior.  6. 


Wertheim,  1852.  He  produced  the  same  effect  in  the  same 
way — with  an  iron  rod,  but  not  under  initial  torsional  set  as 
was  the  case  in  my  experiment. 
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Table  II. — Second  Exporimeiit.     Current  from  tin;  Battery 
sent  tliroua[h  Iron  ( lore. 


Direction  of 

Direction  of 

No.  of 

tho  Current 

Deflexion  of 

No.  of 
Experi- 
ment. 

23  

the  Current 

Deflexion  of 

Expei-i- 

in  iron  core 

Galvano- 

in iron  core 

Galvano- 

iiient. 

with  16^.-'-^ 
turns. 

meter. 

with  16^-      ^ 
turns. 

meter. 

1    

A  toB 

90  L. 

t  AtoB 

185  R. 

o 

A  „  B 

20  L. 

24  

A  „  B 

40  R. 

a   

A  „  B 

■      20  L. 

25  

A  „  B 

40  R. 

\  

t  B  „  A 

240  R. 

26  

t  B  „  A 

120  L. 

r>  

B  „  A 

40  R. 

27  

B  „  A 

8L. 

(i  

B  „  A 

80  R. 

28  

B  „  A 

7L. 

7  

B  „  A 

2.0  R. 

29  

B  „  A 

5  L. 

S  

B  „  A 

20  R. 

30  

B  .,  A 

0 

'J  

B  „  A 

25  R. 

31  

B  „  A 

0 

10  

t  A  „  B 

100  L. 

32  

t  A  „  B 

153  R. 

11 

A  „  B 

0 

83  

A  „  B 

40  R. 

12  

A  „  B 

0 

34  

A  „  B 

.35  R. 

13  

A  „  B 

0 

35  

A  „  B 

30  R. 

14  

A  „  B 

0 

36  

A  „  B 

30  R. 

15  

tB  „  A 

1.50  R. 

37  

t  B  „  A 

136  L. 

16  

B  „  A 

25  R. 

38  

B  „  A 

10  L. 

17  

B  „  A 

25  R. 

39  

B  „  A 

10  L. 

18  

B  „  A 

23  R. 

40  

B  „  A 

10  L. 

19  

t  A  „  B 

120  L. 

41  

t  A  „  B 

155  R. 

20  

A  „  B 

0 

42  

A  „  B 

35  R. 

21  ...... 

A  ,.  B 

0 

43  

A  „  B 

30  R. 

^2 

A  „  B 

0 

44  

A  „  B 

30  R. 

The  relationships  which  exist  between  the  current  in  tlie 
iron  core  and  transient  current  in  the  hehx,  and  the  current 
through  the  hehx  and  the  transient  current  in  the  iron  core, 
the  iron  core  being  subject  to  torsion  in  the  direction  indicated, 
are  shown  by  the  four  diagrams  (fig.  7). 

25.  AVhen  the  current  which  traversed  the  long  solenoid, 
used  in  the  first  experiment,  was  interrupted  by  a  tuning- 
fork  driven  electrically,  an  iron  wire  sul)ject  to  torsional  set, 
within  the  solenoid,  gave  out  a  loud  musical  note.  It  was  shown 
by  Page,  long  ago,  that  an  iron  rod  within  a  solenoid,  through 
which  an  interrupted  current  passed,  would  give  out  a  musical 
note  ;  but  the  note  produced  by  a  rod  under  torsional  set  in 
my  experiment  appears  to  be  due  to  a  cause  somewhat  different 
from  that  whereby  Page's  effect  was  produced.  His  note  is 
said  to  be  produced  by  minute  elongations  and  shortenings  of 
the  rod.  In  the  case  of  the  rod  being  subject  to  torsion,  as  in 
the  experiment  now  described,  the  note  is  evidently  produced 
by  torsional  vibration,  and  that  so  great  that,  when  a  light 
pointer  was  fixed  to  the  free  end  of  the  twisted  rod,  a  record 
of  its  vibration  was  produced  on  the  moving  smoked-glass 
surface  of  the  chronograph.     I  found  no  difficulty  in  making 
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it  respond  to  1000  vibrations  per  second,  and  record  its  move- 
ments clearly  on  the  moving  surface  of  the  chronogra))h. 
The  diagram  (fig.  8)  shows  how  the  torsional  magnetic 
stylus  is  constructed. 

Fig.  8. 


A  B.  The  long  solenoid,  shown  broken  to  save  space. 

C  D.  Tiie  twisted  wire  of  iron. 

IS.  An  aluminium  pointer,  which  is  adjusted  to  touch  tlie 
smoked  glass  phite  of  the  chronograph. 

Repeated  tests  show  that  the  "  latency  "  of  this  new  form 
of  stylus  is  (>xceedingly  minute  ;  this  fact  will,  1  Ix'lieve, 
make  the  instrument  very  useful  for  getting  accurate  chrono- 
graphic  meiisureuients. 

2().  I  also  found  that  wlien  th(^  stylus  is  connected,  I)V  menns 
of  a  thread  or  Hn(;  wire,  to  a  mica  tympan  T,  tru(»  telej)h()nic 
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effects  could  be  obtained  wlien  a  snitablo  transmitter  is  placed 
in  tlie  circuit,  articulation  being  clear. 

27.  The  very  beautiful  exjicrinionts  of  Prof.  Hughes  and 
of  Prof.  Ewing  on  transitory  currents  were  made  on  wires 
in  which  torsional  "  set  "  had  not  been  ])roduced.  In  the 
ex[)eriincnts  which  have  l)een  described,  rods  with  permanent 
torsional  sets  were  always  used,  except  in  experiments  (14) 
and  (16). 


L.  Notices  respecting  New  Books. 

A    Course   of  Experiments   in   Physical    Measurement. — Part  III. 

Principles  and  Methods.    Bij  Hakold  Wuitixo,  Ph.D.    iioston, 

U.S.A. :  D.  C.  Heath  and  Co. 
TN  the  two  volumes  of  this  work  which  have  airead_v  appeared 
J-  the  author  has  described  the  processes  used  in  the  measurement 
of  Physical  Quantities,  and  has  given  full  details  concernnig  sources 
of  error  aud  the  various  methods  of  avoiding  or  elimiuating  them. 
Those  parts  of  the  theory  of  the  subject  upon  which  the  experi- 
ments previously  described  are  based  are  now  briefly  treated  of  in 
the  book  before  us.  The  theory  of  errors  also  receives  a  very  large 
share  of  attention,  and  in  connexion  with  it  is  included  the  calcu- 
lation of  the  meau  from  a  series  of  observations,  and  the  estimation 
of  the  probable  error  in  the  result. 

The  latter  half  of  the  volume  consists  of  a  collection  of  mathe- 
matical aud  physical  tables,  together  with  notes  explaining  their 
use.  In  the  case  of  the  tables  of  powers,  roots,  aud  reciprocals  of 
numbers,  and  in  one  or  two  other  cases  also,  two  tables  have  been 
given ;  a  rough  one  for  all  numbers  of  less  than  three  digits,  and 
a  more  complete  oue  accurate  to  five  figures.  The  former  should 
prove  useful  for  rapid  work,  and  the  latter  for  more  refined  calcu- 
lations. We  notice,  however,  that  two  tables  are  omitted  Mhich 
we  have  found  to  be  of  immense  value  in  ordinary  calculations, 
namely  a  table  of  four-figure  logarithms  aud  a  corresponding  oue 
of  antilogarithms.  To  be  of  maximum  utility  these  should  be 
placed  in  a  conspicuous  position,  say  at  the  end  of  the  book,  and 
should  be  so  arranged  that  the  whole  of  the  logarithm  table  can  bo 
seen  at  one  opening,  and  the  same  in  the  case  of  the  antilogarithms. 
In  our  experience  such  tables  are  quite  accurate  enough  for  almost 
all  calculations  with  the  exception  of  delicate  weighings  on  the 
balance,  where  the  five-figure  logarithms  given  by  the  author  would 
be  required.  There  is  moreover  a  positive  objection  to  the  use  of 
too  elaborate  mathematical  tables,  since  they  deceive  the  student 
into  thinking  that  his  results  have  the  same  order  of  accuracy  as 
the  tables. 

The  Physical  Tables  are  fairly  complete  and  accurate.  The  only 
error  we  have  noticed  is  in  the  table  of  electromotive  forces  of 
cells,  where  the  positive  pole  of  the  Clark  cell  is  erroneously  stated 
to  be  carbon  instead  of  mercury.  James  L.  Howaed. 
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The  Structure  of  the  Sidereal  Universe.  By  T.  W.  Backhouse, 
FJLA.S.  Demy  4to.  Hills  &  Co.,  Suuderlancl. 
No.  1  of  the  '  Publications  of  the  West  Hendon  House  Observa- 
tory, Sunderland,'  by  T.  W.  Backhouse,  has  just  been  issued,  and 
gives  the  details  on  which  the  author's  previous  papers  "  On  the 
Structure  of  the  Sidereal  Universe  "  (published  in  the  '  Monthly 
jVotices,'  vol.  i.  p.  374,  and  in  the  '  Sidereal  Messenger,'  vol.  ix. 
p.  337)  were  fouuded.  The  work  is  illustrated  \a  ith  figures  and 
maps,  and  the  numerous  observations  summarized  in  the  text 
furnish  a  useful  contribution  to  one  of  the  grandest  problems  in 
astronomy.  Mr.  Backhouse's  instruments  are  a  2-inch  field-glass 
and  a  4:j-inch  refracting  telescope,  and  he  appears  to  have  made  ex- 
cellent use  of  them.  He  remarks  that  certain  large  diffused  nebu- 
losities seen  by  SirAV.  Herschel  do  not  agree  with  those  seen  in  a 
field-glass.  This  is  not  surprising  when  we  reflect  that  Herschel 
used  powerful  appliances  in  his  unwearying  examination  of  the 
hevaens.  Mr.  Backhouse  says : — "  AVe  are  brought  to  the  conclusion 
that  the  galaxy  is  probably  far  nearer  us  than  was  at  one  time 
believed,  and  that  therefore  the  greater  part  of  the  stars  composing 
it  are  likely  to  be  much  smaller  than  the  sun.  The  tendency  of 
modern  investigations  is  to  diminish  our  ideas  of  the  extent  of  the 
visible  universe." 

Astronomers  will  welcome  further  publications  from  the  obser- 
vatory at  Sunderland.  Private  efforts  of  this  laudable  character 
are  none  too  numerous  in  this  country. 

LI.  Intelligence  and  Miscellaneous  Articles. 

EETINAL  OSCILLATIONS.       BY  M.  CHARPENTIER. 

T  HAVE  recently  investigated  certain  phenomena  which,  viewed 
as  a  whole,  demonstrate  experimentally  the  production  of  oscilla- 
tions in  the  visual  apparatus,  when  excited  by  light.  These  oscil- 
lations seem  rather  connected  with  a  reaction  of  the  retina,  when 
it  is  acted  on  by  light,  than  with  the  act  of  sensation  itself.  They 
are  none  the  less  interesting  to  know,  and  may  serve  as  starting- 
point  for  a  more  minute  analysis  of  the  mechanism  of  the  act  in 
question. 

■  The  fact  which  led  to  these  researches,  and  which  I  had  com- 
municated to  the  Societe  de  Blologie  on  May  10,  1890,  is  the 
followhig  :• — If  a  black  disk,  on  which  is  a  larger  or  smaller  white 
sector,  is  turned  rather  slo^\]y,  and  if  the  centre  of  the  disk  is 
rigidly  viewed  when  it  is  brightly  illuminated,  it  is  observed  that 
that  side  of  the  white  sector  which  first  penetrates  over  the  dark 
ground  is  bordered  in  its  motion  by  a  very  sharp  black  band  sepa- 
rated from  the  ground  by  a  similar  Avhite  band.  These  two  bands 
appear  in  the  fcjrm  of  sectors  concentric  with  the  disk,  provided 
that  certain  necessary  pi'ecautions  are  taken  in  the  observation,  in 
the  detail  of  which  I  cannot  enter  here.  The  black  band  is  shaded 
oft"  at  the  edges  ;  its  anguhir  extent,  like  that  of  the  original  white 
baiul,  increases  with  the  velocity  of  the  disk,  and  in  proportion  to 
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it ;  but  this  extent  expressed  in  time  is  always  constant ;  the  band 
takes  always  the  same  tiine  to  pass  in  front  of  a  point  of  tlie 
retina  ;  it  commences  about  J^-  or  y\j  after  the  passage  of  the  vvliite 
and  lasts  appreciably  the  same  time.  It  is  more  visible  the  brigliter 
the  illuiiiiiiation  of  the  white;  but  when  it  has  been  seen  in  thrse 
conditions  it  is  found  again  easily  under  feebler  illumination,  in 
wliich  it  is  only  less  striking.  But  this  enfeeblement  of  the  sensa- 
tion, more  or  less  marked  according  to  the  intensity  of  the  excita- 
tion, is  always  obser\'ed. 

It  may  be  said  that  in  this  experim.ent  there  is  spread  out  in 
space  what  occurs  in  tijne.  The  black  band  is  in  fact  only  a  kind 
of  reaction  of  the  retina  against  the  excitation  by  light,  a  reaction 
which  may  be  made  evident  in  a  totally  different  way. 

I  have  in  fact  observed  that  if  in  comjdete  darkness  we  produce 
an  instantaneous  luminous  excitation,  or  rather  one  of  a  duration 
which  can  be  neglected  in  comparison  with  the  first,  the  sensation 
appears  doubled ;  that  is  to  say,  tbat  when  once  it  is  formed  it 
disappears,  and  again  shows  itself  anew.  This  takes  place,  for 
instance,  if  we  pass  either  through  a  Crookes  or  Geissler  tube,  or 
simply,  but  with  less  effect,  through  air,  a  single  discharge  from  a 
liulimkorff  coil.  This  doubling  is  more  or  less  precise  according 
to  various  circumstances  which  I  have  mentioned,  but  it  is  readily 
found  again  when  it  has  once  been  observed :  it  is  particularly 
marked  with  indirect  vision.  I  have  shown  that  it  cannot  be 
attributed  to  a  reaction  of  the  pupil,  as  I  at  first  believed  when  1 
made  my  observations  in  a  room  not  perfectly  dark ;  it  is  in  fact 
a  retinal  phenomenon. 

There  is  tlit-n  in  this  experiment,  as  in  the  first,  a  negative 
reaction  under  the  influence  of  the  excitation  ;  tbe  difference  is 
that  in  the  first  case  the  excitation  lasts  when  this  reaction  is  seen, 
while  here  the  excitation  has  come  to  an  end,  and  only  an  obscu- 
ration of  its  persistent  or  consecutive  image  is  seen. 

Is  this  reaction,  this  negative  excitation,  unique  ?  I  do  not  think 
so  ;  for  in  certain  cases  I  have  seen  the  dark  band  followed  by  other 
analogous  bands  uniformly  spaced  but  much  less  distinct.  The 
observation  is  moreover  difficult,  for  a  pretty  great  velocity  of  the 
disk  is  required,  and  then  the  bands,  as  they  become  larger,  con- 
trast less  strongly  with  the  ground,  and  become  less  perceptible. 
AVbat  is  certain  is  that  tbe  first  dark  band  is  much  less  marked, 
and  it  dominates  the  phenomenon. 

It  would  be  difficult,  and  in  any  case  premature,  to  indicate  the 
causes  of  this  appearance,  but  it  may  be  permitted  to  characterize 
it  as  the  result  of  a  retinal  oscillation  formed  under  the  influence 
of  the  start  of  the  luminous  excitation.  What  confirms  this  inter- 
pretation is  that  this  oscillation  travels  along  the  retina  with  a 
uniform  velocity  from  the  point  where  it  starts;  and  that  by 
placing  ourselves  under  certain  experimental  conditions  we  may, 
thanks  to  it,  produce  true  phenomena  of  interference  in  the 
sensation. 

The  most  convenient  way  of  realizing  these  interferences  is  t(j 
turn  a  large  black  disk  of  about  0*4  metre  with  a  velocity  of  about 
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one  turn  in  a  second,  after  having  fixed  on  the  periphery  of  this 
disk  a  very  small  white  sector  of  1°  or  2°,  and  a  height  of  5  to  10 
uiilliin.  In  this  way  two  necessary  conditions  are  realized — a 
motion  so  rapid  that  there  is  a  persistent  image  of  this  sector  as 
extended  as  possible,  and  at  the  same  time  excitations  at  snch 
intervals  that  the  persistent  images  do  not  run  into  each  other. 
If,  then,  the  \'m\v  is  fixed  rigidly  towards  a  point  at  which  the 
sector  passes,  which  is  the  delicate  and  essential  co3idition  of  the  ex- 
periment, the  persistent  annular  image  of  the  object  is  seen  to  be 
cliannelled,  and  presents  a  certain  number  of  dark  zones  regulai^y 
spaced  out  on  the  light  ground.  An  intense  light  is  not  needed 
for  this  experiment. 

The  extent  of  the  successive  zones  on  the  retina  as  well  as  their 
frequence  is  easily  calculated. 

It  is  found  that  the  apparent  interval  between  tv^-o  dark  zones 
on  the  disk  diminishes  with  the  distance  from  the  eye.  The  image 
on  the  retina  of  this  interval,  on  the  contrary,  remains  constant. 

For  the  same  distance  of  the  disk  from  the  eye  the  interval  in 
question  varies  with  the  velocity  of  the  former,  and,  what  is  a 
point  of  capital  importance,  ?Ht^e?'A"e?i/  as  iliis  velocity.  This  is  not,; 
tlien,  a  case  of  direct  oscillations  due  to  excitation,  for  they  are,  on,- 
tlie  contrary,  spaced  out  in  proportion  to  the  velocity  of  the  disk. 

This  fact  can  only  be  explained  by  assuming  that  the  object  in 
moving  over  the  retina  is,  in  relation  to  the  induced  oscillation,  in 
analogous  conditions  to  those  of  an  observer  who  moves  away  from 
a  source  of  sound.  If  the  retinal  undulation  which  we  have 
actually  observed  in  the  experiment  with  the  black  band  travels 
with  a  constant  velocity  over  the  retina,  the  passage  of  a  luminous 
image  moving  with  a  suitable  rapidity  should  find  this  membrane 
in  conditions  periodically  varying,  in  which  the  perception  of  the 
object  w'ill  be  alternately  favoured  or  opposed.  The  distance  of 
two  neighbom-ing  maxima  and  minima,  which  represents  the  ap|)a- 
rent  wave-length  of  this  retinal  undulation,  should  obey  the  relation 
expressed  by  Doppler's  formula.  This  is  what  in  fact  is  confirmed 
by  experiment. — Comptes  Rend  as,  July  20,  1891. 


LECTUEE-ILLUSTRATION  OF  COMPLEMENTARY  COLOURS. 
BY  NIK.  VON  KLOBUKOW. 

The  method  consists  in  dissolving  the  pigment-colours  in  suit- 
able ])roportions  in  solvents  which,  differing  considerably  in  specilic 
gravity,  are  not  soluble  in  each  ot-her,  and  neither  of  w  Inch  dis- 
solves the  body  in  the  othei',  and  then,  by  violently  shaking  the 
solutions,  and  thus  as  it  were  effecting  a  mixture  of  the  physical 
molecules,  to  bring  about  a  mixture  of  colours. 

The  perception  of  colours  is  here  brought  about  by  direct 
action,  as  in  the  experiment  of  mixing  colours  by  reflexion,  and 
not,  as  in  the  colour-disk,  by  after-action  of  the  luminous  im- 
pression. 

Owing  to  the  above-mentioned   properties  of  the  solutions,  the 
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liquids  after  being  shaken  together  gradually  separate,  and  the 
two  layers  of  liquid  are  seen  unchanged.  By  suitably  changing 
the  degree  of  dilution  of  the  solutions,  or  by  altering  the  pro- 
portions, nny  desired  colour-effect  can  be  easily  obtained ;  on  the 
other  hand,  by  adding  suitable  materials  to  one  or  the  other  solu- 
tion the  duration  of  their  mixture  can  be  varied  at  will. 

To  exhibit  the  action  of  a  mixture  of  red  and  (jreen  colouring- 
matters,  aldehyde  green  in  amylic  alcohol  is  used  for  one  solution 
and  cobalt  salt  in  water  for  the  other.  Of  the  various  preparations 
of  aldehyde  green,  the  purest  should  be  taken,  which  dissolves 
easily  in  amylic  alcohol  with  a  colour  like  that  of  solutions  of  nickel 
salts.  It  is  not  dilKcult  just  to  hit  the  quantities  in  which  the  mixture 
appears  of  a  dull  white  colour.  Experiment  shows  that  mixtures 
of  pigments  behave  like  mixtures  of  pure  spectrum  colours.  Mix- 
tui'es  of  cobalt  and  nickel  solutions  can  also  be  used  to  demonstrate 
the  action  of  complementary  colours  ;  by  the  addition  of  ammonium 
or  sodium  chloride,  or  other  alkaline  salts,  to  the  solution  of  cobalt, 
the  separation  of  the  mixed  liquids,  which  otherwise  takes  place 
slowly,  can  be  accelerated  at  will.  In  order  to  get  as  pure  a  white 
as  possible,  the  illumination  must  be  as  intense  as  practicable,  and 
the  experiment  made  in  front  of  a  dark  background,  care  being 
taken  to  avoid  any  white  objects. 

To  show  the  action  of  the  mixture  of  blue  and  ydloiu  colouring- 
matters,  a  solution  of  phenanthrenquinoue  in  amylic  alcohol  may 
be  used,  which  gives  a  yellow  solution,  and  for  blue  a  solution  of 
ammonio-sulphate  of  copper. 

For  the  mixtui-e  of  yellow  and  violet  the  same  solution  can  be 
used  for  the  yellow,  and  a  mixture  of  cobalt  and  copper  salts  in 
water  for  the  violet,  the  tint  being  as  near  that  of  the  spectrum  as 
possible. — Wiedemann's  Annalen,  No.  6,  1891. 


ON  A  REMARKABLE  NEW  ACID.      BY  TH.  CURTIUS. 
In  the  course  of  his  researches  on  Hydrazine  the  author  has 
obtained  an  extremely  interesting  body,   Azoimide,  or  hydrogen- 
nitride,  the  composition  of  which  corresponds  to  the  formula 

N3H=||  >NH. 
N/ 
In  the  pure  concentrated  state  it  is  a  colourless  liquid  of  extremely 
pungent  odour,  which  boils  at  37*^  without  decomposition,  and  can 
be  distilled,  though  it  sometimes  explodes  with  great  violence  at  a 
much  lower  temperature.  In  an  aqueous  solution  it  behaves  just 
as  a  halogen  acid ;  like  these  it  is  monobasic,  and  forms  salts  with 
readiness.  These  salts,  which  are  nitrides,  correspond  exactly  to 
the  chlorides.  Nitrogen  silver,  AggN,  and  the  mercurous  salt 
(N3)^Hg„  explode  when  heated,  or  by  a  blow,  with  great  violence. 
Nitrogen  ammonium,  ]V^H^=N'3(]yH^),  is  a  body  M'hich  crystaUizes 
in  large  brilliant  prisms,  which  can  be  sublimed  without  decom- 
position.—  ChemiscJie  BericJiie,  vol,  xxiii.  p.  3023  (1890). 
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LII.   The  Influence  of  Temi^erature  on  the  Colour  of  Pigments 
By  Edwaed  L.  Nichols  and  Benjamin  W.  Snow*. 

OUR  knowledge  of  the  laws  which  govern  the  changes  of 
colour  which  many  substances  undergo  when  heated  is 
very  incomplete.  Certain  marked  changes  of  colour  which 
occur  under  the  action  of  the  blowpipe,  and  which  are  useful 
for  the  identification  of  the  substance  exhibiting  them,  have 
been  noted  and  described,  and  some  attempts  have  been  made 
to  show  that  these  and  other  colour-changes  follow  a  general 
law. 

To  Schoenbeinf  we  owe  the  general  observation  that  colours 
grow  dark  under  the  action  of  heat.  E.J.  Houston!  (1871), 
working  in  association  with  Elihu  Thomson,  studied  a  great 
number  of  substances  and  noted  their  change  of  hue  when 
heated.  They  stated  their  conclusion  as  follows : — " ....  the 
addition  of  heat  causes  the  colour  to  pass  from  one  of  a  greater 
to  one  of  a  less  number  of  vibrations  .  .  .  ." 

Ackroyd  §  (187G),  in  a  short  but  admirable  paper,  con- 
firmed the  observation  of  a  movement  of  colour-tones  "towards 
the  red  "  upon  heating.  He  supplemented  naked-eye  obser- 
vations with  spectroscopic  study  and  reached  the  following 
result : — "  That  metacliromatism  arises    from    increased    ab- 

*  Communicated  by  the  Authors, 
t  rogp:enclorfi''s  AHiiahn,  xlv.  p.  203. 
X  Journal  of  the  Frankhn  Institute,  3rd  series,  Ixii.  p.  115. 
§  "  Metachromatism,  or  Colour  Change,"  Chemical  News,  vol.  xxxiv. 
p.  7G. 
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sorption  of  light  with  elevation  of  temperature,  the  more 
refrangible  increment  increasing  at  a  greater  rate  than  the 
less  refrangible."  How  accurate  a  statement  of  fact  this  is 
will  appear  when  the  measurements  to  be  given  in  the  present 
paper  have  been  described. 

The  kindred  topic  of  the  influence  of  temperature  upon 
absorption-spectra  has  claimed  the  attention  of  Gladstone*, 
Bartley  f,  and,  very  recently,  of  Conroj^  %.  Hitherto,  however, 
there  have  been  but  few  efforts  to  analyse  systematically 
the  selective  reflexion  which  takes  place  at  the  surface  of 
pigments  §,  and  no  attempts  to  trace  out  quantitatively  those 
variations  in  the  amount  and  character  of  the  reflected  light 
which  are  brought  about  by  the  action  of  heat. 

It  is  our  purpose  in  this  paper  to  present  the  results  of  an 
investigation  of  the  colour-changes  which  pigments  undergo 
w^hen  subjected  to  wide  ranges  of  temperature.  The  deter- 
minations included  the  spectroscopic  analysis  of  the  light  from 
the  pigment,  with  means  of  measuring  its  intensity,  wave- 
length by  wave-length,  and  the  estimation  of  the  temperature 
of  the  coloured  surface. 

The  method  of  determining  temperature  which  seemed  to 
present  the  fewest  objections,  consisted  in  supporting  a  thin 
layer  of  the  pigment  on  a  ribbon  of  platinum  foil,  which  could 
be  maintained  at  any  desired  temperature  by  means  of  the 
electric  current,  and  then  measuring  the  linear  expansion  of 
the  foil.  To  this  end  a  strip,  25  centim,  in  length  and 
7  millim.  wide,  was  cut  from  a  sheet  of  platinum.  The  strip 
was  placed  in  the  circuit  of  a  Gramme  dynamo,  and  heated 
to  a  cherry-red.  The  degree  of  incandescence,  which  was 
observed  to  be  in  all  parts  the  same,  afforded  a  sufficient  test 
of  the  uniformity  of  the  foil.  To  the  ends  of  this  platinum 
strip  were  soldered  brass  rods,  capable  of  carrying  a  heavy 
current  without  heating.  These  passed  through  the  arms  of 
a  frame  in  which  the  strip  was  mounted,  and  one  of  them  bore 
a  compressed  spiral  spring,  which  served  to  keep  the  platinum 
ribbon  properly  stretched.  By  means  of  a  dividing-engine 
two  fine  diamond  rulings,  89  millim.  apart,  were  drawn  upon 
the  foil  at  right  angles  to  its  length.     Two  microscopes,  each 

*  Philosophical  Magazine,  [4]  xiv.  p.  423  (1857;. 

t  Proceedings  of  the  Royal  Society,  xxii.  p.  241. 

X  Philosophical  Magazine,  [5]  xxxi.  p.  317  (1891). 

§  With  the  exception  of  a  few  measurements  made  several  years  ago 
by  one  of  us  (Nichols,  American  Journal  of  Science,  vol.  xxviii.  p.  343), 
the  only  quantitative  study  of  the  spectra  of  pigments  with  which  we  are 
acquainted  is  that  contained  in  the  recent  paper  of  Abney  and  Testing  on 
Colour  Photometry  (Phil.  Trans,  clxxix.  p.  549). 
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provided  with  a  micrometer  eyepiece  reading  to  0*0025  millim., 
were  now  focused  upon  these  hnes,  so  that  when  the  strip 
expanded  longitudinally,  under  the  heating  action  of  the  cur- 
rent, the  increment  could  be  readily  and  accurately  measured. 
The  indications  of  this  platinum  thermometer  enabled  us  to 
calculate  the  temperatures  to  which,  from  time  to  time,  the 
foil  and  the  film  of  pigment  placed  upon  it  were  heated.  In 
these  computations  we  used  Matthiessen^s  well-known  formula, 
in  which  the  length  of  a  platinum  wire  is  expressed  as  a 
function  of  its  temperature.     This  formula, 

1=1^(1  +  -00000851 1  +  -0000000035 1""), 

was  originally  determined  between  0°  and  100°  C,  and  is 
strictly  applicable  only  within  that  range.  Beyond  its  proper 
interval  it  doubtless  yields  false  values,  and  for  very  high 
temperatures  the  correction  may  be  a  considerable  one. 
Although  the  correction-factor  is  at  present  unknown,  the 
equation  gives  a  convenient  arbitrary  scale  of  temperatures, 
which  possesses  the  advantage  of  being  readily  reduced  to  the 
Centigrade  system  when  the  proper  formula  shall  have  been 
determined. 

In  the  preparation  of  the  film  of  pigment  one  of  the  two 
following  methods  was  employed.  In  the  case  of  the  oxides 
of  zinc  and  of  magnesium  the  foil  was  smoked  over  the  flame 
of  the  burning  metal ;  in  other  cases  the  ribbon  was  well 
moistened  with  alcohol  and  the  pigment  was  sifted  upon  it 
with  a  fine  cloth,  a  quantity  just  sufficient  to  entirely  conceal 
the  metal  being  thus  applied.  Upon  the  evaporation  of  the 
alcohol  there  remained  on  the  platinum  a  thin  adherent  layer, 
which  possessed  the  natural  surface  of  the  dry  powdered  j)ig- 
ment,  nearly  free  from  gloss  or  surface-reflexion. 

The  instrument  by  means  of  which  the  photometric  mea- 
surements were  carried  out  was  a  form  of  polarizing  spectro- 
photometer. The  arrangement  of  its  several  essential  parts, 
together  with  that  of  the  apparatus  used  in  connexion  with  it, 
is  shown  in  the  accompanying  diagram  (fig.  1).  F  F  is  the 
platinum  strip,  the  mounting  of  which  has  already  been 
described.  To  it  were  attached  wires  from  a  storage-battery 
of  twenty  cells,  the  amount  of  current,  and  consequently  the 
temperature  of  the  foil,  being  controlled  by  the  variation  of 
resistance  in  the  circuit.  The  letters  ni  m  denote  the  positions 
of  the  diamond-lines  ;  M  M  are  the  microscopes  focused  upon 
them  for  the  measurement  of  temperature.  The  other  side  of 
the  platinum  foil,  upon  whicli  the  coating  of  colouring-matter 
is  spread,  is  illuminated  by  an  incandescent  lamp,  L',  which 
is  supplied  from  another  storage- battery.     Light  from  this 
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lamp,  (lifFuscly  roflocted  from  tho  pigment,  enters  a  rectan- 
gular prism  at  B,  where  it  suffers  total  reflexion  and  is  thrown 
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vertically  downwards.  The  rays  then  enter  another  prism, 
identical  in  size  and  form  with  the  first,  which  sends  them 
through  the  upper  half  of  the  slit  of  the  spectrosco]io  in  a 
direction  parallel  to  the  axis  of  the  collimator-tiibe,  S  C. 

In  multiple  circuit  with  the  lamp  L',  and  supplied  from  the 
same  battery,  is  the  precisely  similar  lamp  L,  which  serves  as 
the  reference  standard.  Rays  from  this  lamp  are  first  ren- 
dered parallel  by  the  lens  of  short  focus  A,  and  then,  before 
reaching  the  collimator,  pass  through  the  pair  of  Nicol  prismSj 
N  and  W ,  which  act  respectively  as  polarizer  and  analyser. 
The  light  upon  emerging  from  the  analyser  enters  a  pair  of 
reflecting  prisms  similar  to  those  which  have  just  been  de- 
scribed and  symmetrically  placed,  and  so  through  the  lower 
half  of  the  slit  into  the  collimator  and  along  a  path  every- 
where parallel  to  that  followed  by  the  light  from  the  pigment. 

The  disposition  of  the  four  right-angled  prisms  before  the 
slit  is  shown  in  fio-.  2.  This  arrangement  offers  a  certain 
advantage  over  the  usual  devices  for 
introducing  the  rays  of  the  com- 
parison-light into  the  collimator-tube. 
The  adjacent  edges  of  the  two  inner 
prisms  are  in  contact  with  the  slit, 
and  when  viewed  through  the  eye- 
piece they  form  a  sharply  defined 
boundary  in  the  middle  of  the  field. 
The  result  is  that  when  two  bundles 
of  light  are  introduced  by  means  of  the  device  under   con- 


Fiff.  2. 
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sideration,  the  spectra  are  separated  by  a  much  more  clearly 
defined  median  line  than  can  be  secured  with  the  ordinary 
comparison-prism  at  the  slit.  The  sharpness  of  the  inner 
boundary  between  the  spectra  to  be  compared  has  great 
influence  upon  the  accuracy  of  the  spectro-photometric  de- 
termination ;  indeed,  where  close  measurements  are  desired, 
definition  in  this  region  may  be  regarded  as  essential.  There 
is  another  condition  which  is  met  by  the  use  of  the  four 
prisms.  The  selective  absorption  of  the  glass  through  which 
the  light  passes  in  a  spectro-photometer  is  by  no  means 
negligible.  Even  in  the  clearest  of  0})tical  glass  the  absorp- 
tion varies  in  a  marked  degree  with  the  wave-lenoth  of  the 
ray ;  and  it  is  therefore  important  that  the  two  sets  of  rays 
which  are  to  furnish  the  spectra  to  be  compared  should  be 
subjected  to  the  same  treatment,  passing  through  the  same  or 
similar  lenses  and  prisms  and  traversing  the  same  total  thick- 
ness of  glass*.  In  the  instrument  used  in  our  experiments 
this  condition  was  fulfilled  in  every  respect  but  one  ;  viz.  the 
light  from  the  comparison-lamp  L  passed  through  the  con- 
densing-lens  A  and  the  two  Nicol  prisms  which  were  not  in 
the  path  of  the  rays  from  L'.  The  method  by  which  the 
absorption  due  to  these  was  eliminated  will  be  indicated  later. 
After  having  traversed  the  collimator-tube,  the  rays  from 
the  pigment  and  those  from  the  lamp  L  were  dispersed  by  the 
prism  p  and  passed  on  to  the  eyepiece.  The  field  of  view 
consisted  of  two  spectra  situated  one  above  the  other.  By 
means  of  an  adjustable  diaphragm  in  the  eyepiece  any  desired 
region  of  the  spectrum  could  be  isolated.  When  thus  restricted 
the  field  consisted  of  two  narrow  vertical  strips  of  colour, 
separated  by  a  black  line  which  was  the  image  of  the  adjacent 
edges  of  the  reflecting-prisms  before  the  slit.  The  two 
strips  of  colour  were  identical  in  wave-length  and  differed  only 
in  intensity.  The  brightness  of  the  lower  depended  upon  that 
of  the  comparison-lamp  L,  and  upon  the  angle  between  the 
polarizing-planes  of  the  Nicol  prisms.  Of  these  last  the 
polarizer  N  (fig.  1)  had  freedom  of  rotation,  and  was  provided 
with  a  circle  reading  to  five  minutes  of  arc.  The  brightness 
of  the  upjter  field  depended  upon  the  amount  of  light,  of  the 
wave-length  in  question,  reflected  by  the  pigment  under 
investigation.  The  spectrum  of  the  comparison-lamp,  although 
reduced  by  ])oIaiization,  and  by  absorption  and  reflexion 
suffered  in  traversing  the  lens  A  and  the  calcite  prisms,  was 

*  Abncy  and  Fe.'.linj.'-,  in  tln'ir  paper  on  Colour  Pliotonictry,  already 
cited,  have  pointed  out  the  importance  of  this  precaution  (see  p.  549 
of  their  niouoyraphj. 
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still  much  the  brighter  of  the  two.  The  measurements  con- 
sisted in  turning  the  movable  Nicol  until  the  spectrum  of 
lamp  L  was  reiluced,  region  for  region,  to  equality  with  that 
of  the  spectrum  due  to  the  pigment. 

In  presenting  the  results  of  measurements  with  the  spectro- 
photometer it  is  not  always  desirable  to  reduce  the  intensities 
to  absolute  measure,  since  it  is  with  the  luminosity  rather  than 
with  the  distribution  of  energy  that  we  have  to  do.  One  of 
the  most  satisfactory  ways  of  defining  colour  is  to  compare  it 
with  white  as  a  standard,  and  that  is  the  method  which  we 
have  adopted  for  the  purposes  of  this  investigation.  The 
ideal  white  is  one  which  reflects  all  the  wave-lengths  of  the 
visible  spectrum  in  the  same  proportion.  Whatever  be  the 
character  of  the  illumination  to  which  a  body  the  colour  of 
which  is  the  ideal  white  is  subjected,  therefore,  the  incident 
and  reflected  rays  will  be  identical  in  quality.  Since  no  such 
body  is  known  to  exist,  however,  it  becomes  necessary  to 
select  some  actual  pigment  as  a  reference-standard. 

Dr.  Arthur  Koenig,  in  one  of  his  papers  on  colour-blindness, 
has  suggested  the  adoption  of  magnesium  oxide,  obtained 
from  the  smoke  of  the  burning  metal,  as  the  normal  white  *. 
Between  this  substance  and  magnesium  carbonate,  which  one 
of  the  present  writers  has  repeatedly  used  as  a  standard!, 
there  is  little  to  choose,  so  far  as  selective  reflexion  is  con- 
cerned. Neither  of  them  can  be  considered  a  true  white,  in  the 
sense  in  which  that  term  is  to  be  understood  in  spectro- 
photometry!, but  the  oxide  possesses  two  great  advantages: 
the  film  is  very  readily  produced,  and  the  tint  and  the  degree 
of  brilliancy  reappear  in  each  new  specimen  with  a  constancy 
which  leaves  nothing  to  be  desired.  In  our  experiments,  then, 
magnesium  oxide  was  adopted  as  the  reference-white,  and  the 
ideal  white,  in  terms  of  the  brightness  of  which  all  pigments 
were  to  be  measured,  was  defined  as  a  surface  which,  reflecting 
all  wave-lengths  of  the  visible  spectrum  equally  well,  possesses 
the  same  reflecting-povver  for  the  wave-length  "5890 /i  (region 
of  the  D  line)  as  does  the  smoke-film  of  magnesium  oxide. 

Our  first  step  was  to  determine  the  correction-factor  for  the 
selective  absorption  suffered  by  the  light  from  the  lamp  L,  in 
traversing  the  lens  A,  and  the  Nicol  prism.  For  this  purjiose 
a  block  of  the  carbonate  of  magnesium  was  cut  in  two.     The 


*  Wiedemann's  Annalen,  xxii.  p.  573. 

t  E.  L.  Nichols,  American  Journal  of  Science,  xxviii.  p.  343, 
X  E.  L.  Xichols,  ''On  Black  and  White,"  Transactions  of  the  Kansas 
Academy  of  Science,  vol.  x.  p.  1  (188G). 


Temperature  on.  the  Colour  of  Pigments.  407 

new  faces  thus  formed  were  rubbed  together  until  they  had 
acquired  complete  identity  of  surface-texure.  One  of  the 
pieces  was  placed  in  the  position  usually  occupied  by  the 
lamp  L,  the  lamp  itself  being  set  up  about  ten  centimetres 
away.  The  newly  prepared  surface  was  illuminated  by  the 
lamp,  and  it  made  an  angle  of  45  degrees  with  the  axis 
of  the  polarizing  prisms.  The  other  piece  of  the  carbonate 
was  mounted  in  place  of  the  platinum  strip,  and  in  the  same 
manner  as  the  first  one.  It  was  illuminated  by  rays  from  L', 
which  had  been  removed  to  a  sufficient  distance  to  restore  the 
ratio  of  brightness  of  the  two  spectra  to  a  convenient  value. 
The  spectra  of  the  rays  reflected  by  these  two  identical  sur- 
faces were  compared,  wave-length  for  wave-length,  from  red 
to  violet.  The  difference,  which  was  indeed  most  striking, 
could  be  due  only  to  selective  absorption  by  the  condensing- 
lens  and  the  Nicol  prisms.  Subsequent  measurements,  made 
when  both  pieces  of  magnesium  carbonate  were  illuminated 
by  the  same  lamp,  showed  that  L  and  L',  which  were  lamps 
of  the  same  type  carefully  adjusted  to  the  same  temperature, 
emitted  the  same  quality  of  light,  so  that  no  correction  for 
difference  of  illumination  was  necessary.  It  was  not  essential 
to  our  purpose  to  determine  what  portion  of  loss  by  absorp- 
tion was  due  to  the  action  of  glass  and  what  to  calcite,  but 
the  effect  of  the  two  taken  together  was  so  surprisingly  large 
that  it  seemed  well  worth  while  to  separate  them.  This  was 
readily  accomplished  by  repeating  the  comparison  of  the 
spectra  with  the  lens  removed,  a  condition  under  which 
absorption  within  the  calcite  alone  remained.  The  data 
obtained  in  these  experiments  upon  the  selective  absorption 
in  glass  and  calc-spar  have  no  direct  bearing  upon  the  subject- 
matter  of  this  paper.  As  they  are  in  themselves  of  some 
interest,  however,  they  will  be  communicated  under  a  distinct 
title. 

This  preliminary  investigation  being  completed  and  the 
correction-factors  for  absorption  fixed  upon,  we  proceeded  to 
study  the  spectrum  of  magnesium  oxide  at  25^  0.  This  was 
not  one  of  the  substances  from  which  we  expected  marked 
eflt'ects  as  the  result  of  heating,  but  we  were  anxious  to  deter- 
mine in  what  manner  it  differed  from  true  whiteness.  The 
brightness  of  its  spectrum  in  the  region  of  the  D-line,  more- 
over, was  the  value  to  which  all  subsequent  measurements 
were  to  be  referred.  Measurements  were  made  at  seven 
points  in  the  visible  spectrum,  the  wave-lengths  of  which  are 
given  in  Table  I.  The  brightness  of  each  region  is  expressed 
in  terms  of  that  of  the  corresponding  region  in  the  spectrum 
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of  the  ideal  white  (already  defined)  ;  a  method  which  was 
followed  in  the  case  of  all  subsequent  determinations.  The 
results  arc  shown  graphically  in  fig.  3.  In  this  diagram  and 
in  all  that  follow  it,  abscissae  are  wave-lengths  and  ordinates 
arc  intensities.     The  spectrum  of  the  normal  white  in  each 
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case  would  be  represented  by  a  horizontal  line,  the  ordinate 
of  which  is  I'OO.  It  will  be  seen  that  the  magnesium  oxide 
differs  from  the  ideal  white  in  that  it  reflects  the  less  refran- 
gible rays  more  freely  than  it  does  those  of  shorter  wave- 
length. The  deficiency  increases  steadily  towards  the  violet, 
where,  in  the  region  '425/*,  the  pigment  reflects  only  sixty-ono 
one  hundredths  as  much  light  as  the  ideal  white  would  have 
done  under  the  same  illumination.  The  strip  of  foil,  still 
bearing  the  smoke-film  of  magnesium  oxide,  was  afterwards 
brought  to  758°  C,  and  the  measurements  were  repeated  with 
the  pigment  at  that  temperature.  The  values  obtained  (see 
Table  I.)  show  a  very  slight  decrease  in  reflecting-power  but 
no  chanffe  of  colour. 
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Table  I. — Reflecting-power  of  Magnesium  Oxide  at  25°  and 
758°,  in  terms  of  that  of  the  ideal  Wliite. 


Wave-lengths. 

Temperature  of  the  pigment : 

25°  C. 

758°  C. 

•7530 
•6685 
•6080 
•5570 
•5185 
•4500 
•4250 

1-021 
0-994 
0-980 
0-949 
0-806 
0-614 

0-988 

0-966 
0-892 
0-737 
0-5843 

First  on  our  list  of  substances  from  which  marked  changes 
of  colour  under  the  action  of  heat  might  be  looked  for  was 
sulphur.  Every  one  is  familiar  with  the  increase  in  the  inten- 
sity of  the  yellow  hue  when  this  substance  is  heated  to  tem- 
peratures in  the  neighbourhood  of  its  melting-point.  Our 
interest  had  been  particularly  aroused,  however,  by  a  state- 
ment of  E.  Wiedemann's  to  the  effect  that,  when  exposed  to 
the  intense  cold  obtained  by  contact  with  solid  carbon  dioxide, 
sulphur  is  not  yellow,  but  white.  Professor  Wiedemann* 
alludes  to  this  as  to  a  well-knowai  fact ;  but  it  was  quite  new 
to  us,  and  we  repeated  the  experiment,  extending  it  to  various 
other  pigments,  with  results  which  will  be  described  later. 

For  the  purpose  of  the  determination  of  the  spectrum  of 
sulphur,  a  la^'cr  of  the  powdered  element  was  prepared  by  the 
method  of  moistening  with  alcohol,  already  described.  When 
the  film  was  dry,  it  was  measured  at  25°  and  at  103°  C  The 
results  are  given  in  Table  II.  and  in  fig.  4. 

Table  II. — Reflecting-power  of  Sulphur  at  25°  and  at  103°, 
in  terms  of  that  of  the  ideal  White. 


Wave-lengths. 

Intensities 
at  25°  0. 

Intensities 
at  103°  C. 

•()685 

0-682 

0-457 

•6080 

0-651 

•5570 

0-634 

0-368 

•4920 

0-571 

0-332 

•4685 

0-318 

0-205 

•4500 

0-163 

0-094 

•4340 

0055 

0-040 

The  spectrum-curve  of  sulphur  (fig.  4)  is  characteristic  ; 
*  BeiUdttcr  zii  den  Annalcn  der  Physih,  xii.  p.  701. 
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it  cauuot  be  mistaken  for  that  of  niolyldic  acid    (fio-.  5),  of 
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massicot   (fig.   G),  of  the  yellow  variety  of  mercuric  iodide 
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(lig.     7),    or    of    loud    cLromate,   the    curve   of   uhich    has 
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been  given  in  one  of  the  articles  on  colour  already 
cited  *. 

All  these  substances  show  marked  decrease  of  reflecting- 
power  as  we  pass  through  the  spectrum  from  red  to  \dolet. 
In  the  case  of  sulphur,  the  diminution  is  much  less  rapid  than 
in  other  3'ellows  imtil  the  region  of  the  F  line  of  Fraunhofer 
is  reached.  The  curve  then  trends  sharply  downwards,  indi- 
cating very  rapid  lessening  of  the  reflecting-power  towards 
the  violet  end  of  the  spectrum. 

The  films  of  massicot  and  mercuric  iodide  were  prepared 
as  follows : — Coatings  of  red  lead  and  of  the  red  variety  of 
mercuric  iodide  respectively  were  laid  on  in  alcohol.  When 
these  were  heated  by  the  passage  of  the  current,  they  were 
converted  into  the  monoxide  of  lead  (PbO)  in  the  one  and 
into  the  yellow  form  of  the  iodide  in  the  other.  The  change 
took  place  spontaneously,  when  the  requisite  temperature  was 
reached,  without  any  disturbance  of  the  film,  and  the  colour 
of  the  pigment  thus  obtained  was  uniform  and  of  uncommon 
brilliancy.  The  unstable  yellow  mercuric  iodide,  however, 
began  to  revert  to  the  red  form  almost  as  soon  as  it  became 
cold,  and  measurements  were  obtained  iu  four  regions  only. 
The  coating  of  molybdic  acid  was  prepared  by  treatment  with 
alcohol. 

The  results  of  our  measurements  of  the  spectra  of  these 
three  substances  are  given  in  Tables  111.,  IV.,  and  V. 

Table  III. — Reflecting-power  of  Molybdic  Acid  in  terms  of 
that  of  the  ideal  White.     Temperatures,  25°  and  272°  C. 


Wave-lengths. 

Intensities  at 
25°  C. 

Intensities  at 
272°  C. 

fi. 

•75o0 

0-720 

•6685 

0-695 

0-596 

•6U80 

0-613 

0-465 

•5570 

0-517 

0-335 

•4920 

0-309 

0101 

•4685 

0-139 

•4500 

0-068 

0040 

•4340 

0-045 

*  See  American  Journal  of  Science,  xxviii.  p.  345. 
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Table  IV. — Eeflectin^-power  of  Massicot  (PbO)  in  terms  of 
that  of  the  ideal  White.  Temperatures,  25°,  540°,  and 
825°  C. 


Waye-lengths. 

Intensities 

Intensities 

Intensities 

at26°C. 

at  540° C, 

at  825"  C. 

IX. 

•7530 

0-585 

0-488 

0-255 

•()()85 

0-502 

0-414 

0-199 

■GOSO 

0-393 

0  324 

0-117 

•r)r)70 

0-356 

0-175 

0-066 

•4920 

0-239 

0059 

0-057 

•4500 

0-096 

0-057 

•4250 

0-060 

0-040 

In  addition  to  the  results  of  measurements  made  upon  the 
yellow  iodide  of  mercury,  Table  V.  contains  data  for  the  red 
variety  at  25°  and  at  122°.  The  other  red  pigments  subjected 
to  investigation  were  : — Ked  lead  (Table  VI.,  fig.  8),  sulphide 
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of  mercury,  HgaS  (Table  VII.,  tig.  9),  and  mercuric  oxide. 
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HgO  (Table  VIII.,  fig.    10),      A  specimen   of  ferric   oxide, 
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FegOs,  which  was  measured  at  three  temperatures  (see 
Table  IX.,  fig.  11),  could  not  be  properly  classified  as  a  red. 
It  was  the  ordinary,  well-known,  rust-coloured  powder. 
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Table  V. — Reflecting-power  of  Mercuric  Iodide  in  terms  of 
that  of  the  ideal  White.     Temperatures,  25°  and  122°  C. 


Wave-lengtlis. 

Red  Variety. 

Yellow  Variety. 

Intensities 

Intensities 

Intensilies  at 

at  25°  C. 

at  122°  C. 

25°  C. 

yi. 

■7530 

0-895 

0-846 

•fifisy 

0-771 

0-744 

0-776 

•G080 

(>;}30 

0^0()(5 

0035 

•5.570 

0()50 

0-04(5 

0  5(51- 

•.'ilSfj 

0-058 

•4920 

0054 

0-044 

•4500 

0055 

0032 

O-O'Jl 
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Table  VI. — Reflecting-power  of  Red  Lead  in  terms  of  that 
of  the  ideal  White. 


Wivve-lcngtbs. 

Intensities 

Intensities 

Intensities 

at  25°  0. 

at  145°  C. 

at 496°  C. 

•7r);50 

0-893 

0-757 

0-414 

•(')(*)S5 

0()85 

0-569 

0-132 

•G()80 

0-451 

0153 

0061 

•5570 

,   0-076 

0-052 

0052 

•4920 

0-0G5 

0048 

0-058 

•4500 

0-036 

0-034 

0034 

Table  VII. — Reflecting-power  of  the  Sulphide  of  Mercury 
(Hg2S)  in  terms  of  that  of  the  ideal  White.  Temperatures, 
25°  and  220°  C. 


Wave-lengths. 

Intensities  at 
25°  0. 

Intensities  at 
220°  C. 

n. 

•7530 

0-853 

0-333 

•6685 

0-710 

0-237 

•6370 

0-465 

0059 

■5820 

0-038 

0-U21 

•5570 

0030 

•4920 

0-025 

0-017 

•4340 

0-019 

0-026 

Table  VIII.— Reflecting-power  of  Mercuric  Oxide  (HgO) 
in  terms  of  that  of  the  ideal  White.  Temperatures,  25°, 
313°,  and  523°  C. 


Wave-lengths. 

Intensities 
at  25°  0. 

Intensities 
at  313° 0. 

Intensities 
at  523°  C. 

•7530 

0-849 

0-612 

0-266 

•6685 

0-678 

0-221 

0161 

-6080 

0-381 

0-112 

0-104 

■5570 

0-119 

0083 

0-082 

■4920 

0093 

0080 

0-093 

•4685 

0093 

•4500 

0095 

0101 

0-111 

•4250 

0-055 

0063 

0-063 
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Table  IX. — Reflecting-power  of  Ferric  Oxide  (Fe203)  in 
t(>rms  of  that  of  the  ideal  White.  Temperatures,  25°, 
493°  and  G87°  C. 


Waye-leugtbs. 

Intensities 

Intensities 

Intensities 

at  25°  C. 

at  493° 0. 

at  087°  C. 

(1. 

-7530 

0-308 

0-113 

0-123 

-G685 

0-180 

0-072 

0070 

•G080 

0095 

0041 

0-044 

-5570 

0-026 

0-035 

0-035 

•4920 

0042 

0042 

0046 

•4500 

0029 

0-030 

0-024 

Our  study  of  green  and  blue  was  a  very  cursory  and  in- 
complete one.  It  was  confined  indeed  to  the  examination  of 
chromic  oxide  and  "  artificial  ultramarine.^'  The  former  was 
of  a  very  dull  green  colour.  It  was  the  usual  preparation  of 
the  chemical  laboratory,  and  not  the  more  brilliant  variety 
known  as  chrome-green. 

On  account  of  the  very  small  amounts  I'eflected  by  these 
pigments,  the  measurement  of  their  spectra  was  attended  with 
some  difficulty.  The  results  obtained,  for  which  the  same 
degree  of  accuracy  as  in  the  case  of  the  foregoing  deter- 
minations is  not  claimed,  are  given  in  Tables  X.  and  XI. 
In  the  accompanying  diagrams  abscissae  are  on  the  usual 
scale,  but  ordinates  are  increased  five-fold. 

It  was  evident  to  the  unaided  eye  that  the  result  of  heating 
the  ultramarine  was  to  alter  its  hue  permanently.  A  few 
measurements  upon  the  cooled  pigment  were  therefore  made 
to  determine  the  amount  of  the  change.  The  results,  which 
indicate  very  marked  alteration  in  the  colour  of  the  substance, 
are  given  by  themselves  in  Table  XI. 

Table  X. — Reflecting-power  of  Chromic  Oxide  (CrgOs)  in 
in  terms  of  that  of  the  ideal  White.  Temperatures,  25°, 
360°,  and  730°  0. 
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Table  XI.  — Reflecting-power  of  Artificial  Ultramarine  in 
terms  of  that  of  the  ideal  White.  Temperatures,  25°, 
500°,  and  773°  C. 


Wave-lengths. 

Intensities 

Intensities 

Intensities 

Intensities 

at  25°  C. 

at  500°  0. 

at  773° C. 

(after  heating). 

•7530 

0-028 

0027 

0-037 

0-027 

•0685 

0-026 

0-021 

0-042 

0-021 

•5570 

0-012 

0017 

0-021 

U-021 

•4920 

0-081 

0042 

0-038 

0-080 

•4685 

0-195 

•4590 

0-243 

•4500 

0224 

0-057 

0-048 

0-124 

•4410 

0-232 

•4340 

0-179 

•4290 

0-145 

•4250 

0-118 

0-022 

0020 

The  curves  for  chromic  oxide  (fig.  12)  present  a  peculiarity 
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in  the  shifting  of  the  maximum  of  reflecting-power  from  the 
green  into  the  yellow,  which  is  not  met  with  in  the  case  of  any 
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of  the  other  pigments  studied.     It  is  interesting  to  compare 
it  in  this  respect  with  ultramarine  (fig.  13).  in  which  there 

Yicr.  13. 


is  a  well-defined  maximum  in  the  blue,  which  is  cut  down 
in  heating  without  any  lateral  displacement  of  the  curve. 

Both  chromic  oxide  and  ultramarine  had  been  measured 
in  the  course  of  the  earlier  investigation  on  the  spectro- 
photometry of  pigments,  to  which  reference  has  already  been 
made.  A  comparison  of  the  curves  then  published  with 
those  plotted  from  the  data  contained  in  Table  XI.  shows  the 
ultramarine  used  in  the  original  experiments  to  have  been  of 
very  nearly  the  same  brilliancy  in  the  blue  as  the  later 
specimen.  The  chromic  oxide,  however,  was  more  than  three 
times  as  bright  in  the  green  as  that  to  which  the  quantities  in 
Table  XI.  refer. 

The  series  of  experiments  which  have  been  described  in- 
cluded also  measurements  of  lamp-black,  hot  and  cold,  and  of 
the  oxide  of  zinc. 

Our  purpose  in  the  study  of  lamp-black  was  simply  to 
determine  whether  this  substance,  like  the  other  [)igments 
subj(!cted  to  measurement,  decreased  in  reflecting-power  witli 
rise  of  temperature,  and  if  so,  to  what  extent. 

2  F  ■> 
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The  changes  in  passing  from  25°  to  469° C.  were  found  to 
be  slight.  Readings  were  made  in  three  portions  of  the 
spectrum  only,  but  in  each  of  these  the  reflecting-power  of 
the  hot  lamp-black  is  less  than  that  of  the  cold.  See 
Table  XII. 


Table  XII. — Reflecting-power  of  Lamp-Black  in  terms  of 
that  of  the  ideal  White.     Temperatures,  25°  and  409°  C. 


Wave-lengths. 

Intensities  at 
25°  C. 

Intensities  at 
469°  C. 

n. 

•6685 
•5570 
•4920 

0-0055 
0-0072 
0-0073 

0-0053 
00061 
0-0069 

Zinc  oxide  was  one  of  the  pigments  from  which  we  ex- 
pected to  obtain  very  definite  and  well-marked  results.  The 
(change  of  this  substance  from  white  to  lemon-yellow,  under 
the  blowpipe,  is  one  of  the  most  familiar  of  colour-reactions. 
We  anticipated  no  difficulty  in  fixing  the  precise  nature  of 
the  changes  which  take  place  with  rise  of  temperature. 
Films  obtained  by  smoking  the  platinum  foil  over  the  flame 
of  burning  zinc  were  studied  by  the  methods  which  already 
have  been  described  in  this  paper.  Our  measurements  yielded 
most  erratic  and,  at  first  sight,  inconsistent  results.  It  soon 
became  evident  that  in  the  study  of  the  selective  reflexion 
from  zinc  oxide  at  different  temperatures  we  had  to  deal  with 
a  set  of  very  complex  phenomena  ;  and  it  was  indeed  not 
until  we  had  completed  an  investigation  of  the  radiation 
of  zinc  oxide  at  high  temperatures,  a  piece  of  work  the  results 
of  which  are  to  form  the  subject  of  another  paper,  that  we 
were  in  position  to  understand  the  behaviour  of  that  substance 
as  regards  reflecting-power.  Our  study  of  the  radiation  of 
the  oxide  at  temperatures  above  the  red  heat  showed  the  light 
emitted  to  be  strongly  selective,  in  the  sense  of  differing 
greatly  in  distribution  from  that  emanating  from  incandescent 
carbon  or  platinum  at  the  same  temperatures.  It  was  found 
also  that  the  character  and  intensity  of  the  radiation  were 
functions  of  time  as  well  as  of  temperature.  Every  sharp 
fluctuation  in  radiating-power  had  its  counterpart  in  colour- 
changes  of  the  pigment,  as  viewed  by  reflected  light,  and 
the  difficulty  which  we  had  experienced  in  measuring  the 
pigment   ai'ose  from  the  fact   that  we   had   to  deal  with  a 
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luminescent  surface  of  extremely  evanescent  and  unstable 
character.  At  the  time  that  our  measurements  of  the  re- 
flecting-power  were  made,  our  knowledge  of  the  conditions 
to  be  met  was  very  incomplete.  It  is  not  possible  by  means 
of  the  data  obtained  to  trace  accurately  the  changes  of  colour 
which  the  oxide  undergoes  between  ordinarj^  temperatures 
and  the  red  heat,  to  say  nothing  of  the  rapid  time-changes 
which  must  take  place  at  some  of  the  higher  temperatures. 
It  is  easy,  however,  to  detect  certain  typical  changes  which 
the  colour-curves  undergo.  The  data  given  in  Table  XIII. 
have  been  selected  with  a  view  to  illustrating  these  types. 

The  readings  at  25^,  578°,  750°,  and  815°  were  made  with 
the  same  coating  and  in  the  order  named.  A  set  of  measure- 
ments made  at  884°  have  been  discarded  because  they  were 
to  some  extent  vitiated  by  the  presence  of  light  directly 
radiated.  An  attempt  was  made  to  estimate  the  amount  of 
such  light  and  to  apply  a  correction.  The  result  was  un- 
satisfactory.    The  four  sets  just  mentioned  have  been  plotted 
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together  in  fig.  14.     The  curves  show,  for  the  cold  oxide,  a 
spaotrum   weak  both  in   the   red   and  violet,    with   marked 


4:22         Messrs.  ^S'icbois  and  kSuow  on  the  Injiaence  of 

indications  of  absorption  between  'O/u,  and  "Gft.  At  liigh 
temperatures  this  absorption  in  the  yellow  disappears,  and  we 
see  the  gradual  development  of  a  maximum  in  the  red.  The 
case  is  of  interest  in  that  it  is  the  only  one  in  which  reflecting- 
power  at  high  temperatures  exceeds  that  at  lower  temperatures 
for  any  considerable  portion  of  the  visible  spectrum.  The 
spectrum  shown  in  fig.  14  is  characteristic  for  zinc  oxide  at 
25  ,  the  same  curves  being  obtained  whenever  a  film  was 
measured.  The  curves  for  high  temperatures,  however,  were 
found  to  be  applicable  only  to  a  single  film,  the  variations 
being  due  to  causes  which  we  were  not  in  a  position  to  con- 
trol. Another  typical  form  is  shown  in  fig.  15,  in  which  the 
curve  for  600°  is  that  which  characterizes  a  simple  sulphur- 
yellow  (compare  wath  fig.  4).     The  curve  for  the  cold  film 

Fig.  15. 


in  this  case,  however,  differs  in  no  essential  from  that  which 
had  been  obtained  from  the  film  to  which  the  previous  figure 
pertains. 
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Table  XIII. — Reflecting-power  of  Zinc  Oxide  in  terms  of 
that  of  the  ideal  White.  Temperatures  (A),  25°,  578°, 
750°,  and  815°  C.     (B)  25°  and  600°  C. 


(A)  Intensities  at 

[ 

(B)  Intensities  at 

Wave- 
lengths. 

25°. 

578°. 

750°. 

815°. 

•25°. 

600°. 

•7530 

0-675 

0-564 

0-769 

0-654 

0-797 

•6685 

0-779 

0-734 

0-793 

0-854 

0-794 

0-685 

•5570 

0-705 

0-759 

0-712 

0-650 

0-691 

0-587 

•4920 

0^749 

0-707 

0-569 

0-549 

0-727 

0-532 

•4500 

0-620 

0-501 

0^238 

0-150 

0-598 

0-347 

•4250 

0-486 

0-178 

0-049 

0-049 

0-470 

0-076 

In  these  experiments  we  investigated  comparatively  few  of 
the  long  list  of  substances  given  by  Houston  and  Thomson 
as  subject  to  colour-change  by  heating,  or  of  those  catalogued 
by  Ackroyd  as  "  meta-chromic.'''  A  sufficient  number  were 
tested,  however,  to  make  it  clear  that  colour-change  by 
temperature  is  a  very  general  phenomenon  ;  also  that  the 
statements  of  Schoenbein,  and  of  the  later  authors  just  men- 
tioned, are  accurate,  in  so  far  as  their  methods  enabled  them 
to  observe  the  facts. 

Our  results  may  be  summarized  as  follows  : — 

1.  None  of  the  pigments  tested  equals  the  ideal  white  in 
reflecting-power,  even  in  that  part  of  the  spectrum  for  which 
its  reflecting-power  is  greatest. 

2.  The  reflexion  spectrum  of  pigments  arises  from  two  dis- 
tinct sources :  (a)  light  reflected  from  the  surface  of  the 
substance  ;  (6)  light  reflected  from  interior  faces.  The  light 
reflected  from  the  surface  is  nearly  white.  Its  brightness 
varies  from  about  2  per  cent,  (as  in  HgS)  to  nearly  10  per  cent, 
(as  in  HgO).  It  is  to  the  light  internally  reflected  that  the 
pigment  owes  its  colour. 

o.  The  elfect  of  heating  a  pigment  is  invariably  to  diminish 
its  reflecting-power,  the  diminution  being  as  a  rule  more 
marked  in  regions  of  greatest  refrangibility. 

4.  The  changes  of  colour,  observable  w\\en  a  pigment  is 
heated,  are  due  to  this  unequal  loss  of  reflecting-power,  and 
the  eflt'ect  which  has  been  described  as  "  a  shifting  of  the 
colour  towards  the  red,^^  arises  from  the  fact  that  the  loss  of 
brightness  is  least  in  the  red  and  increases  rapidly  as  we  pass 
towards  the  violet  end  of  the  s})octrum.     There  are   cases, 
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however,  like  those  of  chromic  oxide  and  the  oxide  of  zinc, 
in  which  a  shifting  of  a  region  of  maximum  of  reflecting- 
power  towards  the  longer  wave-lengths  actually  occurs  when 
the  pigment  is  heated. 

It  had  been  our  purpose  in  the  investigation  just  described 
to  extend  our  spcctro-})hotometric  measurements  to  the  very 
low  tem})eratures  obtainable  by  the  use  of  solid  carbon 
dioxide,  but  we  have  been  compelled  by  lack  of  time  to  content 
ourselves  with  noting  such  changes  as  could  be  detected  with 
the  unaided  eye.  The  change  observed  was  in  every  case 
that  which  would  be  brought  about  by  increase  of  reflecting- 
power.  There  was  no  increase  in  the  saturation  of  the 
colour,  rather,  on  the  other  hand,  a  paling  or  dilution  of  the 
tint,  as  though  there  were  a  tendency  towards  white.  Houston*, 
who  made  a  similar  set  of  observations  at  the  higher  tempera- 
tures reached  by  the  evaporation  of  carbon  bisulphide  or 
sulphurous  acid,  arrived  at  a  similar  result.  Ackroyd,  from 
theoretical  considerations,  concluded  that  as  the  absolute  zero 
is  approached  the  prevailing  tints  of  pigments  will  be  blues 
and  violets,  merging  finally  into  white. 

Ackroyd,  Hartley,  as  also  Houston  and  Thomson,  and  still 
earlier  Schoenbein  and  Brewster,  have  had  something  to  say 
concerning  the  explanation  of  these  phenomena.  Their 
various  views  need  not  be  touched  upon  here,  unless  it  be  to 
call  attention  to  the  opening  paragraph  of  Ackroyd's  paper, 
which  contains  an  important  statement.  Ackroyd  says  : — 
"  These  changes  embrace  a  class  of  phenomena,  quite  as 
important  in  their  way  as  phosphorescence  and  fluorescence, 
loith  ivhich  in  fact  they  are  intimately  connected.''''  It  is  our 
opinion  that  the  connexion  is  indeed  a  most  intimate  one,  and 
that  every  change  of  colour  that  pigments  undergo  is  to  be 
regarded  simply  as  a  symptom  of  changes  in  the  radiating- 
power  of  the  substance. 

Physical  Laboratory  of  Cornell  University, 
June  1891. 


LIII.  Dynamical  Problems  in  Illustration  of  the   Theory  of 
Gases.     By  Lord  Rayleigh,  Sec.  E.S.f 

Introduction. 

THE  investigations,  of  which  a  part  is  here  presented,  had 
their  origin  in  a  conviction  that  the  present  rather  un- 
satisfactory position  of  the  Theory  of  Gases  is  due  in  some 

*  Loc.  cit.  p.  123. 

t  Oouiiuimicated  by  the  Author. 
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degree  to  a  want  of  preparation  in  the  mind  of  readers,  who 
are  confronted  suddenly  with  ideas  and  processes  of  no 
ordinary  difficulty.  For  myself,  at  any  rate,  I  may  confess 
that  I  have  found  great  advantage  from  a  more  gradual 
method  of  attack,  in  which  effort  is  concentrated  upon  one 
obstacle  at  a  time.  In  order  to  bring  out  fundamental  sta- 
tistical questions,  unencumbered  with  other  difficulties,  the 
motion  is  here  limited  to  one  dimension,  and  in  addition  one 
set  of  impinging  bodies  is  supposed  to  be  very  small  relatively 
to  the  other.  The  simplification  thus  obtained  in  some 
directions  allows  interesting  extensions  to  be  made  in  others. 
Thus  we  shall  be  able  to  follow  the  whole  process  by  which 
the  steady  state  is  attained,  when  heavy  masses  originally  at 
rest  are  subjected  to  bombardment  by  projectiles  fired  upon 
them  indifferently  from  both  sides.  The  case  of  pendulums, 
or  masses  moored  to  fixed  points  by  elastic  attachments,  is 
also  considered,  and  the  stationary  state  attained  under  a  one- 
sided or  a  two-sided  bombardment  is  directly  calculated. 


Collision  Formulae. 

If  n',  v'  be  the  velocities  before  collision,  a,  v  after  collision, 
of  two  masses  P,  Q,  we  have  by  the  equation  of  energy 

P(,/2_„2)  +  Q(,,2_y/2)^Q^ (1) 

and  by  the  equation  of  momentum, 

P(,/_j,)4.Q(y'_,)  =  0 (2) 

From  (1)  and  (2) 

u'  +  u=iv'  -{-v, (3) 

or,  as  it  may  be  written, 

II  —  v'  =  y  —  u. 

signifpng  that  the  relative  velocity  of  the  two  masses  is  re- 
versed by  the  collision.     From  (2)  and  (3), 

(P  +  Qy  =  2PM+(Q-P)u  J  •     •    •    •    (^) 

As  is  evident  from  (1)  and  (2),  we  may  in  (4j,  if  we  please, 
interchange  the  dashed  and  undashed  letters.  Thus  from  the 
first  of  (4), 

(P  +  0)u=(P-Q)„/  +  2Q7,', 


426  Lord  Rayleigh  on  Dynamical  Problems  in 


,_p+Q.  _  n  , 

=^+p!^('^-0'  •  •  •  •  ('^) 

In  the  application  which  we  are  about  to  make,  P  will  denote 
a  relatively  large  mass,  and  Q  will  denote  the  relatively  small 
mass  of  what  for  the  sake  of  distinction  we  will  call  a  pro- 
jectile. All  the  projectiles  are  equal,  and  in  the  first  instance 
will  be  su})posed  to  move  in  the  two  directions  with  a  given 
great  velocity.  After  collision  Avith  a  P  the  projectile  re- 
bounds and  disappears  from  the  field  of  view.  Since  in  the 
present  problem  we  have  nothing  to  do  with  the  velocity  of 
rebonnd,  it  will  be  convenient  to  devote  the  undashed  letter  v 
to  mean  the  given  initial  velocity  of  a  projectile.  Writing 
also  q  to  denote  the  small  ratio  Q :  P,  we  have 

ii=zu-\-^ — ^—{ii  —  V) (b) 

If  u  and  V  be  supposed  positive,  this  represents  the  case  of 
what  we  may  call  a  favourable  collision,  in  which  the  velocity 
of  the  heavy  mass  is  increased.  If  the  impact  of  the  pro- 
jectile be  in  the  opposite  direction,  the  velocity  w",  which 
becomes  u  after  the  collision,  is  given  by 

?i"  =  w  +  _?^(t/  +  u) (7) 

1  —  ^^  ^  ' 

The  symbol  v  thus  denotes  the  velocity  of  a  projectile  with- 
out regard  to  sign,  and  (7)  represents  the  result  of  an  un- 
favourable collision. 

Permanent  State  of  Free  Classes  vnder  Bombardment. 

The  first  problem  that  we  shall  attack  relates  to  the  idtimate 
effect  upon  a  mass  P  of  the  bombardment  of  projectiles 
striking  with  velocity  v,  and  moving  indifferently  in  the  two 
directions.  It  is  evident  of  course  that  the  ultimate  state  of 
a  particular  mass  is  indefinite,  and  that  a  definite  result  can 
relate  only  to  probability  or  statistics.  The  statistical  method 
of  expression  being  the  more  convenient,  we  will  suppose  that 
a  very  large  number  of  masses  are  undergoing  bombardment 
independently,  and  inquire  what  we  are  to  expect  as  the 
ultimate  distribution  of  velocity  among  them.  If  the  number 
of  masses  for  which  the  velocity  lies  between  ii  and  u  +  du  be 
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denoted  hy  f(ii)du,  the  problem  before  us  is  the  determination 
of  the  form  otf{u). 

The  number  of  masses,  whose  velocities  lie  between  u  and 
u  +  du,_  which  undergo  collision  in  a  given  small  interval  of 
time,  is  proportional  in  the  first  place  to  the  number  of  the 
masses  in  question,  that  is  to  f  [u)  du,  and  in  the  second  place 
to  the  relative  velocity  of  the  masses  and  of  the  projectiles.  In 
all  the  cases  which  we  shall  have  to  consider  v  is  greater 
than  u,  so  that  the  chance  of  a  favourable  collision  is  always 
proportional  to  v  —  w,  and  that  of  an  unfavourable  collision 
to  V  -j-  u.  It  is  assumed  that  the  chances  of  collision  depend 
upon  u  in  no  other  than  the  above  specified  ways.  The 
number  of  masses  whose  velocities  in  a  given  small  interval 
of  time  are  passing,  as  the  result  of  favourable  collisions, 
from  below  u  to  above  u,  is  thus  proportional  to 


J 


f{io).  {vi—iv)  dw, (8)' 


where  u'  is  defined  by  (6)  ;  and  in  like  manner  the  number 
which  pass  in  the  same  time  from  above  u  to  below  u,  in  con- 
sequence of  unfavourable  colKsions,  is 


J' 


f{io).{yY-\-w)div, (9) 


II,"  being  defined  by  (7).  In  the  steady  state  as  many 
must  pass  one  way  as  the  other,  and  hence  the  expressions 
(8)  and  (9)  are  to  be  equated.  The  result  may  be  written  in 
the  form 

—  I       lf(io)dio=  I    wf{io)dio.  .     .  (10) 

Now,  if  q  be  small  enough,  one  collision  makes  very  little 
impression  upon  u  ;  and  the  range  of  integration  in  (10)  is 
narrow.  We  may  therefore  expand  the  function  /'  by  Taylor's 
theorem  : — 

fi}o)=f{^A  +  {w-ii)f'{„)+^{to-uyf"{n)+  .  .  .; 
so  that 

^f{w)dw=:^wf{u)-^i{io-iiff'{H)+}.(io-u)y'\n)^  .  .  ., 
I  f"~  f"  Yf[io)dw^{'ln-u'-H")fO,) 

=  —  |_7'V'('0  -  ^j_-^2  ('""  +  "'). /''('*)  +  ^'u'^t'S  of  y.      (11) 

*  In  the  present  problem  i\  =  v  ;  but  it  will  be  conveuieut  at  this  stage 
to  maiutaiu  the  distiuctioii. 
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Also 

so  that 

I      iof{iv)div  =  uf(7i).{u"  —  u') 

+  lLf{u)  +  ^uf{u)\\(u"-icy-(u'-uf\+,  •  . 

As  far  as  (f  inclusive  (10)  thus  becomes 

4:(jv       .,  .         So'^'av    .  , ,   .  .//  X ,      ri 

or 

u/{a)  { {1-q) «i  +  (1  +  >j)v}  +  <jf'{it) [v^v'  +  u\o,  +  2r) }  =  0. 

\i  Vi  =  v,  q  disappears  from  the  first  term  as  it  stands,  and 
will  do  so  in  any  case  in  the  limit  when  it  is  made  infinitely 
small.  Moreover,  in  the  second  term  u^  is  to  be  neglected  in 
comparison  with  v^.     We  thus  obtain 

uf{ii){l^-vlv^\^qv\f'{u)  =  Q        .     .     .     (13) 

as  the  differential  equation  applicable  to  the  determination  of 
f(it)  when  q  is  infinitely  small.     The  integral  is 

qv^  log/  (w)  +  ^(1  +  Vi/v)u'^  =  constant, 

or 

/(m)=A6^-^»^ (14) 

where 

''=-j^-' (15) 

or,  if  Vi—v, 

Jl  =  l/qv^ (16) 

The  ultimate  distribution  of  velocities  among  the  masses  is 
thus  a  function  of  the  energy  of  the  projectiles  and  not  other- 
wise of  their  common  mass  and  velocity.  The  ultimate  state 
is  of  course  also  independent  of  the  number  of  the  projectiles. 
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The  form  of  /  is  that  found  by  Maxwell.     To  estimate  the 
mean  value  of  ?f"^  we  must  divide 

n?f{ii)du  by    I       f[u)dii: 

-X  J— 00 

Now 
so  that 

/^+oo  /■    +00 


J +00  (     +0 

-00  »/  — oc 


The  ratio  in  question  is  thus  ^qv^,  showing  that  the  mean 
kinetic  energy  of  a  mass  is  one  half  that  of  a  projectile, 
deviating  from  the  law  of  equal  energies  first  (1845)  laid 
down  by  Waterston.  We  must  remember,  however,  that  we 
have  thus  far  supposed  the  velocities  of  the  projectiles  to  be 
all  equal. 

The  value  of  A  in  (14)  may  be  determined  as  usual.  If 
N  be  the  whole  (very  great)  number  of  masses  to  which  the 
statistics  relate, 

f+oo  p+« 

N  =  _/'  [v)  du  =  A  e-"--li''\lu  =  Av  \/  {irq)  ; 

so  that 

fOu)du=      f     ^  e-^'/i^'du.      .     .     .   (15') 
•    ^  rv{7rq) 

If  we  were  to  suppose  that  the  chances  of  a  flivourable  or 
unfavourable  collision  were  independent  of  the  actual  velocity 
of  a  mass,  there  would  still  be  a  stationary  state  defined  by 
writing  Vi  =  cci  in  (15).  Under  these  circumstances  the  mean 
energy  would  be  twice  as  great  as  that  calculated  above. 

It  is  easy  to  extend  our  result  so  as  to  apply  to  the  case  of 
projectiles  whose  velocities  are  distributed  according  to  any 
given  law  F{v),  of  course  upon  the  supposition  that  the  pro- 
jectiles of  different  velocities  do  not  interfere  with  one  another. 
We  have  merely  to  multiply  by  F{v)dv  and  to  integrate  be- 
tween 0  and  CO  ,     Thus  from  (13)  we  obtain 

2uf(u)  y''vY(v)dv  +  qf'(u)  I  ^"v'¥{v)dv  =  0.     .   (17) 
If  F(u)  =  t^-'^'''-',  wefind 


430  Lord  Rayleigh  on  Dynamical  Problems  in 

so  that 

v'e-^''-dv=r\       ve-^\lv.      .     .     .    (18) 
Our  equation  then  becomes 

giving 

/(?0=Ae-^"-/? (19) 

The  mean  energy  of  the  masses  is  \glJc,  and  this  is  now  equal 
to  the  mean  energy  pf  the  projectiles.  We  see  that  if  the 
mean  energy  of  the  projectiles  is  given,  their  efficiency  is 
greater  "vvhen  the  velocity  is  distributed  according  to  the 
Maxwell  law  than  when  it  is  uniform,  and  that  in  the  former 
case  the  Waterston  relation  is  satisfied,  as  was  to  be  expected 
from  investigations  in  the  theory  of  gases. 

It  may  perhaps  be  objected  that  the  law  e~  *"^  is  inconsistent 
with  our  assumption  that  v  is  always  great  in  comparison  with 
u.  Certainly  there  will  be  a  few  projectiles  for  which  the 
assumption  is  violated  ;  but  it  is  pretty  evident  that  in  the 
limit  when  q  is  small  enough,  the  effect  of  these  will  become 
negligible.  Even  when  the  velocity  of  the  projectiles  is 
constant,  the  law  e~'"'^^i^'  must  not  be  applied  to  values  of  u 
comparable  with  v. 

The  independence  of  the  stationary  state  of  conditions, 
wliich  at  first  sight  would  seem  likely  to  have  an  influence, 
may  be  illustrated  by  supposing  that  the  motion  of  the  masses 
is  constrained  to  take  place  along  a  straight  line,  but  that  the 
direction  of  motion  of  the  projectiles,  striking  always  centri- 
cally,  is  inclined  to  this  line  at  a  constant  angle  6. 

If  u'  be  the  velocity  of  the  mass   (unity)   before  im[)act, 


and  u  after  impact,  B  the  impulsive  action  between  the  mass 
and  the  projectile, 

u—u'  =  B  cos  6. 

Also,  if  V,  V  be  the  velocities  of  the  projectile  (q)  before  and 
after  impact, 

q(v-Y)=.B; 
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so  that 

qiy—Y)  cos  6  =  Ji  —  ti'. 

By  the  equation  of  energy 

From  these  we  find,  as  before, 

,  2q  cos^  6    /  V    \ 

U  =11,—  ^ 2^  (  u 2j  )• 

1— </cos^6'\        cost// 

This  may  be  regarded  as  a  generahzation  of  (6)  ;  and  we 
see  that  it  may  be  derived  from  (6)  by  writing  v/cos  6  for  u, 
and  (jCOS^O  for  q.  In  applying  equation  (10)  to  determine 
the  stationary  state,  we  must  remember  that  the  velocity  of 
retreat  is  now  no  longer  iv,  but  zv  cos  6,  so  that  (10)  becomes 

V -I    I    —  l/'(iy)f?i(;=  I     iv  COS  6  f{io)dw. 

The  entire  effect  of  the  obliquity  6  is  thus  represented  by 
the  substitution  of  r/cos  6  for  v,  and  of  q  cos^  0  for  q,  and  since 
these  leave  qv^  unaltered,  the  stationary  state,  determined  by 
(15),  is  the  same  as  if  ^=0. 

The  results  that  we  have  obtained  depend  entirely  upon  the 
assumption  that  the  individual  projectiles  are  fired  at  random, 
and  without  distinction  between  one  direction  and  the  other. 
The  significance  of  this  may  be  illustrated  by  tracing  the 
effect  of  a  restriction.  If  we  suppose  that  the  projectiles  are 
despatched  in  pairs  of  closely  following  components,  we  should 
expect  that  the  effect  would  be  the  same  as  of  a  doubling  of 
the  mass.  If,  again,  the  components  of  a  pair  were  so  pro- 
jected as  to  strike  almost  at  the  same  time  upon  opposite  sides, 
while  yet  the  direction  of  the  first  was  at  random,  we  should 
expect  the  whole  effect  to  become  evanescent.  These  antici- 
pations are  confirmed  by  calculation. 

By  (5)  the  velocity  Ui,  which  on  collision  becomes  n,  is 

,      l  +  q    -r     ^ 

'<i  =  •:; -II'  +  T         v; 

l-q  1-q 

so  that  the  velocity,  which  after  tivo  consecutive  collisions 
upon  the  same  side  becomes  u,  is  given  by 

,     1  +  7     _    ^'7 
11.2=-. ->h-hY^^v 

^  l  +  2q+  (v-)  4qV 

l-2y  +  (V)      -^l-2q  +  (qj 
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The  masses  which  by  single  collisions  at  velocity  v  would 
ultimately  ])roduce  the  same  effect  as  these  pairs  are  therefore^ 
very  approximately  2(j. 

If  the  projectiles  be  distributed  in  pairs  in  such  a  way  that 
the  components  of  each  strike  nearly  simultaneously  and  upon 
opposite  sides, 

_(i  +  v)%.     y. 

_  l+2q  +  (q^)  4>7  .  qv 

-1-2y  +  (./)"- 1-2./ +  (./)' 

showing  that  the  eifect  is  the  same  as  if  the  mass  were 
doubled,  and  the  velocity  reduced  from  v  to  qv.  Thus,  when 
q  is  infinitely  small,  the  effect  is  negligible  in  comparison 
with  that  obtained  when  the  connexion  of  the  components  of 
a  pair  is  dissolved,  and  each  individual  is  projected  at  random. 

Another'  Method  of  Inrestigation. 

The  method  followed  in  the  formation  of  equation  (10) 
seems  to  lead  most  simply  to  the  required  determination  of 
f  {u)  ;  but  it  is  an  instructive  variation  to  consider  directly 
the  balance  between  the  numbers  of  masses  which  change 
their  velocities  from  and  to  u. 

The  number  of  masses  whose  velocities  lie  between  u  and 
u  +  du  being  /  (?/)  du,  we  have  as  the  number  whose  velocities 
in  a  given  small  interval  of  time  are  expelled  from  the  range 
du, 

f{u)  da  [v  —  u)  +f[u)  du  (u  +  ic) , 
or 

2vf(ti)dic. 

This,  in  the  steady  state,  is  equal  to  the  number  which  enter 
the  range  du  from  the  two  sides  in  consequence  of  favourable 
and  unfavourable  collisions  ;  so  that 

f(u')  {v-u')  du'  +f  {u")  (y  +  u")  dit"-2vf(u)dit  =  0  .       (20) 

By  (6),  (7),  since  v  is  constant, 

,      14-'/,        ,„       1  +  5'j 

du  = du,    du   =  3 — -  du  ; 

i~  —  q  1  —  q 

so  that 

i^/00  .  {v^u')  +  \^/{n")  .  {v  +  ii")-2vf(in)  =  0. 
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Now 

,      1  +  '7  /         X        ,     „       1  +  7  /     ,     X 
v—u  =  - -(v  —  u).  v->ru   =^ -(v-^u), 

i-  —  g  1  — '/ 

and  thus 

(l±^i^(v-z.)f(a')  +  (v  +  u)f(u")\-2vf(u)  =  0. 

Ill  this 

/(«■)  =/(") + "^fi")  +  ^f^/"(»)  +  . . . 

/(„")  =/(„)  +  ?4^/(»)  +  ?g^ >(«)  +■■■:  , 
SO  that 

S^{2"/M  +  3^»/(")+  (^./"(»)  }  -2«/(..)=0, 

or,  when  q  is  small  enough, 

8gr{/(^^)  +  w/'(t^)}+4gV/»  =  0.      .     .     (21)' 
Accordingly 

f{ii)+uf'{a)  +  ^qvf"{u)=0,     .     .     .      (22) 

or  on  integration 

«/(n)+i./.y'(^^)  =  C. 

It  is  easy  to  recognize  that  the  constant  C  of  integration 
must  vanish.     On  putting  u  =  0,  its  value  is  seen  to  be 

for/(0)  is  not  infinite.  Now  /(w)  is  by  its  nature  an  even 
function  of  u,  so  that/'(0)  must  vanish.  We  thus  obtain  the 
same  equation  (14)  of  the  first  order  as  by  the  former  process. 

Progress  toivards  the  Stationary  State. 

Passing  from  the  consideration  of  the  steady  state,  we  will 
now  suppose  that  the  masses  are  initially  at  rest,  and  ex- 
amine the  manner  in  which  they  acquire  velocity  under  the 
impact  of  the  projectiles.  In  the  very  early  stages  of  the 
process  the  momentum  acquired  during  one  collision  is  prac- 
tically independent  of  the  existing  velocity  (?/)  of  a  mass,  and 
may  be  taken  to  be  +2^yt'.  Moreover,  the  chance  of  a 
collision  is  at  first  sensibly  inde[iendent  of  u.  In  the  present 
investigation  we  ai'e  concerned  not  merely,  as  in  considering 
the  ultimate  state,  with  the  mass  and  velocity  of  a  projectile, 
but  also  with  the  frequency  of  impact.  We  will  denote  by  v 
the  whole  number  of  projectiles  lamiched  in  both  directions 
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in  the  unit  of  time  in  the  path  of  each  mass.  The  chance  of 
a  colhsion  for  a  given  mass  in  time  dt  is  thus  represented  by 
V  dt.  The  number  of  collisions  by  -which  masses  are  expelled 
from  the  range  du  in  time  dt  h  f\n)du  .vdt.  The  number 
which  enter  the  range  from  the  two  sides  is 

{f{n-2qv)  +f{u  +  2qv)  ]du  .  ^v dt, 

so  that  the  excess  of  the  number  which  enter  the  range  over 
the  number  which  leave  is 

{Lf(u-2gv)  +  kf(n  +  2<jv)-f(u)}dtc.vdf, 
and  this  is  to  be  equated  to         '    —  dt.     Thus 

^-^  =i/(^.-2^.)  +  i/(u  +  2^lO-/00=2'yVg,  (23) 

the  well-known  equation  of  the  conduction  of  heat.  When 
t  =  0,f{u)  is  to  be  zero  for  all  finite  values  of  u.  The  Fourier 
solution,  applicable  under  these  conditions,  is 

where  t'  is  written  for  2q^v^vt.  The  total  number  of  masses 
being  N,  we  get  to  determine  A 


so  that 


N=  y"f(^u,t')du=2^'Tr.A; 


If  n  bo  the  whole  number  of  collisions  (for  each  mass),  n  =  vt, 
and  we  have 

4^'  =  4r/V.2n (25) 

If  the  unit  of  velocity  be  so  chosen  that  the  momentum  (2qv) 
communicated  at  each  impact  is  unity,  (24)  takes  the  form 

f{u,n)=     ^'^       e---l''\       ....      (2(j) 

which  exhibits  the  distribution  of  momentum  among  the 
masses  after  n  impacts.  In  this  form  the  problem  coincides 
with  one  formerly  treated*  relating  to  the  composition  of 
vibrations  of  arbitrary  phases.     It  will  be  seen  that  there  is  a 

*  Pbil.  Mag.  August  1880,  p.  73 
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sharp  contrast  between  the  steady  state  and  the  eai-ly  stages 
of  the  variable  state.  The  latter  depends  upon  the  momentum 
of  the  projectiles,  and  upon  the  number  of  impacts  ;  the 
former  involves  the  energy  of  the  projectiles,  and  is  independent 
of  the  rapidity  of  the  impacts. 

The  mean  square  of  velocity  after  any  number  {n)  of 
impacts  is 

u^f{ti,ti)clu-=n, 
-« 

or,  if  we  restore  4^^y^, 

Vi\c-Mxtr=^n  .Aq^v^ (27) 

It  must  be  distinctly  understood  that  the  solution  expressed 
by  (24),  (25),  (26)  applies  only  to  the  first  stages  of  the 
bombardment,  beginning  with  the  masses  at  rest.  If  the 
same  state  of  things  continued,  the  motion  of  the  masses 
would  increase  without  limit.  But  as  time  goes  on,  two 
causes  intervene  to  prevent  the  accumulation  of  motion. 
When  the  velocity  of  the  masses  becomes  sensible,  the  chance 
of  an  unfavourable  collision  increases  at  the  expense  of  the 
favourable  collisions,  and  this  consideration  alone  would  pre- 
vent the  unlimited  accumulation  of  motion,  and  lead  to  the 
ultimate  establishment  of  a  steady  state.  But  another  cause 
is  also  at  work  in  the  same  direction,  and,  as  may  be  seen 
from  the  argument  which  leads  to  (13),  with  equal  efficiency. 
The  favourable  colhsions,  even  when  they  occur,  produce  less 
effect  than  the  unfavourable  ones,  as  is  shown  by  (G)  and  (7). 

We  will  now  investigate  the  general  equation,  applicable 
not  merely  to  the  initial  and  final,  but  to  all  stages  of  the 
acquirement  of  motion.     As  in  (20),  (23)  we  have 

dfS^'at='^{y(^r.').{v-r.yU' 

+  i/(^<")  •  {v-^^i")du"-f  {u)  .  V  chi]  ; 
and  thus  by  the  same  })rocess  as  for  (22) 

i?(=4yf  {«/(n)}  +  2vV^.     .     .     .(28) 
V  at       ^  du '    •'  ^  '  >         J-       dir  ^ 

If  we  write,  as  before, 

t'  =  2<fv'vt,    and //  =  1/71-2,     ....     (2U) 
we  have 

'|,  =  ^V:+2/,l'-(„/) (30) 

•  •  .  dt        ciu^  du^  ''  ^  ^     ' 

2  G2 
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Both  in  the  case  where  the  left  side  was  omitted,  and  also 
when  h  vanished,  we  found  that  the  solution  was  of  the  form 

/=  -v/<^ .  e-<P""-, (31) 

where  4>  was  constant,  or  a  function  of  t'  only.  We  shall  find 
that  the  same  form  applies  also  to  the  more  general  solution. 
The    factor    V^   is    evidently    necessary    in    order  to  make 

J^  +  «  .     .  r 

/(?/)  du  independent  of  the  time.     By  differentiation  ot 

(31), 

|  =  i^_.-ni-2«^, 

g'=-2^?.-ni-2«, 

so  that  (30)  is  satisfied  provided  0  is  so  chosen  as  a  function 
of  t'  that 


H-^^=-2</>^  +  2A<^^ 


or 


Thus 


dt 


4</)2  dt'  ~        ^  <p' 


4^ -JlZ^  =  - i  1«^  (1-^-0  + const. 


where,  however,  the  constant  must  vanish,  since  ^  =  <x)  cor- 
responds to  t'  =  0.     Accordingly 

^^1~^^'^ ^^^^ 

which  with  (31)  completes  the  solution. 

If  t'  is  small,  (32)  gives  (f>  =  l/4t',  in  agreement  with  (24)  ; 
while  if  t'  he  great,  we  have  (f:  =  h  =  l/gv^,  as  in  (15'). 

The  above  solution  is  adapted  to  the  case  where /"(?<)  =  0  for 
all  finite  values  of  u,  when  ^'  =  0.  The  next  step  in  the  pro- 
cess of  generalization  will  be  to  obtain  a  solution  applicable 
to  the  initial  concentration  of /(w),  no  longer  merely  at  zero, 
but  at  any  arbitrary  value  of  u  ;  that  is,  to  the  case  where 
V  initially  all  the  masses  are  moving  with  one  constant  velocity  «. 
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Assume 

f=^^(^.e-^^^-'^^\ (33) 

where  0,  \/r  are  functions  of  t'  only.  Substituting,  as  before, 
in  (30),  we  find 

so  that  the  equation  is  satisfied  provided 

^'^ +24>'-2h<j>  =  0, (34) 

and 

~^+2hf=0 (35) 

The  first  is  the  same  equation  as  we  found  before,  and  its 
solution  is  given  by  (32)  ;  while  (35)  gives 

i/r=ae-2*'' (36) 

Thus  (32),  (33),  (36)  constitute  the  complete  solution  of  the 
problem  proposed,  and  show  how  the  initial  concentration  at 
u  =  a  passes  gradually  into  the  steady  state  when  ^'  =  ao  .  In 
the  early  stages  of  the  process. 

to  which  the  factor  N/v^tt  may  be  applied,  when  it  is  desired 
to  represent  that  the  whole  number  of  masses  is  N.  It 
appears  that  during  the  whole  process  the  law  of  distribution 
is  in  a  sense  maintained,  the  only  changes  being  in  the  value 
of  u  round  which  the  grouping  takes  place,  and  in  the  deo-ree 
of  concentration  about  that  value. 

There  will  now  be  no  difficulty  in  framing  the  expression 
applicable  to  an  arbitrary  initial  distribution  of  velocity  among 
the  masses.  For  this  purpose  we  need  only  multiply  (33)  by 
'X_{ot)  c/a,  and  integrate  over  the  necessary  range.     Thus 

/(M,0=v/^.p"?«%(«)E.t:/?{-<^(?^-«e-2^n2},     .    (38) 

ff>  being  given,  as  usual,  by  (32).  The  limits  for  a  are  fakon 
+  oo;  l)ut  we  must  not  forget  that  the  restriction  u])on  the 
magnitude  of  v/  rt'(|uires  that  xi")  ^I'J'll  be  sensible  only  for 
values  of  u  small  in  comparison  with  v. 
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When     is  small,  we  have  fi'om  (38),  '  r--"     ' 

1       r  +  "' 
/(", '')  =  ^rpT-yJ      da  x{a)  e-^-'^^l'' =  ^tt  .  xi^)  ultimately  ; 

so  that  .  >^        1      ,Y     (x\ 

Accordingly  the  required  solution  expressing  the  distribution 
of  velocity  at  t'  in  terms  of  that  which  obtains  when  ^'  =  0,  is 


(30) 


We  may  verify  this  by  supposing  that /(?/,  0)  =  (>"''"",  repre- 
senting the  steady  state.  The  integration  of  (39)  then  shows 
that 

f{u,t')=e-^^-% 

as  of  course  should  be. 

An  example  of  more  interest  is  obtained  by  supposing  that 
initially 

/(m,  0)  =  ^-'''"-; (40) 

that  is,  that  the  velocities  are  in  the  state  which  would  be  a 
steady  state  under  the  action  of  projectiles  moving  with  an 
energy  different  from  the  actual  energy.  In  this  case  we 
find  from  (32),  (39), 

We  will  now  introduce  the  consideration  of  variable  velocity 
of  projectiles  into  the  problem  of  the  progressive  state.  In 
(28)  we  must  i-egard  v  as  a  function  of  v.  If  we  use  v  dv  to 
denote  the  number  of  projectiles  launched  in  unit  of  time  with 
velocities  included  between  v  and  v  +  dv,  (28)  may  be  written 

%=A,^.dv.^^{uAu))  +  -2f^yo-'d«.%     .    (42) 

which  is  of  the  same  form  as  before.  The  only  difference  is 
that  we  now  have  in  place  of  (29), 

t'  =  2qH^vv^dv,     ......     (43) 

h=  \vdv-i-q\vv^  dv (44) 

In  applying  these  results  to  particular  problems,  there  is 
an  important  distinction  to  be  observed.  By  definition  vdv 
represents  the  number . of  projectiles  which  in  the  unit  time 
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pass  a  given  place  with  velocities  included  within  the  pre- 
scribed range.  It  will  therefore  not  represent  the  distribu- 
tion of  velocities  in  a  given  space  ;  for  the  projectiles,  passing 
in  unit  time,  which  move  with  the  higher  velocities  cover 
correspondingly  greater  spaces.  If  therefore  we  wish  to 
investigate  the  effect  of  a  Maxwellian  distribution  of  velocities 
among  the  projectiles,  we  are  to  take,  not  v  =  Be~'^''',  but 

v  =  V,ve-^"^- (45) 

In  this  case,  by  (18), 

h  =  k/q; (46) 

and,  as  we  saw,  the  mean  energy  of  a  mass  in  the  steady  state 
is  equal  to  the  mean  energy  of  the  projectiles  which  at  any 
moment  of  time  occupy  a  given  space.     From  (43), 

t'  =  'Bf'k-H (47) 

Pendulums  in  place  of  Free  Masses. 

We  will  now  introduce  a  new  element  into  the  question  by 
supposing  that  the  masses  are  no  longer  free  to  wander  in- 
definitely, but  are  moored  to  fixed  points  by  similar  elastic 
attachments.  And  for  the  moment  we  will  assume  that  the 
stationary  state  is  such  that  no  change  would  occur  in  it  were 
the  bombardment  at  any  time  suspended.  To  satisfy  this  con- 
dition it  is  requisite  that  the  phases  of  vibrations  of  a  given 
amplitude  should  have  a  certain  distribution,  dependent  upon 
the  law  of  force.  For  example,  in  the  simplest  case  of  a  force 
proportional  to  displacement,  where  the  velocity  u  is  connected 
with  the  amplitude  (of  velocity)  r  and  with  the  phase  6  by 
the  relation  rf  =  /"cos^,  the  distribution  must  be  uniform  with 
respect  to  6,  so  that  the  number  of  vibrations  in  phases  between 
6  and  $  +  dd  must  be  d6j2iT  of  the  whole  number  whose  am- 
j)litude  is  r.  Thus  if  r  be  given,  the  proportional  number  with 
velocities  between  ii  and  u  +  du  is 

du 

2^3VP"-m') 

And,  in  general,  if  r  be  some  quantity  by  which  the  ampli- 
tude is  measured,  the  proportional  number  will  be  of  the  form 
(f)(r,u)dn, (4l») 

where  <^  is  a  determinate  function  of  /■  and  u,  de{)endent  upon 
the  law  of  vil)ration.  If  now  %(?•)(/?•  denote  the  number  of 
vibrations  for  which  r  Hes  between  r  and  r  +  dr,  we  liavo 
altogether  for  the  distribution  of  velocities  u, 

m=ix{>')<}>ir,u)dr.     ....     (50) 


._„.^ (48) 
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If  the  vibrators  were  left  to  themselves,  xO')  might  be  chosen 
arbitrarily,  and  yet  the  divstribution  of  velocity,  denoted  by 
/(m),  would  be  permanent.  But  if  the  vibrators  are  subject 
to  bombardment,  _/'(?/)  cannot  be  permanent,  unless  it  be  of 
the  form  already  determined.  The  problem  of  the  permanent 
state  may  thus  be  considered  to  be  the  determination  of  %(/') 
in  (50),  so  as  to  make/^w)  equal  to  e~''"'. 

We  will  now  limit  ourselves  to  a  law  of  force  proportional 
to  displacement,  so  that  the  vibrations  are  isochronous ;  and 
examine  what  must  be  the  form  of  %(>')  in  (8j  in  order  that 
the  requirements  of  the  case  may  be  satisfied. 

By  (15')^  if  K  be  the  whole  number  of  vibrators, 


The  determination  of  the  form  of  ^  is  analogous  to  a  well- 
known  investigation  in  the  theory  of  gases.     We  assume 

X{r)  =  Are->"\ (52) 

where  A  is  a  constant  to  be  determined.     To  integrate  the 
right-hand  member  of  (51),  we  write 

T'=u^^-'ri'-, (53) 


so  that 


C-jxir)dr_  _       r%-.(„.+,.)  .  . 


Av/tt 

e 


ts/li 


-hui 


Thus 


A=4AN (54) 

The  distribution  of  the  amplitudes  (of  velocity)  is  therefore 
such  that  the  number  of  amplitudes  between  r  and  r  +  dr  is 

:^  Ahr  e-^"-' dr, (55) 

while  for  each  amplitude  the  phases  are  uniformly  distributed 
round  the  complete  cycle. 

The  argument  in  the  preceding  paragraphs  depends  upon 
the  assumption  that  a  steady  state  exists,  which  would  not  be 
disturbed  by  a  suspension,  or  relaxation,  of  the  bombardment. 
Now  this  is  a  point  which  demands  closer  examination ; 
because  it  is  conceivable  that  there  may  be  a  steady  state, 
permanent  so  long  as  the  bombardment  itself  is  steady,  but 
liable  to  alteration  when  the  rate  of  bombardment  is  increased 
or  diminished.  And  in  this  case  we  could  not  argue,  as  before, 
that  the  distribution  must  be  uniform  with  respect  to  6. 

If  iv  denote  the  displacement  of  a  vibrator  at  time  t, 

x=n~^  r  sin  (?i  t  —  d),     dxjdt  —  r  cos  (jit  —  6) . 
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When  t  =  0, 

a;=^—n~^  r&ind,     da;/dt  =  ii  =  r cos 0  ', 

and  we  may  regard  the  ampKtude  and  phase  of  the  vibrator 
as  determined  by  u,  77,  where 

u  =  r  cos  6,     7)-=irsin6. 

Any  distribution  of  amplitudes  and  phases  may  thus  be  ex- 
pressed by  f{u,  rj)  du  dm}. 

If  we  consider  the  effect  of  the  coHisions  which  may  occur 
at  f  =  0,  we  see  that  u  is  altered  according  to  the  laws  already 
laid  down,  while  77  remains  unchanged.  The  condition  that  the 
distribution  remains  undisturbed  by  the  collisions  is,  as  before, 
that,  for  every  constant  rj,  /'(?/,  77)  should  be  of  the  form  e~^"', 
or,  as  we  may  write  it, 

But  this  condition  is  not  sufficient  to  secure  a  stationary  state, 
because,  even  in  the  absence  of  collisions,  a  variation  would 
occur,  unless  /(?/,  ij)  were  a  function  of  r,  independent  of  6. 
Both  conditions  are  satisfied,  if  )(^{'rj)  =  Ae~^^',  where  A  is  a 
constant ;  so  that 

f{u,  rj)  du  dr)  =  A  g-^C^'+i-)  du  drj  =  27rA  e-'""^  r  dr. 

Under  this  law  of  distribution  there  is  no  change  either  from 
the  progress  of  the  vibrations  themselves,  or  as  the  result  of 
collisions. 

The  principle  that  the  distribution  of  velocities  in  the 
stationary  state  is  the  same  as  if  the  masses  were  free  is  of 
great  importance,  and  leads  to  results  that  may  at  first  appear 
strange.  Thus  the  mean  kinetic  energies  of  the  masses 
is  the  same  in  the  two  cases,  although  in  the  one  case  there  is 
an  accompaniment  of  potential  energy,  while  in  the  other 
there  is  none.  But  it  is  to  be  observed  that  nothing  is  here 
said  as  to  the  rate  of  progress  towards  the  stationary  condition 
wh<in,  for  instance,  the  masses  start  from  rest ;  and  the  fact 
that  the  ultimate  distribution  of  velocities  should  be  inde- 
pendent of  the  potential  energy  is  perhaps  no  more  difficult 
to  admit  than  its  inde[)endenco  of  the  number  of  projectiles 
which  strike  in  a  given  timc^  One  difference  may,  however, 
be  alluded  to  in  ])assing.  In  the  case  of  the  vibrators  it  is 
necessary  to  suppose  that  the  collisions  are  instantaneous  ; 
Avliilo  the  result  for  the  free  musses  is  independent  of  such  a 
limitation. 

The  simplicity  of./' in  the  stationary  state  has  its  origin  in 
the  independence  of  d.     It  is  not  difficult  to  prove  that  this 
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law  of  inJependenco  fails  during  the  development  of  the 
vibrations  from  a  state  of  rest  under  a  vigorous  bombardment. 
The  investigation  of  this  matter  is  accordingly  more  com- 
plicated than  in  the  case  of  the  free  masses,  and  I  do  not 
propose  here  to  enter  upon  it. 

In  a  modification  of  the  original  problem  of  some  interest 
even  the  stationary  distribution  is  not  entirely  independent 
of  phase.  I  refer  to  the  case  where  the  bombardment  is 
from  one  side  only,  or  (more  generally)  is  less  vigorous  on 
one  side  than  on  the  other.  It  is  easy  to  see  that  a  one-sided 
bombardment  would  of  necessity  disturb  a  uniform  distribu- 
tion of  phase,  even  if  it  were  already  established.  The  ])er- 
manent  state  is  accordingly  one  of  miequal  phase-distribution, 
and  is  not,  as  for  the  symmetrical  bombardment,  independent 
of  the  vigour  with  which  the  bombardment  is  conducted. 

But  in  one  important  particular  case  the  simjjlicity  of  the 
symmetrical  bombardment  is  recovered.  For  if  the  number 
of  projectiles  striking  in  a  given  time  be  sufficiently  reduced, 
the  stationary  condition  must  ultimately  become  one  of  uniform 
phase-distribution. 

Under  this  limitation  it  is  easy  to  see  what  the  stationary 
state  must  be.  Since  the  ultimate  distribution  is  uniform 
with  respect  to  phase,  it  must  be  the  same  from  whichever 
side  the  bombardment  comes.  Under  these  circumstances  it 
could  not  be  altered  if  the  bombardment  proceeded  inditfer- 
ently  from  both  sides,  which  is  the  case  already  investigated. 
We  conclude  that,  provided  the  homhardment  he  very  feeble, 
there  is  a  definite  stationary  condition,  independent  both  of 
the  amount  of  the  bombardment  and  of  its  distribution  between 
the  two  directions.  It  is  of  course  understood  that  from 
whichever  side  a  projectile  be  fired,  the  moment  of  firing  is 
absolutely  without  relation  to  the  phase  of  the  vibrator  which 
it  is  to  strike. 

The  problem  of  the  one-sided  bombardment  may  also  be 
attacked  by  a  direct  calculation  of  the  distribution  of  ampli- 
tude in  the  stationary  condition.  The  first  step  is  to  estimate 
the  effect  upon  the  amplitude  of  a  given  collision.  From  (6), 
if  u'  be  the  velocity  before  collision,  and  u  after, 

ii=.ii'  -{■  -z — i—  (r  — ?/). 

The  fraction  2q/{l  +  q)  occurs  as  a  whole,  and  we  miglit 
retain  it  throughout.     But  inasmuch  as   in  the   final  result 
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only  one  power  of  q  need  be  retained,  it  will  conduce  to 
brevity  to  omit  the  denominator  at  once,  and  take  simply 

xL  =  u'  +  %j(y-u') (56) 

Thus  if  p,  ^  and  r,  6  be  the  amplitude  and  phase  before  and 
after  collision  respectively, 

7'cos  ^  =  pcos  (f>  +  2'7(t7— pcos  (i).l  ^_. 

rsm  tf  =  psin(p  ;  J 

so  that 

r^  =  p^  +  4:/jp  cos  (ji  {v—p  cos  (f>)  +4<f{v — p  cos  cf))'. 

From  this  we  require  the  approximate  value  of  p  in  terms  of 
r  and  (f).  The  term  in  q~  cannot  be  altogether  neglected^  but 
it  need  only  be  retained  when  multiplied  by  v^.     The  result  is 

p  =  r-S)', 
where 

8r  =  2q{v  cos<p  —  rcos'^  (ji)-\ — =^^— sin^<^.     .      (58) 

This  equation  determines  for  a  given  <p  the  value  of  p  which 
the  blow  converts  into  r.  Values  of  p  nearer  to  r  will  be  pro- 
jected across  that  value.  The  chance  of  a  collision  at  p,  ^  is 
proportional  to  (y — pcos^).  Thus  if  a  number  of  vibrators 
in  state  p,.0  be  ¥{p^dpd(^*,  the  condition  for  the  stationary 
state  is 


Jo 


l(^  {\v- p co^ e)Y ip) dp  =  0,  .     .     .     (59) 


the  integral  on  the  left  expressing  the  whole  number  (esti- 
mated algebraically)  of  amplitudes  which  in  a  small  interval 
of  tiuie  pass  outwards  through  the  value  r. 
Qy  expansion  of  F(p)  in  the  series 

Y{p)  =  ¥{r)+W{r){p-r)+..., 
we  find 

I  ''f(p)  dp  =  Y{r)  Sr-1F'(>')  {hrf  +  cubes  of  q, 

pV{p)  dp  =  rF{r)Br-^J8ry{F{r)  +7-F'(v)  l"  +  cubes  of  y. 
•  We  hoi'c  fi.>8uino  that  tlie  IjaiiibarcliiiL'nt  is  feeble. 


I 
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Again  from  (58), 

hrdj>=—  qr  +  q%^Jr, 


Jo 
Jc 


COS  <!>  Br  d(f)^=qv, 
(hrf  d<p  =  2q''v\ 
coscf>{Bryd<f>  =  0. 


The  condition  for  the  stationary  state  is  therefore 

V { F(r)  [-qr  +  qH^r)  - ¥' (r) qh^ }  - r  F{r)  qv  =  0, 

or 

Y(r){-2r-\-qvyr} -¥\r)  qv'  =  0. 

Thus,  on  integration, 

r^— ^-u^  log  r'  +  5^y^  log  F(7')=  const.,       .     .     (60) 
or 

F(r)  =  Are-^-'l'i''^ (61) 

The  mean  value  of  7*^,  expressed  by 

I    r^F(r)  dr-i-  \     r¥{r)dr, 
Jo  Jo 

is  qv^ ;  that  is,  the  mean  value  of  the  maximum  kinetic  energy 
attained  during  the  vibration  is  equal  to  the  kinetic  energy  of 
a  projectile.  The  mean  of  all  the  actual  kinetic  energies  of 
the  vibrators  is  the  half  of  this  ;  but  would  rise  to  equality 
with  the  mean  energy  of  the  projectiles,  if  the  velocities  of 
the  latter,  instead  of  being  uniform,  as  above  supposed,  were 
distributed  according  to  the  Maxwellian  law. 

If  we  are  content  to  assume  the  Imc  of  distribution,  pe'^'i'-, 
leaving  only  the  constant  h  to  be  determined,  the  investiga- 
tion may  be  much  simplified.  Thus  from  (57)  the  gain  of 
energy  from  the  collision  is 

^7^  — ^p^  =  2qp  cos  <j)  {v—pcos(f))+2q^v^. 
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The  chance  of  the  collision  in  question  is  proportional  to  the 
relative  velocity  {v—pcos<p)  ;  and  in  the  stationary  state  the 
whole  gain  of  energy  is  zero.     Hence 

^^p  e~''^-  dp  d(f)  { 2qp  cos  (f)  {v—p  cos  (f>y  +  2q'v^ }  =  0. 

In  the  integration  with  respect  to  0  the  odd  powers  of  cos  (f) 
vanish.     Hence 


2qv\     pdpe-'">Xqv^-p~)  =  0; 
h  =  l/qv\ 


60  that 

as  in  (61). 

Terling  Place,  Witliam, 

August  19,  1891.  ^^3J:(W) 


LIV.  On  the  Discharge  of  Electricity  through  Exhausted 
Tubes  without  Electrodes.  By  J.  J.  Thomson,  M.A.y 
F.R.S.,  Cavendish  Professor  of  Experimental  Physics, 
Cambridge. 

[Continued  from  p.  336.] 

Phosphorescence  produced  hy  the  Discharge. 

THE  discharge  without  electrodes  produces  a  very  vivid 
phosphorescence  in  the  glass  of  the  vessel  in  which  the 
discharge  takes  place  ;  the  phosphorescence  is  green  when 
the  bulb  is  made  of  German  glass,  blue  when  it  is  made  of  lead 
glass.  Not  only  does  the  bulb  itself  phosphoresce,  but  a  piece 
of  ordinary  glass  tubing  held  outside  the  bulb  and  about  a 
foot  from  it  phosphoresces  brightl}- ;  while  uranium  glass  will 
phosphoresce  at  a  distance  of  several  feet  from  the  discharge. 
Similar  effects,  but  to  a  smaller  extent,  are  produced  by  the 
ordinary  spark  between  the  poles  of  an  electrical  machine. 

The  vessel  in  which  the  discharge  takes  place  may  be 
regarded  as  the  secondary  of  an  induction-coil,  and  the  dis- 
churge  in  it  shows  similar  properties  to  those  exhibited  by 
currents  in  a  metallic  secondary.  Thus  no  discharge  is  pro- 
duced unless  there  is  a  free  way  all  round  the  tube  ;  the 
discharge  is  stopped  if  the  tube  is  fused  up  at  any  point.  In 
order  that  the  discharge  may  take  place,  it  is  necessary  that 
the  molecules  of  the  gas  shall  be  able  to  form  a  closed 
chain  without  the  interposition  of  any  non-conducting  sub- 
stance ;  indeed  the  discharge  seems  to  be  hindered  by  the 
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presence  in  such  a  chain  of  any  second  body,  even  though  it  may 
be  a  good  conductor  of  electricity.  Tlius,  wlien 
a  tube  such  as  that  in  fig.  7  is  used,  which  has  Fif?-  7. 
a  barometer-tube  attached  to  it,  so  that  by  raising 
or  lowering  the  vessel  into  which  the  tube  dips  a 
mercury  pellet  may  be  introduced  into  the  dis- 
charge-circuit, the  spark-length  in  the  primary 
circuit  may  be  so  adjusted  that  a  discharge  passes 
when  there  is  a  clear  way  round  the  tube,  but 
stops  when  a  pellet  of  mercury  is  forced  up  so  as 
to  close  the  gangway.  I  noticed  a  similar  effect 
in  my  experiments  with  a  long  vacuum-tube 
described  in  the  Proceedings  of  the  Royal  Society 
for  Jan.  1891. 

I  had  another  discharge-tube  prepared,  of  which 
a  section  is  shown  in  fig.  8,  a,  in  which  a  dia- 
phragm (ABj  of  thin  copper  plate  was  placed  ^ 
across  the  tube;  the  diaphragm  happened  to  catch  at  the  bottom 
of  the  tube,  so  that  it  divided  the  latter  rather  unequally,  and 
left  a  narrow  passage  round  its  edge.  As  much  of  the  discharge 
as  there  was  room  for  went  round  the  edge  of  the  plate;  the 


remainder  was  not  able  to  get  through  the  copper,  but  formed 
a  closed  circuit  by  itself  in  the  larger  segment  of  the  tube. 
]n  another  tube,  which  is  represented  in  section  in  fig.  8,  /S, 
the  copper  diaphragm  was  attached  to  the  walls  of  the  tube 
by  sealing-wax,  so  that  there  was  no  free  way  ;  in  this  case  the 
discharge  again  refused  to  go  through  the  copj)er,  and  s])lit 
up  into  two  separate  discharges,  as  in  the  figure.  When  the 
tube  was  divided  by  copper  diaphragms  into  six  segments,  as 
in  fig.  8, 7,  no  discharge  at  all  would  pass  through.  When  the 
primary  was  slipped  up  the  tube  above  the  diaphragm^  a 
brilliant  discharge  was  obtained.  These  four  experiments  all 
illustrate  the  difficulty  which  the  electricity  has  in  getting 
transferred  fi-om  a  gas  to  another  conductor. 
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There  is  no  discharge  through  the  secondary,  if  it  is  of  such 
a  kind  that,  considering  a  closed  curve  drawn  in  it,  the  electro- 
motive intensity  as  we  travel  along  the  curve  tends  to 
polarize  the  particles  in  one  half  of  the  chain  in  one  direction, 
and  in  the  other  half  in  the  opposite  direction,  the  direction 
being  reckoned  relative  to  the  direction  we  are  travelling 
round  the  curve.  Thus,  for  example,  if  we  take  a  tube  whose 
axis  is  bent  back  on  itself,  as  in  the  figure,  the  electromotive 
intensity  will  tend  to  polarize  the  particles  in  one  part  of  the 
chain  in  the  direction  of  the  arrow,  and  those  in  the  other 
in  the  opposite  direction  ;  it  is  impossible  to  get  a  discharge 
through  a  tube  of  this  kind. 

Fifr.  9. 


On  the  other  hand,  the  molecules  exhibit  remarkable  powers 
of  making  closed  chains  for  themselves  when  not 
actually  prevented  by  the  action  of  the  electro- 
motive intensity.  Thus  the  discharge  will  pass 
through  a  great  length  of  tubing  in  the  secondary, 
even  if  it  is  bent  up  as  in  fig.  10,  where  the 
vertical  piece  in  the  upper  jiart  of  the  secondary 
is  at  right  angles  to  the  direction  of  the  electric 
force,  and  where  the  molecules  will  receive  no 
help  in  forming  closed  chains  from  the  action  of 
the  external  electromotive  forces.  I  have  suc- 
ceeded in  sending  discharges  through  tubes  of 
this  kind  12  to  14  feet  in  length. 


Fig-. 

10. 

Screening  Effects  dtie  to  the  Currents  in  the  Tubes. 

One  very  noticeable  feature  of  these  discharges  is  the  well- 
defined  character  of  the  ring,  if  the  pressure  is  not  too  low. 
If  a  large  bulb  is  used  for  the  secondary  with  the  primary 
just   outside    it,   when    the   sparks    pass  between  the  jars  a 
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bright,  well-defined  ring  passes  through  the  bulb  near  to  the 
surface  of  the  glass,  the  gas  inside  this  ring  being,  as  far  as 
can  be  judged,  quite  free  from  any  discharge.  If  now  a  bulb 
whoso  diameter  is  less  than  that  of  the  luminous  ring  is 
inserted  in  the  primary  in  place  of  the  larger  bulb,  a  bright 
ring  will  start  in  this,  though  at  this  distitnce  from  the  pri- 
mary there  was  no  discharge  in  the  larger  bulb.  Thus  when 
the  large  bulb  was  in  the  primary,  the  discharge  through  its 
outer  portions  screened  the  interior  from  electromotive  forces 
to  an  extent  sufficient  to  stop  a  discharge  which  would  other- 
wise take  place. 

The  screening  action  of  these  discharges  is  also  shown  by 
the    following    experiment.    A,    B,    C, 
fig.  11,  is  the  section  of  a  glass  vessel  Fig.  11. 

shaped  like  a  Bunsen's  calorimeter ;  in 
the  inner  portion  A,  B,  C  of  this  vessel 
an  exhausted  tube  is  placed,  while  a 
pipe  from  the  outer  vessel  leads  to  a 
mercury  pump  and  enables  us  to  alter 
the  pressure  at  will.  The  primary  coil, 
L,  M,  is  wound  round  the  outer  tube. 
When  the  air  in  the  outer  tube  is  at 
atmospheric  pressure,  the  discharge 
caused  by  the  action  of  the  primary 
passes  in  the  tube  E  inserted  in  A,  E,  C; 
but  when  the  pressure  in  the  outer  tube 
is  reduced  until  a  discharge  passes 
through  it,  the  discharge  in  the  inner 
one  stops  :  the  discharge  in  the  outer 
tube  has  thus  shielded  the  inner  tube  from  the  action  of  the 
primary.  If  the  exhaustion  of  the  outer  tube  is  carried  so  far 
that  the  discharge  through  it  ceases,  that  in  the  inner  tube 
begins  again.  Jt  requires  very  high  exhaustion  to  do  this,  and 
as  on  account  of  the  joints  it  is  unsafe  to  make  the  vessel  very 
hot  during  the  pumping,  I  have  found  it  impossible  to  keep  a 
vacuum  good  enough  to  show  this  effect  for  more  than  from 
half  to  three  quarters  of  an  hour;  in  that  time  sufficient  gas 
seems  to  have  escaped  from  the  sides  of  the  vessel  to  make 
the  pressure  too  high  to  show  this  effect,  and  it  then  takes 
from  two  to  three  hours^  pumping  to  get  the  tube  back  again 
into  its  former  state.  An  interesting  feature  of  tliis  experi- 
ment is  that  for  a  small  range  of  pressure,  just  greater  than 
that  at  which  the  discharge  first  appears  in  the  outer  tube, 
there  is  no  discharge  in  either  of  the  tubes  ;  thus  the  action 
of  the  primary  is  screened  off  from  the  inner  tube,  though 
there   is  no  luminosity  visible  in  the  outer  one  ;  this  shows 


To  pump 
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that  a  discharge  equivalent  in  its  effects  to  a  current  can 
exist  in  the  gas  without  sufficient  kiminosity  to  be  visible 
even  in  a  darkened  room.  We  shall  have  occasion  to  mention 
other  cases  in  which  the  existence  of  a  discharge  non-lumi- 
nous throughout  the  whole  of  its  course  is  rendered  evident 
in  a  similar  way. 

Another  experiment  by  which  the  screening  can  be  effec- 
tively shown  is  to  place  the  primary  coil  inside  a  bell-jar 
which  is  connected  with  a  mercury  pump,  the  electrical  con- 
nexions with  the  primary  being  led  through  mercury  joints. 
An  exhausted  bulb  is  placed  inside  the  primary,  the  bulb 
being  considerably  smaller  than  the  primary,  so  that  there  is 
an  air-space  between  the  two.  Before  the  bell-jar  is  ex- 
hausted the  discharge  passes  through  the  bulb,  but  when  the 
bell-jar  is  exhausted  sufficiently  to  allow  of  the  discharge 
])assing  through  the  gas  outside  the  bulb  the  discharge  in  the 
bulb  ceases,  and  the  only  discharge  is  that  outside.  I  have 
never  been  able  to  exhaust  the  bulb  sufficiently  well  to  get 
the  discharge  outside  the  bell-jar  to  cease,  and  that  in  the 
bulb  to  appear  again,  as  in  the  preceding  experiment.  In 
this  experiment,  as  in  the  preceding  one,  there  was  a  range 
of  pressure  when  neither  the  bulb  nor  the  bell-jar  was  lumi- 
nous, showing  again  the  existence  of  currents  in  the  gas  which 
are  not  accompanied  by  any  appreciable  luminosit3^ 

A  curious  bending-in  of  the  discharge  which  takes  ])lace 
in  a  square  tube  provided  with  a  bulb  can,  I  think,  be  ex- 
plained by  the  ])rinciple  of  shielding.  The  discharge  in  the 
bulb  does  not,  unless  very  long  sjjarks  are, used,  take  as  its 
course  through  the  bulb  the  prolongation  of  the  direction  of 
the  tube,  but  is  bent-in  towards  the  primary.  In  fig.  12 
the  dotted  line  represents  the  course  the  dis- 
charge would  have  taken  if  there  had  been  no  F'^g-  12. 
bulb,  the  continuous  line  the  course  actually 
taken.  This  bending-in  can  be  explained  by 
supposing  the  currents  started  near  the  pri- 
mary to  shield  off  from  the  outlying  space  the 
action  of  the  primary,  and  thus  make  the  electro- 
motive intensity  along  the  axis  of  the  tube 
smaller  than  it  would  have  l)een  if  no  discharge 
had  Ijeen  possible  between  the  axis  and  the 
primary  circuit. 

Before  describing  some  further  experiments  on  this  shield- 
ing effect,  it  will  be  useful  to  consider  the  means  by  which  it 
is  brought  about.  Let  us  suppose  we  have  a  vertical  ])iate 
made  of  conducting  material,  and  to  the  right  of  the  plate  a 
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region  A  which  it  shields.  This  region  lias  to  be  shielded 
from  tubes  of  electrostatic  induction  coming  from  the  left, 
which  have  to  pass  through  the  shield  before  reaching  A,  and 
from  tubes  coming  from  the  right  which  have  to  pass  through 
A  before  reaching  the  field.  The  action  of  the  shield  in  the 
first  case  is  very  simple,  for  when  a  tube  gets  inside  a  con- 
ductor it  at  once  attempts  to  contract  to  molecular  dimen- 
sions, and  after  a  time  proportional  to  the  specific  resistance 
of  the  conductor  it  succeeds  in  doing  so.  Thus  if  the  shield 
is  made  of  a  good  conductor  the  tubes  of  electrostatic  induc- 
tion will  be  transforined  into  molecular  tnbes  before  they 
have  time  to  get  through ;  so  that  the  shield  will  protect  A 
from  all  tubes  which  have  to  go  through  it.  The  way  the 
shield  destroys  or  rather  neutralizes  the  effect  of  the  tubes 
coming  from  the  right  is  somewhat  different :  when  a  positive 
tube  reaches  the  shield  a  negative  one  emerges  from  it,  tra- 
velling at  right  angles  to  itself  in  the  opposite  direction  to 
the  incident  tube ;  thus  when  the  first  few  tubes  reach  the 
shield  from  the  right  they  will  produce  a  supply  of  negative 
ones,  and  the  presence  of  these  negative  tubes  at  A  concur- 
rently with  the  positive  ones  which  continue  to  arrive  there 
will  weaken  the  field  to  a  gi-eater  and  greater  extent  as  A 
approaches  the  shield.  At  the  surface  of  the  shield  itself  the 
neutralization  will  be  complete.  A  dielectric  whose  specific 
inductive  capacity  is  greater  than  nsual  will  behave  in  a 
similar  way  to  a  metal  plate,  but  to  a  smaller  extent.  It  will 
emit  tubes  of  the  ofjposite  sign,  but  not  so  numerous  as  those 
incident  upon  it.  Thus  a  metal  ])late,  or  even  one  made  of  a 
dielectric  of  considerable  specific  inductive  capacity,  will 
reduce  very  considerably  the  tangential  electromotive  force 
on  either  side  of  it. 

1  have  made  several  experiments  in  which  this  effect  was 
very  strikingly  shown.  In  one  of  these,  two  square  dischai-ge- 
tubes  of  equal  cross  section  placed  near  and  |)arallel  to  each 
other  were  connected  by  a  cross  tube,  so  that  the  pressui-e 
A\  as  the  same  in  both  tubes ;  a  fine  wire  passed  round  the  in- 
side of  one  of  the  tnbes,  its  ends  being  connected  together  so 
that  it  formed  a  closed  circuit,  the  other  tube  contained 
nothing  but  air  at  a  low  pressure.  When  this  doul)le  tube 
was  placed  outside  the  primary  the  discharge  went,  at  the 
passage  of  each  spark,  through  the  tube  without  a  wire,  while 
the  tube  containing  the  wire  remained  quite  dark.  A  similar 
experiment  was  tried  by  taking  a  cylindrical  tube  and  sus- 
pending in  it  a  metal  ring  coaxial  with  the  tube ;  in  this  case 
it  was  easy  to  adjust  the  spark-length   so   that  no  discharge 
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passed  througli  the  tube  when  the  primary  was  placed  round 
it  at  the  level  of  the  ring,  while  a  discharge  passed  as  soon 
as  the  primary  was  moved  above  or  below  the  ring. 

Another  very  convenient  tube  for  showing  this  effect  is 
the  one  with  the  hollow  down  the  middle,  fig.  11;  when 
this  is  pumped  so  that  discharges  can  pass  through  the  outer 
tube  the  spark-length  can  be  adjusted  so  that  the  discharge 
stops  immediately  when  a  metal  tube,  a  test-tube  containing 
a  strong  solution  of  an  electrolyte,  or  a  tube  containing  air 
at  a  pressure  at  which  it  is  electrically  very  weak,  is  placed 
in  the  central  onenino-.  The  discharoe  is  renewed  ao-uin  as 
soon  as  the  tubes  are  removed.  On  one  occasion,  when  the 
large  tube  was  in  a  peculiarly  sensitive  state,  I  was  able  to 
see  distinctly  the  diminution  produced  by  a  dielectric  in  the 
electromotive  intensity  parallel  to  its  surface.  The  discharge 
stopped  as  soon  as  a  stick  of  sulphur  or  a  glass  rod  sufficiently 
large  almost  to  fill  the  opening  was  inserted,  and  was  re- 
newed again  as  soon  as  these  were  withdrawn.  It  requires, 
however,  the  large  tube  to  be  in  an  extremely  sensitive  state 
for  the  effect  produced  by  a  dielectric  to  be  apparent,  and  I 
have  only  on  one  occasion  succeeded  in  getting  the  tube  into 
this  condition.  The  effect  on  that  occasion,  however,  was  so 
definite  and  regular  that  I  have  no  doubt  as  to  the  existence 
of  the  screening  effect  duo  to  the  dielectric. 

AVhen  the  tube  is  of  average  sensitiveness  dielectrics  do  not 
produce  any  appreciable  effect,  nor  can  the  influence  of  even 
comparatively  so  good  a  conductor  as  distilled  water  be  de- 
tected, and  it  is  not  until  after  the  addition  of  a  considerable 
quantity,  10  to  20  per  cent.,  of  sulphuric  acid  or  ammonium 
chloride,  that  the  insertion  or  withdrawal  of  the  tube  stops  or 
starts  the  discharge. 

A  tube  continuing  air  at  a  low  pressure  is  very  efficacious 
in  stop})ing  the  discharge,  and  the  result  of  the  comparison 
of  the  relative  effects  of  an  exhausted  tube  and  a  tube  of  the 
same  size  and  shape  containing  a  solution  of  an  electrolyte 
are  very  remarkable.  I  found  that  an  exhausted  tube  which 
contained  air  at  a  very  low  pressure  (less  than  -j^q  of  a  milli- 
metre) produced  as  much  effect  on  the  discharge  in  the  outer 
tube  as  a  tube  containing  at  least  50,000  times  as  many 
molecules  of  ammonium  chloride.  This  would  be  expressed 
in  the  language  of  electrolysis  by  saying  that  under  the 
electromotive  intensity  to  which  it  was  exposed  in  this  ex- 
})eriment  the  molecular  conductivity  of  the  gas  is  50,000 
tinu'S  that  of  the;  electrolyte.  The  ])roportion  })elween  the 
number  of  air  molecules  and  the  numlfcr  of   molecules  of  an 
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electrolyte,  Avliich  protlucos  an  equal  effect  in  stopping  the 
discharge,  depends  ii})on  the  length  of  spark  in  the  primary 
current,  and  so  upon  the  electromotive  force  acting  upon  the 
air.  The  longer  the  spark  the  greater  is  the  molecular  con- 
ductivity of  the  air  in  comparison  with  that  of  the  electrolyte. 
This  indicates  that  the  conduction  through  the  air  does  not 
follow  Ohm's  law.  This  is  what  we  should  expect,  as  under 
large  electromotive  forces  more  molecules  are  split  \x\)  and 
take  part  in  the  conduction  of  the  electricity.  This  great 
conductivity  of  rarefied  gases  in  those  cases  where  the  elec- 
tricity has  not  to  pafes  from  metal  &c.  into  the  gas  are  in 
striking  contrast  with  the  infinitesimaliy  small  A^alues  for  the 
same  property  which  are  deduced  from  experiments  on  tuhes 
with  electrodes. 

I  was  first  led  to  suspect  this  high  conductivity  for  rarefied 
gases  by  observing  the  apj^earance  presented  by  the  ring-dis- 
charge in  bulbs ;  the  ring,  unless  the  pressure  is  exceedingly 
low,  ceases  at  a  distance  of  little  more  than  1  centim.  from 
the  surface  of  the  bulb,  this  thickness  of  conducting  gas  being 
sufficient  to  screen  off'  the  electromotive  intensity  from  the 
interior.  From  experiments  which  I  had  made  on  the  screen- 
ing effect  of  electrolytes  (Proc.  Roy.  Soc.  xlv.  p.  2'6'i)\  I  knew 
that  it  would  require  a  very  strong  solution  of  an  electrolyte 
to  produce  screening  comparable  with  this.  To  compare  the 
screening  effects  more  directly  than  by  the  method  just 
described  1  tried  the  following  experiment.  The  discharge- 
tube,  fig.  11,  was  pumped  until  the  discharge  passed  through 
it  very  freely;  an  exhausted  tube  was  then  pushed  down  the 
central  opening,  it  remained  quite  free  from  any  visible  dis- 
charge; the  primary  was  now  wound  round  a  cylinder  of  the 
same  diameter  as  the  discharge-tube  of  fig.  11,  and  this 
cylinder  was  filled  with  distilled  water.  When  the  tube,  which 
had  [)reviously  remained  dark  when  placed  in  the  exhausted 
discharge-tube,  was  immersed  in  the  water,  a  brilliant  discharge 
took  place  in  it ;  and  it  was  necessary  to  add  about  25  per 
cent,  of  sulphuric  acid  to  the  water  before  the  shielding  effect 
of  the  mixture  was  sufficient  to  keep  the  tube  dark.  This 
experiment  shows  perhaps  even  more  directly  than  the  other 
the  great  conductivity  of  a  rarefied  gas  under  large  electro- 
motive forces  when  nothing  but  the  gas  is  in  the  way  of  the 
passage  of  the  current. 

An  experiment  made  in  this  connexion  illustrates  the  re- 
mark made  before  as  to  the  large  effects  produced  by  dis- 
charges through  the  gas  which  are  not  accompanied  bv 
luminosity.     A  bulb  A  was  fused  into  a  tube  B  which  was 
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surrounded  bv  the  primary  coil  C,  D.  B  was  exhausted  and 
then  sealed  off,  while  A  was  left  connected  to  the  pump. 
When  A  was  at  atmospheric  pressure  a  bright  discharge  took 
place  in  B  outside  A;  on  pumping  A  a  stage  was  reached  in 
which  no  discharge  could  be  seen  in  either  A  or  B.  On 
letting  air  into  A  the  discharge  appeared  again  in  B  ;  on 
pumping  A  still  further  a  discharge  appeared  in  A,  but  not 
in  B.     The  appearance  presented  by  the  discharge  round  the 

Fi?,  13. 


bulb  A  (filled  in  this  case  with  air  at  high  pressure)  is  very 
remarkal)lo.  At  the  highest  pressure  at  which  the  discharge 
passed  it  took  the  form  of  a  thin  ring  round  the  middle  of  A; 
as  the  pressure  got  lower  and  lower  the  discharge  broadened 
out,  and  at  very  low  pressures  formed  for  the  greater  part  of 
its  course  two  separate  rings  which  ran  together  in  the  space 
between  one  side  of  the  sphere  and  the  tube. 


On  the  Effect  produced  by  Conductors  near  the 
Discharc/e-tube. 

The  intensity  of  the  discharge  is  very  much  affected  by 
the  presence  of  conductors  in  the  neighbourhood  of  the  dis- 
charg(^-tube,  especially  conductors  which  have  large  capacity 
or  which  are  connected  to  earth.  Let  us  take,  for  ex- 
ample, a  very  sim])le  case,  that  of  a  bulb  surrounded  by  a 
primary  which  is  connected  to  earth  ;  in  this  case  the  ap- 
proach of  the  hand,  or  any  conductor  connected  to  earth,  will 
make  the  dischary;(!  briohtin-  and  at  the  same  time  less  well- 
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defiiKKl  at  the  edges  ;  touching  the  tube,  though  this  is 
ah'eady  connected  to  earth,  produces  a  very  marked  effect  in 
increasing  the  facility  of  the  discharge.  We  can,  I  think, 
understand  the  reason  of  this  if  we  consider  the  behaviour  of 
the  tubes  of  electrostatic  induction.  When  the  spark  passes, 
these  tubes  (see  p.  327)  rush  out  from  the  jars  and  make  for 
the  primary  ;  in  their  journey  to  the  primary  they  pass  through 
the  bulb  and  produce  the  discharge.  Let  us  suppose  nov/ 
that  there  is  a  large  conductor  situated  somewhere  near  the 
bulb  ;  the  tubes,  as  before,  rush  from  the  jar  to  the  primary, 
but  in  doing  so  some  of  them  strike  against  the  conductor; 
the  tubes  which  do  so  lose  the  portion  inside  the  conductor, 
acquire  two  ends  each  on  the  surface  of  the  conductor,  and 
swing  round  until  they  are  at  right  angles  to  its  surface  ; 
they  remain  momentarily  anchored,  as  it  were,  to  the  con- 
ductor, and  if  the  conductor  is  in  the  neighbourhood  of  the 
bulb,  they  will  in  general  help  to  increase  the  maximum 
density  of  the  tubes  passing  through  the  bulb.  Though  these 
tubes  may  not  approximate  to  closed  curves,  and  so  directly 
produce  a  ring-discharge,  they  may  readily  facilitate  this  dis- 
charge indirectly  ;  for  even  those  tubes  which  go  radially 
through  the  bulb  may  ])roduce  a  glow-discharge  from  the 
glass  into  the  bulb,  and  may  thus  furnish  a  supply  of  dis- 
sociated molecules  through  which  the  ordinary  ring-discharge 
can  pass  with  much  greater  readiness.  For  nothing  is  more 
striking  than  the  enormous  difference  produced  in  the  electric 
strength  of  these  rarefied  gases  hy  the  passage  of  a  spark. 
It  is  sometimes  difficult  to  get  the  discharge  to  pass  at  first, 
but  when  once  a  spark  has  passed  through  the  gas,  a  spark- 
length  one  quarter  the  length  of  that  necessary  to  originate 
the  discharge  will  be  found  sufficient  to  maintain  it. 

It  is  sometimes  convenient,  in  cases  where  difficulty  is  found 
in  starting  the  discharge,  to  avail  ourselves  of  this  property 
by  connecting  the  mercuiy  of  the  pump  to  which  the  tube  is 
attached  with  one  terminal  of  an  induction-coil,  the  other 
terminal  of  which  is  put  to  earth.  When  the  induction-coil 
is  in  action,  a  glow-discharge  fills  the  pump  and  tube,  and 
while  this  glow  exists  the  electrod(dess  discharge  can  easily 
be  started  ;  once  having  been  started,  it  will  continue  after 
the  induction-coil  is  stopped.  An  experiment  of  this  kind, 
which  I  had  occasion  to  make,  gave  very  clear  evidence  of 
the  way  in  which  dissociated  molecules  are  projected  in  all 
directions  from  the  negative  electrode  in  an  ordinary  discharge- 
tube,  but  not  from  the  positive.  The  discharge-tube  was 
fused  on  to  the  pump,  and  at  an  elbow  two  terminals,  c  and 
d,  fig.  14,  were  fused  into  the  glass  ;  these  terminals  were 
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connocted  with  an  induction-coil,  and  the  pressure  in  the 
tube  was  such  that  the  elec- 
trodeless  discharge  would  not 
start  of  itself.  When  the  coil 
was  turned  on  so  that  c  was  the 
negative  electrode,  the  elec- 
trodeless  discharge  in  the  tube 
at  once  took  place,  but  no  etfect 
at  all  was  produced  wdien  c  was 
positive  and  d  negative.  We 
may  thus  regard  the  effect  pro- 
duced by  the  presence  of  a  con- 
ductor as  due  to  the  conductor 
catching  the  tubes  of  electrostatic 
induction,  and  concentrating 
them  on  the  discharge-tubes. 
These  tubes  in  many  cases 
acting  indirectly  by  producing 
a  glow-discharge  through  the 
tube,  which,  by  diminishing  the 
electric  strength  of  the  gas, 
makes  discharges  of  any  other 

kind  very  much  easier.  Though  the  presence  of  a  conductor 
near  the  discharge-tube  will,  in  general,  concentrate  the  tubes 
of  electrostatic  induction  on  the  discharge-tube  more  than 
would  otherwise  be  the  case,  yet  this  does  not  always  happen. 
When  in  some  positions  the  conductor  may  hold  back  for  a 
time  from  the  discharge-tube  tubes  of  electrostatic  induction 
which  would  otherwise  pass  through  it,  and  thus  diminish  the 
maximum  density  of  the  tubes  of  electrostatic  induction  in 
the  discharge-tube,  and  hence  tend  to  stop  the  discharge.  I 
have  frequently  met  with  cases  where  the  presence  of  a  con- 
ductor diminishes  the  intensity  of  the  discharge.  One  of  the 
most  striking  of  these  is  when  the  two  jars  are  insulated,  and 
a  square  discharge-tube  used.  The  spark  was  adjusted  so 
that  the  discharge  just,  but  only  just,  went  round  the  tube. 
A  sphere  connected  to  earth  was  then  moved  round  the  dis- 
charge-tube; in  some  positions  it  increased  the  brilliancy  of 
the  discharge,  and  the  tube  became  quite  bright,  while  in 
other  positions  it  stopped  the  discharge  altogether. 

The  observation  of  the  behaviour  of  the  discharges  through 
these  tubes  is  a  very  convenient  method  of  studying  the  effect 
of  conductors  in  deflecting  the  flow  of  the  tubes  of  electro- 
static induction  which  fall  upon  them;  for  the  a[)pearanc(;  of 
the  discharge  is  affected  not  merely  by  the  average,  but  also 
by  the  maximum  value  of  the  electromotive  intensity  which 
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produces  it.  Thus  a  high  maximum  vahie,  lasting  only  for 
a  short  time,  might  produce  a  discharge,  while  a  more 
equable  distribution  of  electromotive  intensity  having  the 
same  average  value  might  leave  the  tube  quite  dark. 

I  have  employed  these  discharges  to  study  the  behaviour  of 
bodies  under  the  action  of  very  rapid  electrical  oscillations 
in  the  following  way.  In  the  primary  circuit  connecting 
the  outside  coatings  of  the  jar,  two  loops  A  and  B  (fig.  lb) 
were  made,  in  one  of  which.  A,  an 
exhausted  bulb  was  placed,  the  spark-  Fig.  lo. 

length  and  the  pressure  of  the  gas  on 
it  being  adjusted  until  the  discharge 
was  sensitive,  i.  e.  until  a  small  alter- 
ation in  the  electromotive  intensity 
acting  on  the  bulb  produced  a  con- 
siderable effect  upon  the  appearance 
presented  by  the  discharge.  The 
substance  whose  behaviour  under 
rapid  electrical  vibrations  was  to  be 

examined  was  placed  in  the  loop  B.  The  results  got  at  first 
were  very  perplexing,  and  at  first  sight  contradictory,  and  it 
was  some  time  before  I  could  see  their  explanation.  The 
following  are  some  of  these  results.  When  a  highly  exhausted 
bulb  was  placed  in  B  a  brilliant  discharge  passed  through  it, 
while  the  discharge  in  A  stopped.  A  bulb  of  the  same  size, 
filled  with  a  dilute  solution  of  electrolyte,  produced  no  appre- 
ciable effect;  when  filled  with  a  strong  solution  it  dimmed  the 
discharge  in  A,  but  not  to  the  same  extent  as  the  exhausted 
bulb.  A  piece  of  brass  rod  or  tube  increased  the  brightness  of 
the  discharge  in  A  ;  on  the  other  hand,  a  similar  piece  of  iron 
rod  or  tube  stopped  the  discharge  in  A  at  once.  The  most 
decided  effect,  however,  was  prodticed  by  a  small  crucible 
made  of  plumbago  and  clay  :  this  when  put  in  the  loop  B 
stopped  the  discharge  in  A  completely.  I  found,  however, 
that  by  considering  the  M'ork  spent  on  the  substance  placed 
in  B,  the  preceding  results  could  be  explained.  When  a 
large  amount  of  work  is  spent  in  B,  the  discharge  in  A  will 
be  dimmed,  while  no  appreciable  effect  will  be  produced  on  A 
when  the  work  spent  in  B  is  small.  Now  let  us  consider  the 
work  done  in  a  secondary  circuit  whose  resistance  is  R,  whose 
coefficient  of  self-induction  is  L,  and  which  has  a  coefficient 
of  mutual  induction  M  with  the  ]u*imary  circuit.  If  the 
frequency  of  the  current  circulating  in  the  primary  is  /?,  we 
can  easily  prove  that  the  rate  of  absorption  of  work  by  the 
secondary  is  proportional  to 

R  my 
Ly+R2* 
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Tims  the  work  given  to  the  secondary  vanishes  when  R  =  0 
jind  when  U  =  infinity,  and  has  a  maximum  value  when 
Ii=L^:>.  Thus  the  condition  that  the  secondary  should 
absorb  a  considerable  amount  of  work  is  that  the  resistance 
should  not  differ  much  fi'om  a  value  depending  on  the  shape 
of  the  circuit  and  the  frequency  of  the  current  in  the  primary. 
No  appreciable  amount  of  work  is  consumed  when  the  resis- 
tance is  very  much  greater  or  very  much  less  than  this  value. 
I  tested  this  result  by  placing  inside  B  a  coil  of  copper  wire. 
When  the  ends  were  free,  so  that  no  current  could  pass  through 
it,  it  produced  no  effect  upon  the  bulb  in  A  ;  when  the  ends 
were  joined  so  that  there  was  only  a  very  small  resistance  in 
the  circuit,  the  effect  was,  if  anything,  to  increase  the  bright- 
ness of  the  discharge  in  A.  When,  however,  the  ends  were 
connected  through  a  carbon  resistance  which  could  be 
adjusted  at  will,  the  discharge  in  A  became  very  distinctly 
duller  when  there  was  a  very  considerable  resistance  in  the 
circuit.  This  experiment  confirms  the  conclusion  that  to 
absorb  energy  the  resistance  must  lie  within  certain  limits, 
and  be  neither  too  large  nor  too  small. 

We  can  now  see  the  cause  of  the  differences  observed  when 
the  substances  mentioned  above  were  put  into  B.  The  brass 
rod  and  tube  did  not  dim  the  discharge  in  A,  because  their 
resistance  was  too  low  ;  the  weak  solution  of  electrolyte, 
because  the  resistance  was  too  great;  while  the  resistances 
of  the  crucible  and  the  strong  solution  of  electrolyte  which 
obliterated  the  discharge  from  A  were  near  the  value  for 
which  the  absorption  of  energy  by  the  system  was  a  maximum. 

The  case  of  iron  is  very  interesting  becattse  it  shows  that 
even  under  these  very  rapidly  alternating  forces,  iron  still 
retains  its  magnetic  proi)erties.  A  striking  illustration  of 
the  difference  between  iron  and  other  metals  is  shown  when 
we  take  an  iron  rod  and  place  it  in  B,  the  discharge  in  A 
immediately  stops;  if  we  now  slip  a  brass  tube  over  the  iron  rod 
the  discharge  in  A  is  at  once  restored.  If,  on  the  other  hand, 
we  use  a  brass  rod  and  an  iron  tube,  when  the  rod  is  put  in 
B  without  the  tube  the  discharge  in  A  is  bright ;  if  we  slip 
the  iron  tube  over  the  rod,  the  discharge  stops. 

To  compare  the  amount  of  heat  produced  in  the  brass  and 
iron  secondaries,  let  us  take  the  case  of  an  infinite  cylinder 
exposed  to  an  external  magnetic  force  parallel  to  the  axis 
c(pial  to  Hoe'^*'. 

if  H  is  the  magnetic  force  inside  the  cylinder  at  a  distance 
r  from  the  axis,  H  satisfies  the  differential  equation 
dm       lc/H__47ryL6(/H 
dr'^       r  dr  a     dt  ' 
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or,  since  H  varies  as  e'''', 

dr^        rdr      ^"^     ^' 

where  n^  =  A7rfj,cpla  ;  /j,  being  the  magnetic  ])ermoabiIity  of 
the  cylinder,  and  a  its  specitic  resistance.  The  sohition  of 
this  equation  is 

where  Jo  denotes  Bessel's  function  of  zero  order.  Since  the 
magnetic  force  outside  the  cylinder  is  not  affected  hy  the 
currents  we  must  have,  if  a  is  the  radius  of  the  cylinder, 

Thus 

t)Q[ina) 

The  currents  induced  in  the  cylinder  are  tangential,  and  if  (j 
is  the  int(nisity  of  the  current  at  a  distance  ;■  from  the  axis  of 
the  cylinder, 

dR 
^'^'i=—dr 

dQ[ina) 

We  shall  consider  two  special  cases  :  first,  where  the  resist- 
ance is  so  great  that  na  is  a  small  quantity  ;  this  includes 
the  case  of  the  plumbago  crucible  and  the  tube  filled  with 
the  electrolyte. 

In  this  case  we  have  approximately 

Jo(tna)  =  1, 

Jo(in/')=  —^uir. 
Thus 

4'Trq  =  —hi^r6'P^ 

O" 

Taking  the  real  part  of  this  expression  we  find 

q=  -r-  W^r^vapt. 
The  rate  of  heat-production  per  nuit  length  of  the  cylinder  is 

(Ti^'lnrr  dr, 


i 
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the  avei'age  value  of  which  is 


H  2 

1(>C7' 


TTfJi'^ji'^a^. 


As  this  is  proportional  to  the  conductivity,  the  best  conductors 
will  absorb  the  most  energy. 

The  other  case  which  we  shall  consider  is  that  in  which  na 
is  very  large.     This  applies  to  the  metal  tubes  and  rods. 

In  this  case, 


Thus 


piir 

J^{iur)  =  approximately. 


(  >■  j         ' 


Then  taking  the  real  part  of  the  expression  for  q, 

4,7rq=—  \    ,[    {ct  cos  pt — /3  ain  pt) . 
The  rate  of  heat-production  is  again 


f 


crif'lTrrdr  ; 
the  mean  value  of  which  is 

=:   r— . —  1      —  e 

IOttJo      ^ 


dr 


8  V2: 


s/pfxa, 


and  is  thus  proportional  to  the  square  root  of  /xa.  Hence  for 
iron  and  copper  cylinders  of  the  same  dimensions  it  would  be 
a])out  70  times  as  large  in  the  iron  as  in  the  copper,  assumino- 
that  the  iron  ret;uns  its  magnetic  properties  under  these  very 
rapidly  alternating  forces.  The  result  explains  the  etfect  of 
the  iron  in  stopping  the  discharge.  As  I  am  not  aware  that 
any  magnetic  properties  of  iron  under  such  rapidly  alteruatino- 
forces  have  been  observed,  I  was  anxious  to  make  quiti'  sure 
that  the  difference  between  iron  and  brass  was  not  due  solely 
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to  tlie  differences  between  tlioir  specific  resistances.  The 
first  ex[)eriinent  1  tried  with  tliis  object  was  to  cover  the  iron 
rod  with  thin  sheet  platinum,  such  as  is  used  lor  Grove  cells. 
As  the  resistance  of  platinum  is  not  very  different  from  that 
of  iron,  if  the  effect  depended  merely  upon  the  resistance, 
slipping  a  thin  tube  of  platinum  over  the  iron  ought  to  make 
very  little  difference.  I  found,  however,  that  wdien  the 
platinum  was  placed  over  the  iron,  all  the  peculiar  effects  pro- 
duced by  the  latter  were  absent,  thus  showing  that  the  effect 
is  not  due  to  the  resistance  of  the  iron.  It  then  occurred  to  me 
that  I  might  test  the  sjime  thing  in  another  way  by  magnetizing 
the  iron  to  saturation,  for  in  this  state  /a  is  nearly  unity  ;  thus 
if  the  result  depended  mainly  on  the  magnetic  properties  of 
the  iron  it  ought  to  tliminish  when  the  latter  is  strongly 
magnetized.  I  accordingly  tried  an  experiment  in  which 
the  iron  in  the  coil  B  was  placed  between  the  poles  of 
a  powerful  electromagnet.  When  the  magnet  was  "  off"  the 
iron  almost  stopped  the  discharge  in  A;  when  it  was  "  on"  the 
discharge  became  brighter,  not  indeed  so  bright  as  if  the  iron 
were  away  altogether,  but  still  unmistakably  brighter  than 
when  it  was  unmagnetized.  This  experiment,  I  think,  proves 
that  iron  retains  its  magnetic  properties  when  exposed  to 
these  rapidly  alternating  forces. 

Another  result  Avorthy  of  remark  is  that  though  a  brass 
rod  or  tube  inserted  in  B  does  not  stop  the  discharge  in  A, 
yet  if  a  piece  of  glass  tubing  of  the  same  dimensions  is  coated 
with  Dutch  metal,  or  if  it  has  a  thin  film  of  silver  deposited 
upon  it,  it  will  stop  the  discharge  very  decidedly.  We  are 
thus  led  to  the  somewhat  unexpected  result  that  a  thin  layer 
of  metal  when  exposed  to  these  very  rapid  electrical  vibra- 
tions may  absorb  more  heat  than  a  thick  one.  I  find,  on 
calculating  the  heating-effect  in  slabs  of  various  thicknesses, 
that  there  is  a  thickness  for  which  the  heat  absorbed  is  a 
maximum.  Instead  of  taking  the  case  of  a  cylinder,  for 
which  the  analysis  is  somewhat  long,  I  will  take  the  case 
(which  is  physically  almost  equivalent  to  it)  of  a  plain  elec- 
trical wave  incident  normally  upon  a  plane  sheet  of  metal. 

Let  the  electromotive  intensity  E  in  the  incident  wave  be 
represented  by  the  real  part  of  the  equation 

the  axis  of  x  being  at  right  angles  to  the  plate,  and  the  origin 
on  the  upper  surface  of  the  plate.  The  electromotive  inten- 
sity Ej  in  the  wave  reflected  from  the  plate  may  be  represented 
by  the  equation 
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In    the     metul    the     electromotive    intensity    satisfies     thd 
equation 

<m  _  AirfxdE 

dai^  ~      a-     dt' 

so  that  the   electromotive  intensity  E2  inside  the  plate  may 
be  represented  by  the  equation 

where 

On  the  far  side  of  the  plate  the  electromotive  intensity  E3  is 
given  by 

To  determine  the  coefficients  b,  c,  A,  B,  we  have  the  con- 
ditions that  at  the  surface  of  the  plate,  i.  e.  when  x  =  0,  and 
when  a:=  —A,  h  being  the  thickness  of  the  plate  : — 

(1)  The  electromotive  intensity  is  continuous  ; 

(2)  The  magnetic  force  parallel  to  the  plate  is  continuous. 

1     ^Tj^ 

This  im])lies  that  — ;-  is  continuous, 
/i,  ax 

From  (1)  we  get 

1  +  6  =  A  +  B, 

while  from  (2), 

a(l-/,)=(l  +  0-(A-B), 

Ill 

ace-°^=  —  (1  +  C)  -  { Ae'«(i+')A  _Be-'»(i+')'^). 

We  can  simjilify  these  equations  if  we  remember  that  for 
electrical  vibrations  as  ra])id  as  those  we  are  now  considering 
m\aix  is  exceedingly  large.     Introducing  this  condition  we  find 


A  = 
B  = 


2aj[i  e'"(i+')^ 


Thus  in  tlu!  metiJ  plate  the   electromotive  intensity  is  given 
by  the  equation 
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Let 

2«yU.  1  ^ 

in[\  +  t)  e'"(i+'-'^  — e~"'(i  +  '^*  =a  +  ip. 

Then,  taking  only  the  real  part  of"  the  expression  for  Eg,  we 
have 

Eo  =  e'"-^+^>-j  a  cos  [pt  +  m  [h  +  A') )  —  /3  sin  {pt  +  vi  {h  +  ./■) ) } , 

+  e-'"(''+"){a  cos  {i if  — III (h  +  .r) )  — /3  sin(7y^  +  ?*; (A  +  .v))\ . 

The  rate  of  ])ro(liiction  of  heat  per  unit  volume  of  the  jilate 
is  E2^/o";  the  mean  value  of  this  at  a  point  whose  coordinate 
is  ,'c  is 

—  («2  +  /32)  { e2m(A +a-)  ^  ^-2m(h+x)  ^  2  COS  m  [h  -f  a;)  \ . 

To  get  the  rate  of  heat-production  per  unit  area  of  the 
plate,  we  must  integrate  this  with  respect  to  x  between  the 
limits  a;  =  0,  a;= — h.  Performing  this  iutegration  we  find 
that  the  rate  of  production  of  heat  per  unit  area  of  the  plate  is 

ii/icr 

Substituting  for  or  +  /3'  its  value  this  becomes 

2aV^   (e2""^-e-2'"^  +  2sin2m/0 
4:a-m'    (e-"'^  +  e-2"'*  — 2cos2//</t)  * 

To  compare  this  with  the  expression  we  found  for  the  solid 
cylinder,  we  notice  that  if  Hq  e'^^  is  the  magnetic  force  in  the 
incident  wave  at  the  surface  of  the  plate, 

So  that  the  rate  of  heat-production  per  unit  area  may  be 
written 

1  Ho'Vyr  (e-"'^- 6-2""^ +  2  sin  2mh) 

2  a  lit'     (e^""^  +  e--'"^— 2  cos  2in/t)  ' 

_  -  Ho'^    r  (Map  \i(  (e2mA  — e-2'"^  +  2  sin  2mli)  | 
~  «a/2  (.  "tt^  /    \  (?»'^>e-2'»*^— 2  cos  2mh)  j  * 

The  part  of  this  expression  involving  h  is  equal  to  unity 
wdien  mh  is  very  great,  that  is  for  a  thick  plate  ;  it  is,  however, 
greater  than  unity  for  some  values,  the  smaller  values  of  h 
for  which  it  is  a  maximum  satisfying  the  equation 

sin2/»A(e2'«^-6-2'"^)^0. 
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When  h  vanishes  the  rate  of  heat-production,  as  given  by  the 
preceding  expression,  is  infinite.  We  have,  however,  in  this 
expression  used  approximate  values  for  A  and  B.  If  we  use 
their  accurate  values  we  find  that  the  rate  of  heat-production 
vanishes  when  //  =  0,  but  rises  very  quickly  to  a  large  lvalue 
as  h  increases. 

The  slight  increase  i)i  the  brightness  of  the  discharge  in  A 
when  a  brass  rod  is  placed  in  B  is  due,  I  think,  to  the  dimi- 
nution in  the  self-induction  in  the  primary  circuit  produced 
by  this  rod,  whose  conductivity  is  so  good  that  it  absorbs 
practically  no  heat. 

We  will  now  return  to  the  case  of  bad  conductors,  where 
na  is  small ;  here  the  absorption  of  energy  is  proportional 
to  the  conductivity,  and  we  might  use  this  method  to  com- 
pare the  conductivity  of  electrolytes  for  very  rapidly  alter- 
nating currents.  I  tried  a  few  experiments  of  this  kind,  and 
found,  as  I  did  in  the  experiments  described  in  the  '  Pro- 
ceedings '  of  the  Royal  iSociety,  xlv.  p.  269,  that  the  ratio 
of  the  conductivities  of  two  electrolytes  was  the  same  for 
rapidly  alternating  as  for  steady  currents.  I  was  anxious, 
however,  to  see  whether  these  rapidly  alternating  currents 
could  ]iass  with  the  same  facility  as  steady  cui'rents  from  an 
electrolyte  to  a  metal.  To  try  this,  two  equal  beakers  were 
filled  with  the  same  electrolyte  made  of  such  strength  that 
when  inserted  in  B  they  put  out  the  discharge  in  A.  I  then 
placed  in  one  beaker  six  ebonite  diaphragms  arranged  so  as 
to  stop  the  eddy  currents,  and  a  similar  metallic  diaphragm 
in  the  other.  The  ebonite  dia})hragm  made  the  beaker  in 
which  it  was  ])laced  cease  to  have  any  effect  upon  the  dis- 
charge in  A.  1  could  not  detect,  however,  that  the  effect  of 
the  beaker  in  which  the  metal  diaphragm  was  placed  on  the 
discharge  in  A  was  at  all  diminished  by  the  introduction  of 
the  diaphragm.  I  conclude,  therefore,  that  very  rapidly 
alternating  currents  can  pass  with  facility  from  elcctrolvtes 
to  metals,  and  vice  versa.  In  this  respect  electrolytes  differ 
from  gases,  the  currents  in  which,  as  we  have  seen,  are 
stop})e(l  I'y  a  metallic  diaphragm  in  the  same  way  as  tlu^y 
would  be  by  an  ebonite  one. 

It  may  be  useful  to  observe,  in  passing,  that  a  somewhat 
minute  division  of  the  electrolyte  by  the  non-conductin"- 
diaphragm  is  necessary  to  stop  the  effect  of  the  eddy  currents; 
a  division  of  the  (ilecti'olytes  into  two  or  three  portions  soemefi 
to  {)roduce  very  little  effect. 

Another  point  which  is  brought  out  by  these  experiments 
is  the  great  conductivity  of  rarefied  gases  when  no  elec- 
trodes are  used  as  compared  with  that  of  electrolytes.     An 


4:')4:  Mr.  C.  Tomlinson  on  tlie  Ljiiis  Fatuus. 

exhausted  bulb  will  produce  as  inucli  effect  on  the  dischiirge  in 
A  as  the  same  bulb  filled  with  a  solution  of  an  electrolyte 
containing  about  a  hundred  thousand  times  as  many  mole- 
cules of  electrolyte.  The  molecular  conductivity  of  rarefied 
gases  when  the  electi  omotive  intensity  is  very  great  and  wdien 
no  electrodes  are  used  must  be  thus  enormously  greater  than 
that  of  electrolytes. 

Bulbs  filled  with  rarefied  gas  used  in  the  Avay  I  have 
described  serve  as  galvanometers,  by  which  we  can  estimate 
roughly  the  relative  intensity  of  the  currents  flowing  through 
the  primary  coils  which  encircle  them.  Used  for  this  pur- 
pose, I  have  found  them  very  useful  in  some  experiments  on 
which  I  am  at  present  engaged  on  the  distribution  of  very 
ra})idly  alternating  currents  among  a  netnvork  of  conductors. 

I  have  much  ])leasure,  in  conclusion,  in  thanking  my 
assistant,  Mr.  E.  Everett,  who  has  done  the  whole  of  the 
A^ery  large  amount  of  glass-blowing  required  for  these  ex- 
periments, and  has  rendered  very  efficient  help  in  other  parts 
of  the  work.  My  thanks  are  also  due  to  Mr.  A.  T.  Bartlett, 
B.A.,  for  the  assistance  he  has  given  on  several  occasions. 

Cambridge,  July  1891. 


LV.  Some  Hemarks  surfgested  hy   a  pojndar  Article    on    the 
Jqnis  Fatims.     By  Chahles  'Yomw^^o^,  F.R.S.,  F.C.S., 

A  NUMBER  of  distinguished  scientific  men  form  a  com- 
mittee of  the  British  Association  for  encouraging  the 
teaching  of  science  in  elementary  schools.  In  their  Report 
for  1880  they  say  : — *'  This  year  has  been  one  of  continued 
depression  in  regard  to  the  teaching  of  science  in  elementary 
schools,  and  of  disappointment  in  regard  to  legislative  action.^' 
In  their  Report  for  181)0,  however,  their  object  is  said  to  be 
more  hopeful  of  attainment,  seeing  that  the  New  Code  is 
favourable  thereto,  although  it  is  a  matter  of  regret  that  no 
special  arrangen^.ent  has  been  made  for  the  instruction  of 
pu])il-teachers  in  some  branch  of  science. 

In  our  middle-class  schools,  science  and  modern  languages 
apparently  reqiiire  to  be  more  systematically  studied  than 
they  are  at  present,  if  we  as  a  nation  would  maintain  our 
commercial  and  manufacturing  position  with  res})ect  to  other 
countries.  There  is  hope  that  the  various  Polytechnic  Institu- 
tions that  are  scattered  about  will  su[)ply  the  want.     I  have 

*  Communicated  by  the  Autlior. 


Mr.  C.  Tomlinson  on  the  Ignis  Fatuus,  465 

been  honorary  examiner  in  Physics  to  the  Birkbeck  Institu- 
tion during  many  years,  and  can  boar  ample  testimony  to  the 
excellence  of  its  scientific  teaching. 

There  is,  however,  a  good  deal  of  indifference  in  private 
life  as  to  whether  science  is  taught  or  not,  or  how  it  is  taught. 
In  some  cases  this  indifference  is  based  upon  ignorance  of  the 
in)})ortance  of  such  knowledge  ;  in  other  cases  there  is  a 
decided  prejudice  against  it,  because  it  is  supposed  to  conflict 
with  certain  theological  dogmas. 

Even  when  such  prejudices  are  absent,  there  is  a  want  of 
discrimination  in  the  selection  of  text-books  for  the  young, 
and  it  is  often  a  mere  chance  if  a  book  written  by  acomjretent 
hand  is  selected. 

I  was  led  into  these  reflections  by  a  passage  that  was 
recently  submitted  to  me  from  a  book  on  Popular  Science 
which  has  passed  through  many  editions.  It  professes  to 
give  an  account  of  the  Ignis  Fatuus. 

"  This  luminous  appearance  (which  haunts  meadows,  bogs, 
and  marshes)  arises  from  gas  of  putrefying  animal  and 
vegetalile  substances,  especially  from  decaying  fish.  These 
luminous  phantoms  are  so  seldom  seen  because  phosphoric 
hydrogen  is  so  very  volatile  that  it  generally  escapes  into  the 
air  in  a  thinly  diffused  state.  They  fly  from  us  when  we  run 
to  meet  it,  because  we  produce  a  current  of  air  in  front  of 
ourselves  (when  we  run  towards  the  ignis  fainus)  which  drives 
the  lio-ht  gas  forwards.  It  runs  after  us  when  we  flee  from 
it,  because  we  produce  a  current  of  air  in  the  way  we  run, 
which  attracts  the  light  gas  in  the  same  course,  drawing  it 
after  us  as  we  run  away  from  it.  The  Welsh  '  corpse  candles ' 
are  the  same  thing  as  the  ignis  fatuus.  Swarms  of  luminous 
insects  passing  over  a  meadow  sometimes  produce  an  appear- 
ance similar  to  the  ignis  fatuus.'''' 

It  is  impossible  to  sui)pose  that  this  account  was  w'ritten 
by  a  scientific  chemist  ;  it  \a  as  probably  the  work  of  one  of 
those  gentlemen  in  the  Reading-Room  of  the  British  Museum 
who . disturbed  Mr.  Carlyle  in  his  studies  : — "The  use  they 
nuike  of  the  Library,'"'  he  said,  "  is  to  assist  them  in  drawing 
up  articles  for  Compilation,  Dictionaries,  and  Encyclopanlias, 
and  the  stuff  called  '  Useful  Knowledge.''  They  are  a  very 
thick-skinned  i-ace,"  * 

The  gentlemen  thus  referred  to  are  often  greatly  indebted 
to  the  Cyclopaedias  in  getting  up  books  of  Poptdar  Science. 
But  though  the  Cyclopaedias  themselves  have  been  greatly 

*  l^vidciico  bcfnicj  the  Ci)niniis!^ioiu'rs  a])]iointetl  to  inquire  iuto  the 
Cuiistitiition  and  Miiniigonient  of  tlie  British  Museum,  184U. 

riiil.  Mag.  S.  5.  Vol.  '62.  No.  lil«.  .Vor.  l^Dl.         2  I 
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improved  of  late  years,  seeinoj  that  tliey  owe  many  of"  their 
leading  articles  to  competent  writers,  yet  it  must  be  admitted 
that  the  very  considerable  number  of  short  articles  are  en- 
trusted to  inferior  hands.  I  was  anxious  to  see  how  such  com- 
pilers might  be  led,  or  misled^  by  consulting  the  article  Ignis 
Fatuns  in  three  well-known  Cvclopredias.  The  first  reference 
is  to  the  "English  Cyclopaidia  "  (Arts  and  Sciences  Division), 
18G0,  where  there  is  a  short  article  under  Ignis  Fatinis,  a 
meteor  resembling  a  flame  which  is  vaguely  said  to  do  a 
number  of  things  and  may  be  seen  over  marshes  or  burial- 
grounds,  and  a  case  is  related  in  which  a  weak  blue  flame 
came  up  from  the  sea,  and  burnt  some  ricks  of  hay.  It  is 
also  stated  that  "  such  meteors  are  .-most  usually  witnessed 
durinir  a  fall  of  rain  or  snow.^^  After  referrino-  to  some 
other  cases  the  writer  remarks,  "  Little  confidence  can  be 
placed  in  the  descriptions  given  of  them,  as  few  persons  have 
been  able  to  examine  them  with  due  attention  ;  and  commonly 
they  have  been  observed  under  the  influence  of  an  ill-regulated 
imagination  rather  than  a  philosphical  s})irit."  That  such 
meteors  are  due  to  phosphuretted  or  carburetted  hydrogen 
gas  is  termed  "  a  plausible  hypothesis,"  but  "  there  is  a  great 
dearth  of  satisfactory  observations  on  moving  lights  seen  in 
nature,  and  the  entire  subject  is  at  present  in  obscurity." 

The  second  example  is  from  the  EncyclojKi'dia  Britannica, 
ninth  edition,  1885,  where  the  subject,  oddly  enough,  is 
treated  in  a  few  lines  under  Phosphorescence,  which  is  said  to 
be  "  a  name  given  to  various  phenomena  due  to  different 
cnuses,  but  all  consisting  in  the  emission  of  a  pale,  more  or 
less  ill-defined  light,  not  obviously  due  to  combustion.^^  It 
is  stated  that  Igiiis  Fatuus,  as  seen  in  marshy  districts,  has 
given  rise  to  much  difference  of  opinion.  Kirby  and  Spence 
suo<>"ested  that  it  mioht  be  due  to  luminous  insects,  "  but  it 
is  more  reasonable  to  believe  that  the  phenomenon  is  caused 
by  the  slow  F?]  combustion  of  marsh-gas." 

In  Chambers^s  Oycloptiedia,  "  A  Dictionary  of  Universal 
Knowledge,'''  New  Edition,  vol.  vi.  18*J0,  we  have  much 
excellent  writing  in  the  longer  articles,  and  only  a  feeble 
grasp  of  subject  in  some  of  the  shorter  ones.  There  is  the 
same  uncertainty  in  the  treatment  of  Ignis  Fatinis*,  and  the 
same  confusion  as  in  the  earlier  writers,  arising  from  the 
application  of  the  same  term  to  meteors  of  very  different 
origin.  The  article  begins  by  stating  that  Ignis  Fatuus  "  is 
a    luminous  appearance   of  uncertain  nature  which  is  occa- 

*  This  article  seem.s  to  have  been  eutirelj  deiived  from  the  article 
Irrliditer  in  the  Konversations-Lexicon. 
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sionally  seen  in  marshy  places  and  churchyards.  The 
])henonienon  has  been  frequently  described,  but  it  has  been 
observed  so  rarely  in  favourable  circumstances  by  scientific 
men,  that  there  is  no  satisfactory  explanation."  The  theory 
that  the  meteor  is  due  to  ignited  marsh-gas  is  dismissed  as 
untenable,  because  the  gas  does  not  ignite  spontaneously. 
The  more  plausible  suggestion  that  it  is  due  to  phosphuretted 
hydrogen,  which  ignites  on  contact  with  oxygen,  is  also 
rejected,  on  the  ground  that  a  German  observer,  named  List, 
"  passed  his  hand  through  the  luminous  appearance,  and  felt 
no  warmth  ;'"'  while  another  German,  named  Knorr,  "  held  the 
met;d-tip  of  a  walking-stick  in  the  flame  of  a  fixed  /^/i/6' 
fatiius . .  .  for  a  quarter  of  an  hour,  but  the  metal  was  not 
warmed.''' 

lieferences  to  these  observations  are  not  given  ;  but  the 
luminous  appearances  were  probably  not  gaseous,  but  elec- 
trical^ as  was  also  the  meteor,  which  was  seen  to  "  bound  over 
the  country  like  a  ball  of  fire  for  half  an  hour  at  a  time." 

The  scientific  reader  cannot  fail  to  see  that  these  notices  in 
works  of  so  much  pretension,  and  of  such  recent  dates,  are 
cpiite  unworthy  of  their  fame.  It  is  also  curious  to  notice 
how  the  descriptions  of  earlier  writers,  with  their  ignorance 
of  gases  and  imperfect  knowledge  of  electricity,  have  stimu- 
lated the  timid  doubts  of  the  modern  compiler.  One  example 
from  an  old  writer,  and  in  many  respects  an  admirable  one, 
may  here  be  quoted,  namely,  Dr.  Van  Musscbenbroek,  Pro- 
fessor of  Mathematics  and  Philosophy  in  the  University  of 
Leyden^.  In  his  Latin  treatise  on  Natural  Philoso})liy,  vol.  ii. 
page  291,  is  the  following  paragraph  :  — 

"  §  1329.  Wandering  fires,  or  Ignes  Fatui,  are  of  a  round 
figure,  in  bigness  like  the  flame  of  a  candle,  but  sometimes 
broader,  and  like  bundles  of  twigs  set  on  fire.  They  some- 
times give  a  brighter  light  than  that  of  a  wax  candle,  at  other 
times  more  obscure,  and  of  a  purple  colour.  When  viewed 
near  at  hand,  they  shine  less  than  at  a  distance.  They  wander 
about. in  the  air,  not  far  from  the  surface  of  the  earth,  and  are 
more  frequent  in  places  that  are  unctuous,  muddy,  marshy, 
and  abounding  with  reeds.  They  haunt  burying  places, 
places  of  execution,  dunghills.  They  commonly  appear  in 
summer,  and  at  the  beginning  of  autunm.  13ut  in  the  country 
ahout  Jiononia,  they  are  seen  throughout  the  whole  year  in  a 

*  This  ^.olk  ^\il.s  Aviitten  in  JiUtiii,  iiiid  was  first  ])uljlislied  in  172(5; 
it  was  ie])rintc'd  in  17;j4,  and  cjiuin  in  17(32,  each  lime  with  consideraljJe 
auiinientatiuiiiH.  It  was  trai  slated  by  Jilm  Culson,  M.A.,  and  I'M*. 8., 
Lucasian  I'rulussc r  of  Matlnniatichs  in  the  University  of  Cambridge,  and 
was  printed  fer  J.  IS'ourse  at  the  Lainl),  without  Ttvtylt  Bar,  1711. 
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dtirk  niolit.  For  there  in  a  cold  winter,  and  when  the  ground 
is  covered  with  snow,  they  are  in  greater  plenty  than  in  the 
hottest  summer.  Those  also  are  observed  in  winter,  which 
Gassendus  says  are  seen  at  Roc/on,  a  town  of  Provence.  They 
appear  more  frequently  in  hot  than  in  cold  countries.  In 
Italy  near  Bononia  are  the  greatest,  and  in  greatest  plenty. 
Sometimes  they  vanish  on  a  sudden,  and  presently  shine  out 
in  another  place.  They  are  generally  at  the  height  of  alxjut 
six  feet  from  the  ground.  Now  they  dilate  themselves,  and 
now  contract.  Now  they  go  on  like  waves,  and  rain  as  it 
were  sparks  of  fird,  but  they  burn  nothing.  They  follow 
those  that  run  away,  and  fly  from  those  that  follow  them. 
Some  that  have  been  catched  werfe  observed  to  consist  of  a 
shining,  viscous,  and  gelatinous  matter,  like  the  spawn  of 
frogs,  not  hot  or  burning,  but  only  shining ;  so  that  the 
matter  seems  to  be  phosphorous,  prepared  and  raised  from 
putrefied  plants  or  carcases  by  the  heat  of  the  sun  ;  which  is 
condensed  by  the  cold  of  the  evening,  and  then  shines.  Yet 
I  do  not  think  that  the  matter  of  all  is  the  same,  for  without 
doubt  those  of  Bononia  differ  from  those  of  Holland.  It  is  a 
mere  fiction  that  these  fires  are  evil  spirits  or  wandering 
ghosts,  misleading  travellers  out  of  mere  spite,  to  plunge 
them  into  ditches  and  bogs  as  some  trifling  Philosophers  have 
tjld  us." 

In  the  above  passage  there  is  much  admirable  description 
of  the  Ignis  Fatuus,  but  the  writer  cannot  reconcile  the  phe- 
nomena as  due  to  one  source,  for  he  does  not  think  that  "  the 
matter  of  all  is  the  same.'''  It  is  clear  that  some  of  the 
phenomena  refer  to  gaseous  meteors,  others  to  electrical,  and 
others  again  to  phosphorescent*,  but  further  advances  in  natural 
knowledge  were  required  before  these  distinctions  could  be 
made  clear. 

The  first  step  towards  a  true  explanation  of  the  Ignis  Fatuus 
was  taken  by  Priestley,  who,  in  1767,  began  his  "  Experi- 
ments and  Observations  on  different  kinds  of  Air,'^  and  thus 

*  lu  the  PhilcsopLical  Magazine  for  August  and  December  1888  I 
liave  cited  a  number  of  examples  of  low  lying-  electrical  meteors.  These 
may  be  multiplied  to  almost  any  extent,  but  they  must  not  be  confounded 
with  the  {(/nis  fatuus.  Whether  phosphorescent  lights  are  ever  seen 
hovering  over  graves,  forming  what  are  called  "  corpse  candles,"  ha,s  not 
been  decided  by  scientific  evidence  unless  the  testimony  of  lleiclienbach's 
sensitive  patients  be  taken  as  such.  Some  years  ago  the  inhabitants  of  a 
small  town  in  Scotland  were  alarmed  by  a  luminous  appearance  in  the 
neighbouring  wood.  It  was  seen  during  several  evenings  after  sunset. 
Most  of  the  inhabitants  were  too  timid  to  investigate  the  cause,  but  one 
bold  spirit  ventured  and  found  the  light  to  proceed  from  a  large  pntresc(!nt 
Ush  which  some  one  had  thrown  up  into  a  tree. 
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laid  the  foundation  of  Pneumatic  Chemistry.  Among  his 
experiments  are  a  considerable  number  on  the  inflaiinnable 
air  produced  during  the  decomposition  of  various  kinds  of 
vegetable,  and  in  vol.  i.,  page  201^*,  he  says  : — '"'The  air  from 
marshes  also,  which,  with  8ig.  Volta,  I  doubt  not  comes  from 
putrefying  vegetable  substances,  I  have  also  found  to  be 
equally  permanent ;"  that  is,  not  absorbed  by  water,  as  in 
the  case  of  fixed  air. 

The  name  of  Volta  makes  me  pause  for  a  moment  to  ex- 
press my  astonishment  that  Professor  Klimtz,  of  the  University 
of  Halle,  in  his  celebrated  Lelii-Jtuch  der  Meteorologie^  published 
in  l(!)o2,  in  the  section  on  Irrlichter  oder  Irrwische  (^Ignes 
fatul,  Ambulones,  Feux  follets),  expresses  his  opinion,  and 
notes  it  as  a  remarkable  fact,  that  no  physicist  has  specially 
examined  the  nature  of  these  lights  (vol.  ii.  p.  490),  and  yet 
he  gives  a  multitude  of  authorities  most  of  whose  observations 
are  of  very  little  value,  except  in  the  case  of  Volta,  who,  as 
he  says,  su[)posed  that  marsh-gas  or  carburetted  hydrogen  is 
the  cause  of  these  lights,  and  that  the  gas  is  kindled  by  means 
of  an  electric  spark ■^. 

Now  it  is  surprising  that  Klimtz,  with  his  extensive 
knowledge  of  scientific  literature,  relating  in  any  way  to 
Meteorology,  should  have  ignored  a  work  published  in  1787, 
on  Meteors,  by  the  Abbe  Bertholon,  Professor  of  Experimental 
Physics  at  Languedoc,  and  member  of  various  scientific 
societies.  Taking  advantage  apparently  of  Priestley's  dis- 
coveries, for,  as  he  appropriately  remarks,  it  was  impossible 
to  explain  the  Ignis  Fatnus  before  gases  were  discovered,  he 
describes  a  capital  experiment  which  we  must  hear  him  relate 
in  his  own  language  : — 

"  II  est  bien  prouve,  par  Texperience  et  I'observation, 
que,  dans  les  marais  et  les  terrains  marecageux,  il  y  a  de  Pair 
inflammable  ;  il  suffit,  pour  en  obtenir,  de  remuer  avec  une 
canne  la  vase  de  ces  endroits,  aussitot  on  verra  s'en  echapper, 
il  travers  de  I'eau  qui  en  couvre  plus  ou  moins  la  surface,  une 
quantite  assez  considerable.  Si  dans  cet  instant  on  approche 
la  lumicre  d'une  bougie  on  verra  aussitot  I'air  inflammable 
s'allumer,  et  la  fianime  s'etendre  au  loin.''''  f 

The  gas  thus  formed  has  often  been  collected  in  bottles  full 
of  water  inverted  over  the  spot ;  it  was  found  by  Sir 
Humphry  Davy  and  others  to  contain  carbonic  acid  and  a 
small  quantity  of  nitrogen,  the  proportion  of  either  or  both  of 
which  would  of  course  influence  the  character  of  the  flame. 

*  Ills  reference  is  to  Volta,  O])ero  iii.  p.  4G. 
t  Tome  Second,  p.  10. 
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Many  years  aoo,  Major  Blessoii,  of  Berlin,  made  a  number 
of  experiments  in  a  valley  in  the  Forest  of  Gnbitz,  in  the 
Newmai-ck,  wliere  the  meteor  was  often  seen.  The  valley 
cuts  deeply  into  compact  loam,  and  is  marshy  at  its  lower 
part.  The  water  of  the  marsh  contains  iron,  and  is  covei'ed 
with  a  shining  crust.  During  the  day,  hubbies  of  gas  were 
seen  rising  from  it,  and  at  night  bluish-})urple  flames  were 
observed  ])laying  over  the  surface.  On  visiting  the  spot  by 
night,  the  flames  retired  as  the  Major  advanced,  the  motion 
of  the  air  driving  the  burning  g;is  before  him.  On  standing 
still,  the  flames  returned,  and  he  tried  to  light  a  ])iece  of  paper 
at  them  ;  but  the  current  of  air  ptoduoed  by  his  breath  kept 
the  flames  at  too  great  a  distance.  On  turning  away  his 
head,  and  screening  his  breath,  he  set  fire  to  a  strip  of  paper. 
He  also  succeeded  in  putting  out  the  flame  by  driving  it 
before  him  to  a  part  of  the  ground  where  no  gas  was  ])ro- 
duced  ;  then,  apj)lying  a  flame  to  the  place  whence  the  gas 
bubbles  issued,  a  kind  of  explosion  was  heard  over  eight  or 
nine  square  feet  of  the  marsh  ;  a  red  light  was  seen,  which 
faded  to  a  blue  flame  about  three  feet  high,  and  this  continued 
to  burn  with  an  unsteady  motion.  As  the  moi'uing  dawned 
the  flames  became  pale,  and  seemed  to  approach  nearer  and 
nearer  to  the  earth,  until  at  last  they  faded  from  sight.  The 
same  observer  also  made  experiments  in  other  places.  At 
Malapane,  in  Upper  Silesia,  he  passed  several  nights  in  a 
forest  where  the  meteor  was  to  be  seen.  He  succeeded  in 
extinguishing  and  inflaming  the  gas,  but  was  not  able  to  set 
fire  to  thin  strips  of  ])aper  or  shavings  of  wood  by  its  means. 
In  the  Komski  Forest,  in  Poland,  the  flame  appeared  of  a 
darker  hue  than  usual,  and  on  attempting  to  ignite  paper  and 
wood  they  became  covered  with  a  viscous  kind  of  moisture, 
thus  reminding  one  of  Musschenbroek's  observation  when  an 
ignis  fatuus  was  "  catched."  On  another  occasion  he  suc- 
ceeded in  lighting  up  the  ignis  fatniis  by  standing  at  a  distance 
and  thi-owing  fire-works  into  the  marshy  ground.  He  visited 
by  night  the  summit  of  the  Porta  Westphalia,  near  Minden  ; 
the  meteor  was  not  visible,  but  on  firing  ofl'a  rocket  a  number 
of  small  red  flames  were  observed  below,  which  soon  went  out, 
but  appeared  again  on  firing  another  rocket*. 

In  conclusion,  it  seems  scarcely  necessary  to  remark  that 
Avriters  in  CyclopEedias  and  Popular  Guides  to  Science  have 
abundant  sources   of  reliable  information    if  they  will   only 

*  I  have  mislaid  the  reference  to  Major  Blesson's  experiments,  but  the 
account  given  above  is  from  a  book  on  Natural  Plienomena,  written  by 
me  for  the  Christian  Knowledge  Society,  and  published  in  a  second 
edition  in  1858, 
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take  the  trouble  to  look  in  the  right  places  :  for  there  cannot 
be  any  ground  for  the  doubts  cast  upon  the  subject  in  the 
articles  above  quoted  ;  seeing  that  the  ignis  fatvns  is  jn'oduced 
by  the  ignition  either  by  lightning  or  by  accidental  flame  of 
light  carburetted  hydrooen  or  marsh-oras  which  is  o;enerated 
by  the  decay  of  vegetable  matter  in  boggy  i)laces  ;  and  the 
reason  why  the  phenomenon  is  now  so  seldom  seen  is  that  these 
places  have  been  drained  and  brought  under  cultivation. 

Higbgate,  X.,  4th  August,  1891. 


LVI.  On  a  Theorem  in  Plane  Kinetic  Trigonometry  suggested 
Jnj  Gauss's  Theorem  of  Cnrvatura  Integra.  Bg  Sir  WlLLlAM 
Thomson*. 

1.  \  LBERT  GIRARU'S  beautiful  theorem  of  the  "  Sphe- 
~t\.  rical  Excess/'  in  spherical  trigonometry  published 
about  1637,  and  used  practically  150  years  later  by  General 
Rov  in  the  trigonometrical  survey  of  the  British  Isles,  was 
s[)lendidly  extended  by  Gauss  in  his  theoremt  of  the  "  Curvatura 
Integra."     There  must  be  a  corresponding  theorem  in  the 


"kinetic  trigonomctrv  ■"  suggested  in  the  marginals  of 
Thomson  and  Tait's  'Natural  Philosophy,'  §§  SdI  (a)  (//)  (c) 
(d),  for  the  motion  of  the  generalized  conservative  kinetic 
system  of  any  number  of  variables.     For  the  very  simple  case 

*  Communic.ited  by  tbo  Author. 

t  "  Dlsquisitionos  (ienerales  circa  Superficies  Curvas;  auctoro  Cavolo 
Frederico  Ciauss  ;  Societati  llegia;  [(inltingensi]  ObhUic  n.viir.  (K-tobr. 
MDCCCXxvii."  Collected  Works,  Vol.  IV.  Guttiugeii  lfS7."5.  Thouison 
and  Tail's  Natural  Philosophy  §§  1-j1 138. 
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of  a  material  point  moving  in  a  plane  it  is  easily  worked  out, 
as  1  have  found  in  endeavouring  to  write  a  continuation  of 
my  article  (Philosophical  Magazine,  October)  on  the  Periodic 
Motion  of  a  Finite  System,  which  I  hope  may  be  ready  to 
appear  in  the  December  number.  Here  is  the  theorem  mean- 
time. 

2.  Let  LABM,  N  B  C  Q,    RCAS  be  three  paths  of  a 
particle  moving  freely  in  a  plane,  under  influence  of  a  force 

I  ,  — ^^  j  and  projected  from  any  three  places  in  any 

direction  in  the  plane,  with  such  velocities  that  the  sum  of  the 
kinetic  and  potential  energies  has' the  same  value  (E)  in  each 
case.  The  sum  of  the  three  angles  A,  B,  C  exceeds  two  right 
angles  by  an  amount  which,  reckoned  in  radian,  is  equal  to  the 
surface-integral  of  V^  log   VC^^  —  V  j,  throughout  the  enclosed 

area  ABC;   V^  denoting;  the  Lapkician  operation  -j—^  -] — j-^,. 
°  ^  ^  (Lv'        ay 

3.  To  prove  this  ;  remark  that 

where  -v/^  denotes  au}^  function  of  (.^,  ?/)  ;  y^ylxdy  surface- 
integration  throughout  any  area  ;  J  ds    line-integration  all 

round  its  boundary  ;  and    -~  rate  of  variation  of  ■ylr  in  tlie 

•^  dn  ^ 

direction  perpendicular  to  the  boundary  at  any  point.  Hence 
the  surface-integral  mentioned  in  §  2  is  equal  to 

J^*2(E-V)rfn •     (1) 

—  dY  . 
But  —J —  is  the  normal-component  force  (N,  we  shall  call 

it)j  and  2(E— V)  is  the  square  of  the  velocity  (v^,  we  shall 
call  it).     Hence  (1)  becomes 


Us'- 


^ (.) 


But  N/f^  is  the  curvature  (  ,  we  shall  call  it),  at  any  point  in 

r 
any  one  of  the  three  arcs  A  B,  B  C,  C  A.     Hence,  dividing 
^ds  into  the  three  parts  belonging  respectively  to  these  three 
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pB       f*c       r*K 
arcs,  which  we  shall  denote  by  1   ds,  1    ds,  \   ds,  we  find  for 
(2),  '  ^'a       Jb       Jc 

prf.  ^  ro^  ^  TA^.  _      .....     (3) 
Jk   P      Jb    P       Jc    P 
But  I     —  is  the  change   of  direction  in    the  arc  A  B,  and 

»-  A     r 

similarly  for  the  two  others  :  hence  the  theorem. 


LVII.  On  the  Nature  of  Solution.    By  J.  Alfeed  Wanklyn, 
W.  Johnstone,  and  W.  J.  Cooper*. 

THE  venerable  Dalton  made  the  great  discovery,  about  the 
year  1840,  that  contraction  occurs  when  salts  dissolve 
in  water.  In  some  instances  the  contraction  is  so  great  that 
the  volume  of  the  solution  of  the  salt  is  not  greater  than  that 
of  the  water  itself — the  contraction  being  as  large  as  the 
volume  of  the  anhydrous  salt  existing  in  the  solution.  Dalton 
experimented  upon  the  same  salt  in  its  hydrated  and  in  its 
anhydrous  condition,  and  he  also  extended  his  investigation 
to  a  great  variety  of  salts,  and  his  results  he  sums  up  as 
follovvsf  : — "  I  have  tried  the  carbonates,  the  sulphates,  the 
nitrates,  the  muriates  or  chlorides,  the  phosphates,  the  arse- 
niates,  the  oxalates,  the  citrates,  the  tartrates,  the  acetates, 
&c.,  &c.,  and  have  been  uniforndj^  successful  :  only  tlie  toater 
adds  to  the  hulk,  and  tlie  solid  matter  adds  to  the  iveight.'''' 

Such  was  the  condition  in  which  Dalton  left  this  subject 
about  the  year  1840. 

Taking  up  the  investigation  where  Dalton  left  off,  we  find 
that  in  the  majority  of  cases  there  is  indeed  considerable  con- 
traction when  salts  dissolve  in  water,  but  that  the  degree  of 
contraction  varies  very  widely  with  different  salts.  In  some 
instances  in  which  mineral  matter  dissolves  in  water,  the 
contraction  is  so  great  that  the  volume  of  the  solution  is 
actually  less  than  the  volume  of  the  water  which  forms  it. 
This  is  strikingly  exemplified  by  lime-water,  which  occupies 
less  space  than  the  water  which  it  contains.  On  the  other 
han<i,  there  are  cases  where  the  volume  of  the  solution  of  a 
mineral  salt  is  ahnost  as  great  as  the  sum  of  the  volume  of  the 
salt  plus  the  volume  of  the  water  in  the  solution.  (The  solu- 
tion of  nitrate  of  silver  is  a  case  in  point.)  There  are  even 
instances  where  expansion  takes  place.     This  is  exemplified 

*  Coiumiiiiicatcd  by  the  Autliors. 

t  llonry'a  'Life  of  Diiltoii'  (Cavendish  Society),  p.  103. 
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hy  some  ammoniacal  salts,  wliere  the  vohime  of  the  solution 
has  been  found  to  exceed  the  sum  of  the  volumes  of  water  and 
dry  salt. 

Finally,  there  is  the  very  important  and,  we  think,  yery 
common  case  where  solution  takes  place  without  any  change 
of  yolume  whatever.  Such  a  case  is  afforded  by  solutions  of 
cane-sugar^,  which  dissolves  in  water  in  almost  all  propor- 
tions, and  the  solutions  of  which  occupy  exactly  the  same 
volume  as  the  separate  water  and  sugar  which  enter  into 
them. 

A  characteristic  example  of  solution  is  afforded  by  sugar  and 
water  ;  and  we  hold  that  solution  is  mutual  permeation  with- 
out change  of  volume,  as  exemplified  by  sugar  and  water. 

The  changes  of  volume  so  frequently  observed,  in  the 
instance  of  mineral  salts,  are  due  to  chemical  action,  which  is 
often  a  concomitant  of  solution. 

In  order  to  trace  the  connexion  between  the  specific  gravity 
of  solutions  and  the  composition  of  solutions,  the  following 
method  may  be  followed  with  advantage. 

We  regard  solutions  as  being  generated  by  the  entrance 
of  successive  units  of  weight  into  a  large  unit  of  volume.  The 
nnit  of  weight  is  one  gramme.  The  unit  of  volume  is  100 
cubic  centim.,  or  one  litre.  The  unit  of  volume  is  taken  to 
be  constantlv  filled  with  the  solvent  except  in  so  far  as  it  is 
occupied  by  the  thing  dissolved. 

i  =  the  increment-coefficient ;  that  is  to  say,  the  increment 
of  weight  occasioned  by  the  entrance  of  one  gramme  of  the 
substance  into  100  cubic  centim.,  or  one  htre  of  solution.  It 
is  found  exjjerimentally  by  weighing  the  100  cubic  centim.  or 
the  litre  of  the  solution,  and  subtracting  the  weight  of  ]00 
cubic  centim.  or  a  litre  of  the  pure  solvent.  If  the  solution 
contains  more  or  less  than  one  grannne  of  the  substance  in 
the  100  cubic  centim.  or  litre  of  solution,  the  number  of 
grammes  must  be  ascertained  and  nsed  as  a  divisor. 

When  one  gramme  of  a  substance  is  inserted  into  100  cubic 
centim.  occupied  by  a  solvent,  one  of  three  things  must 
ha]ipen  :  — 

(1)  There  may  be  absohitely  no  change  in  volume — 
neither  contraction  nor  expansion.  When  one  gramme  of 
mercury  is  dropped  into  100  cubic,  centim.  of  water  there  is 
neither  contraction  nor  expansion,  and  the  gramme  of  mer- 
cury simply  displaces  its  own  volume  of  water,  which  over- 
flows out  of  the  100  cubic  centim.  measure.  Sp.  gr.  being 
the  specific  gravity  of  mercury,  the  quantity  of  water  which 

*   Vide  Chemical  Xews  (1891)  vol.  Ixiv.  p.  27,  Wauldyn  aud  Cooper. 
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1_ 

case  would  be        '  1  *  S'  ■ 


overflows  will  be :  and  the  increment  of  weight  in  that 


1-    1 


?p.  gr. 

Such  ca  value  we  represent  by  ?i. 

1 


sp.  gr. 

This  is  the  case  of  sugar,  and  no  doubt  of  many  organic 
substances  which  simplj^  dissolve  in  water  without  chemical 
action  of  any  kind. 

(2)  There  may  be  contraction.  Tills  is  exemplified  by 
common  salt  and  water.  When  one  gramme  of  common  salt 
is  inserted  into  100  cub.  centim.  of  water,  the  displaced  water 
is  partly  condensed  and  retained  in  the  100  cub.  centim. 

2— /i  =  rhe  condensate  ; 

that  is  to  say,  the  weight  of  the  water  which,  instead  of 
overflowing,  is  retained  in  the  vessel  when  one  gramme  of 
salt  dissolves  so  as  to  give  100  cub.  centim.  of  the  solution. 

(3j  There  may  be  expansion.  In  such  a  case  when  one 
gramme   enters  the    100  cub.  centim.   or  the  litre  a  larger 

quantity  than  will  overflow  and 

i—iy  becomes  a  minus  quantity. 

This  is  exemplified  by  chloride  of  ammonium,  which  under- 
goes decomposition  when  it  is  dissolved  in  -water,  and  the 
volume  of  the  solution  of  that  salt  actually  exceeds  the  sum 
of  the  volumes  of  the  water  and  the  salt  in  their  separate 
condition. 

In  a  series  of  papers  which  have  recently  appeared  in  the 
'  Chemical  News,'  we  have  treated  solution  from  this  point  of 
view,  and  shown  that  the  condensate  [i—i^,  in  the  case  of 
very  many  salts,  bears  an  atomic  relation  to  the  gramme  of 
salt  which  occasions  it. 

Sugar  and  Water. 

The  ordinary  tables  of  the  specific  gravities  of  solutions  of 
different  strengths  are  constructed  so  as  to  mask  the  regu- 
larity of  the  relation  l)etween  specific  gravity  ami  strengtli. 
The  conunon  sugar  table,  for  instance,  gives  the  specitic 
gravities  corresponding  to  the  strength  rcjiresented  in  per- 
centage by  weight.  That  mode  of  statement  hides  the  regu- 
larity ;    but  when  the  table  is  transformed  so  as  to  set  out 
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strength  in  terms  of  the  number  of  grammes  of  sugar  in  100 
cub.  centim.  of  solution,  then  there  are  indications  of  regu- 
larity. By  a  very  obvious  method  of  calculation  this  trans- 
formation may  be  eii'ected.  The  ordinary  tables  when  so 
treated  exhibit  some  departure  from  regularity. 

We  have  undertaken  a  revision  of  the  table  and  our  result 
is  that  these  departures  from  regularity  ai-e  experimental 
errors. 

Our  results  are  as  follows  : — 


Number  of  grms. 

of  Cane-Sugar  in 

Specific  Gravity. 

«. 

litre  of  solution. 

°  Falir. 

r65-5 

1-341 

1000-52 

•3878 

54 

1-341 

1000-52 

-3878 

[53-7 

1-341 

1000-52 

•3878 

63-7 

•J-878 

1003-84 

•3887 

560 

104-580 

1040-(i0 

-3882 

69-0 

749-50 

1282-00 

•3702 

In  these  experiments  we  have  compared  the  weight  of  the 
sugar-solutions  with  the  weight  of  an  equal  volume  of  dis- 
tilled water  at  the  same  tem])erature  as  the  sugar-solution, 
and  in  each  instance  have  used  a  half-litre  specific-gravity 
bottle*,  except  in  the  last  experiment. 

The  last  measurement  was  made  with  a  100  cub.  centim. 
bottle,  and  has  not  the  same  claim  to  be  considered  highly 
accurate  as  the  other  five  measurements  ;  and  we  attribute 
the  slight  difference  in  that  case  to  experimental  error,  and  to 
another  cause  which  may  be  considered  hereafter. 

The  value  of  i  for  sugar  we  find  therefore  to  be  '388^  and 
it  is  constant  over  a  very  wide  range,  viz.,  from  1  grm.  of 
sugar  per  litre  of  solution  up  to  750  grm.  of  sugar  per  litre 
of  solution. 

The  specific  gravity  of  solid  sugar  required  in  order  to 
make  e'i  =  *388  is  l'ti34.  The  specific  gravity  of  sugar  is 
given  in  the  text-books  as  I'GOOf,  which  would  make  /j  =  •3773. 

Sugar,  therefore,  presents  an  example  of  equality  between 
i  and  e'l ;  that  is  to  say,  its  solutions  in  water  occupy  exactly 
the  same  volume  as  the  separate  water  and  sugar  which  form 
them. 

At  the  beginning  of  this  paper  we  called  attention  to  Dal- 
ton's  discovery  of  the  contraction  which  takes  place  when 

*  Vide  Wanklyn's '  Water  Analysis '  (Kegau  Paul,  Trencb,  aud  Tnibner  j, 
eighth  edition,  p.  78. 
t  Vide  Watts's  *  Dictionary  of  Chemistry,'  vol.  v.  p.  470. 
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salts  dissolve  in  water.  Dalton  also  experimented  upon  sugar, 
but  failed  to  notice  that  in  that  case  there  is  no  contraction  ; 
and  it  has  been  reserved  for  ourselves,  after  the  lapse  of  half 
a  century,  to  record  that  there  are  cases,  such  as  that  of 
sugar,  where  there  is  rigid  maintenance  of  volume. 
Laboratory,  New  Maiden,  Surrey. 

LVIII.  Notices  respecting  New  Books. 

Theorie  der  Quaternionen.      Von  Dr.  P.  Molenbeoek:. 

Leiden,  1891. 
TVTE  are  told  in  the  Preface  that  this  theoretical  volume,  of  284 
'  '  pages,  is  to  be  followed  imuiediately  by  another  containing 
systematized  applications.  It  is  to  be  hoped,  rather  than  expected, 
that  this  second  volume  will  not  exhibit  the  prolixity  and  the 
uncalled-for  minuteness  of  detail  which  purposely  characterize  the 
first.  We  say  2^^''t'posel>j  because,  though  Dr.  Molenbroek  states 
that  Hamilton's  great  Treatise  (which  is  accessible  to  continental 
readers  in  a  German  translation)  is  so  extensive  in  its  theoretical 
part  as  to  frighten  readers  away  from  the  apphcations,  he  complains 
that  the  work  of  Prof.  Tait  (also  accessible  in  translations)  gives 
an  inadequate  (di/rftu/)  account  of  the  theor3\  Hence  his  own 
work  is  designed  to  occupy  a  position  midway,  as  it  were,  between 
these  two  treatises.  And  it  does  so  more  by  laboriously  spinning 
out  the  parts  treated  by  Tait,  than  by  introducing  other  material 
from  Hamilton's  stores. 

When  we  examine  the  work  itself,  we  find  that  Dr.  Molenbroek's 
notions  as  to  the  really  important  parts  of  the  theorv  differ  very 
widely  from  those  of  Hamilton  and  his  pupil.  So  far  as  we  can 
discover,  there  is  not  in  his  work  even  an  allusion  to  v  !  How  the 
])romised  applications,  if  they  are  to  deal  at  all  with  potentials, 
fluid  motion,  &c.,  are  to  be  made  in  the  second  volume,  must 
therefore  for  the  present  remain  a  mystery.  On  the  other  hand, 
the  subject  of  powers  and  roots  of  quaternions,  not  at  present  of 
much  use  in  applications,  is  developed  at  disproportionate  length. 

But  the  novel  feature  of  the  work,  and  one  to  which  special 
attention  is  directed  in  the  Preface,  is  of  a  really  startling  cha- 
racter; inasmuch  as  it  is  entirely  at  variance  with  the  elementary 
definitions  given  by  Hamilton,  and  reproduced  by  Dr.  Molenbroek 
himself  !  Comment  on  such  a  j)roceedingis  altogether  unnecessary. 
We  need  do  no  more  than  state  th.at  he  regards  an  imaginary 
scalar  nudtiplier  as  an  undetermined  quadrantal  qKatcntion,  which 
has  the  singularly  felicitous  but  hith(>rto  unsuspected  power  of 
adjusting  its  axis  so  as  to  be  perpendicular  to  any  vector  to  which 
it  may  be  applied !  His  volume  of  examples  and  applications  will 
certainly  be  eagerly  expected,  if  it  is  to  contain  other  gems  like 
tliat  enunciated  (p.  104)  in  the  following  words: — 

"Man  kaiui  soinit  sagen,  ein  doppelbrechender  Krystall  kiinue 
wie  ein  konisch  spaltender  t^uaterniou  wirken." 

We  have  hitherto  admired  Hamilton's  wonderful  dealiiiirs  with 
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the  geometrical  interpretation  of  the  vector  "^  —  1.  lis  scaJar 
form  vvoukl  appear  to  have  even  more  singuhir  and  important 
properties  and  applications.  But,  alas  for  JJr.  Molenbroek,  Ha- 
milton long  ago  said: — and  bis  words  are  final: — "the  old  and 
OEUiNAKY  IMAGINARY  SYMBOL  of  common  algebra  ....  is  to  be 
treated  ....  not  as  a  real  vector  ....  hat  as  an  hnaijuianj  scalar." 
Sic  transit  gloria  M ! 

LIX.  Intelligence  and  Miscellaneous  Articles. 

CHEMICAL  ACTION  AT  A  DISTANCE. 
BY  S.  U.  PICKERING,  F.E.S. 

N  the  Philosophical  Magazine  for  August  (p.  145)  there  ap])ears 
a  paper  by  Prof.  Ostvvald  bearing  this  somewhat  theatrical 
title :  in  it  the  author  describes  some  experiments  for  which,  in 
his  opinion,  "a  satisfying  explanation  can  be  first  gained  on  the 
ground  of  the  Theonj  of  free  ions,"  and  which,  having  been  "  worked 
out  at  [his]  writing-table  before  [he]  had  seen  anytldn<j  of  tlie  pheno- 
mena in  question  ....  speak,"  he  considers,  "more  forcibly  than  any 
polemics  for  the  value  of  this  theory."  The  object  of  the  present 
note  is  to  try  and  elicit  some  explanation  as  to  Avhat  the  dilHculty 
is  in  explaining,  or  even  predicting,  the  facts  on  the  old  theory  of 
electrochemical  action,  and  why  they  are  to  be  regarded  as  afford- 
ing any  proof  of  the  truth  of  the  dissociation  theory. 

The  chief  experiment  is  as  follows: — A  zinc-platinum  couple  is 
placed  in  a  solution  of  potassium  sulphate,  and  on  adding  sulphuric 
ae-id  to  the  liquid  near  the  platinum  the  acid  is  decomposed  with 
liberation  of  hydrogeu  while  the  zinc  goes  into  solution,  whereas, 
when  the  acid  is  added  to  the  liquid  near  the  zinc,  no  action  occurs. 
The  explanation  of  such  a  result  appears  to  be  perfectly  simple 
without  the  aid  of  the  dissociation  hypothesis.  We  have  only  to 
remember  that  a  zinc-platinum  couple  Avill  not  decompose  potas- 
sium sulphate,  but  will  decompose  sulphuric  acid,  and  that  these 
effects  will,  in  all  probability,  remain  unaffected  by  the  slight  modi- 
fication of  the  ordinary  contacts  obtaining  in  Prof.  Ostwald's 
experiment :  also  that  in  all  salt-solutions  there  is  a  continual 
interchange  going  on  between  the  ions  in  contiguous  molecules, 
which  interchange  involves  no  expenditure  of  work.  That  being 
so,  the  actiou  will  be  represented  by  the  following  scheme : — 

Zn         SoJk,         SOJk,         SOJH,         Pt. 

No  work,  or  only  an  infinitesimal  amount,  is  done  in  transferring 
the  Kg  from  one  SO^  to  the  next:  no  potassium  sulphate  is  really 
decomposed,  for  there  are  as  many  molecules  of  it  present  after  as 
there  were  before  the  reaction ;  and  the  only  body  which  is  decom- 
posed is  the  acid,  a  decomposition  which  we  know  a  zinc-platinum 
couple  will  effect.  The  following  scheme  shows  that  if  the  acid  is 
placed  in  contact  with  the  zinc  no  decomposition  could  occur  unless 
the  couple  were  capable  of  decomposing  the  potassium  sulphate, 
which  it  is  not. 
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Zn         SOJh,  SoJk^        SOJK,        Pi. 

Sufb  fin  explanation  appears  to  me  to  be  much  more  simple  than 
one  which  involves  the  idea  that  neutral  zinc,  when  placed  in  a 
neutral  solution,  shoots  oH  positive  ions,  leaving  the  remaining 
portion  of  the  metal  negative;  the  electric  charges  which  convert 
the  atoms  into  ions  consisting  of  a  something,  and  tlie  charging 
being  accomplished  in  a  manner,  of  which,  as  Prof.  Ostwald 
admits  (p.  148),  no  explanation  can  be  given. 

Other  experiments  are  quoted  which  seem  no  less  inconclusive 
than  the  above  in  favour  of  the  dissociation  theory.  The  slow 
dissolution  of  copper  in  weak  oxygenated  sulphuric  acid  would 
seem  to  be  explained  at  least  as  \\ell  on  the  view  that  the  copper 
is  first  oxidized,  and  that  the  oxide  of  copper  then  dissolves  (copper 
oxide,  but  not  metallic  copper,  being  capable  of  doing  so  with 
evolution  of  heat),  as  on  the  view  that  the  hydrogen  ions  of 
the  acid  are  oxidized,  and  thus  give  place  for  the  copper  ions  sliot 
off  from  the  metal.  The  dissolution  of  gold  in  chlorine-water 
obviously  requires  no  recourse  to  the  free  ion  theory  for  an  expla- 
nation ;  nor  does  the  following  experiment,  which  practically  closes 
the  list  of  Prof.  Ostwald's  "  proofs."  A  beaker  containing  ferrous- 
chloride  solution  is  connected,  by  means  of  a  siphon  containing 
sodium-chloride  solution,  with  another  beaker  containing  chlorine 
solution  :  on  inserting  connected  platinum  plates  into  the  beakers  a 
current  passes,  and  the  ferrous  chloride  becomes  chlorinated  to  ferric 
chloride.  Here  the  platinum  in  the  one  beaker  is  slightly  acted  on 
by  the  chlorine,  and  therefore  becomes  electropositive  towards  the 
platinum  in  the  beaker  with  the  ferrous  chloride ;  the  latter  pla- 
tinum consequently  becomes  electronegative,  the  iron  atoms  in  its 
proximity  become  more  than  usually  electropositive,  being  thereby 
rendered  capable  of  attachiiig  to  themselves  more  chlorine,  accord- 
ing to  the  following  scheme  : — 

Fe^{     Cl;FeCl     ClFeCl     CllNa    CliNa    Cllci 

Pt  ^  I  \  I  I  I  Pt. 

Fe^l     Cl:FeCI     ClFeCl     CljXa    CllXa    CljCl 

It  is  perhaps  more  probable  that  the  chlorine  atoms  which  the 
sodium  atoms  on  the  extreme  right  combine  with  are  derived,  not 
directly  from  the  chlorine  molecules  as  represented  in  this  scheme, 
but  from  molecules  of  hydrochloric  acid  or  platinum  chloride 
present  in  the  liquid.  The  chlorination  of  the  ferrous  chloride 
naturally  occurs  with  those  molecules  which  are  nearest  to  the 
negative  platinum,  as  Prof.  Ostwald  observes  is  the  case.  It  is 
dilllcult  to  see  why  such  an  experiment  should  be  regarded  as  a 
proof  of  the  dissociation  theory. 

All  these  experiments  seem  to  be  on  a  par  with  one  described 
souie  time  ago  by  Prof.  Ostwald,  consisting  in  the  production  of  a 
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small  amount  of  electrolysis  by  a  current  of  electrostatic  origin  : 
experiments  which  are  perfectly  consistent  with  the  old  electro- 
chemical theory,  dressed  up  iu  the  garb  of  the  dissociation  theory, 
and  then  presented  to  us  as  proof  positive  of  this  theory. 


MEASUREMENT  OF  THE  CHEMICAL  INTENSITY  OF  THE  SOLAR 
RADIATION.      BY  A.  BARTOLI. 

The  author  raises  the  objection  to  previous  investigations  on  this 
subject,  that  exothermal  chemical  processes  have  in  many  cases 
been  used  iu  which  the  heat  developed  must  have  a  disturbing 
influence.  The  apparatus  of  the  author  consists  of  two  metal 
vessels  fitting  one  in  the  other,  the  inner  oue  of  which  has  a  capacity 
of  7  litres ;  this  is  filled  with  water  which  has  been  boiled  and 
then  saturated  with  carbonic  acid,  and  closed  air-tight  with  a  glass 
plate.  Carefully  selected  subaqueous  plants  were  placed  in  the 
water.  This  physiological  actinometer  was  exposed  to  the  sun's 
ravs,  and  the  quantity  of  oxygen  found  was  determined.  At  the 
same  time  the  action  of  heat  and  the  brightness  of  the  solar  radia- 
tion was  measured.  With  different  heights  of  the  sun  the 
ratio  of  the  oxygen  disengaged  to  the  strength  of  the  radiation  was 
almost  constant. — Boll,  dell  Acad,  dl  Catania,  Jan.  1891 ;  Beihlattet 
der  Fhi/sil;  vol.  xv.  p.  418. 


ON  WHEATSTONE  S  DETERMINATION  OF  THE  VELOCITY  OF 
ELECTRICITY.  BY  PROF.  J.  STEFAN. 
Kirchhoff,  in  his  paper  on  the  Motion  of  Electricity  in  Wires, 
first  showed  in  1857  that,  under  certain  conditions,  electricity 
moves  in  a  thin  wire  according  to  the  laws  of  wave-motion,  and 
with  a  velocity  which  may  be  put  equal  to  that  of  light.  The 
agreement  between  the  velocities  of  electricity  and  light  is  only 
attained  when  the  first  travels  in  a  straight  wire  stretched  in  the  air. 
Kirchhoff  has  restricted  his  investigation  to  this  case.  If  the  bases 
of  his  calculation  are  applied  to  other  cases,  for  instance  to  a  wire 
which  is  wound  in  a  zigzag,  or  is  coiled  in  a  spiral,  it  is  found  that 
electricity  travels  in  such  a  wire  with  far  greater  velocity.  In 
AVheatstone's  well-known  experiment  a  wire  was  used  which  was 
coiled  in  twenty  straight  windings,  and  the  velocity  of  electricity 
was  found  to  be  half  as  great  again  as  that  of  light.  I  think  that 
in  the  preceding  I  have  given  the  right  explanation  of  this  result.  I 
have,  however,  attempted  to  give  this  explanation  an  experimental 
support,  and  have  employed  the  method  given  by  Hertz  of  pro- 
ducing stationary  waves  in  wires.  I  used  a  circuit  like  that  in 
Wheatstone's  experiment,  but  on  a  smaller  scale,  connected  it  with 
a  couple  of  long  straight  wires,  and  compared  the  length  of  the 
wave  in  the  circuit  with  the  length  of  the  saine  wave  in  the  straight 
wires.  The  wave  in  the  circuit  is  considerably  longer,  and  in  con- 
formity with  this  the  velocity  of  electricity  in  the  cii'cuit  is  greater 
than  in  the  straight  wires,  and,  according  to  my  experiments,  in  a 
ratio  which  exceeds  that  found  by  Wheatstone. —  Wiener  Beriehte, 
April  23,  1891. 
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LX.    The  Injlnence  of  Surface- Loading  on  the  Flexure  of 
Beams.     By  Prof.  C.  A.  Carus  Wilson*. 

[Plate  n.] 

THE  practical  treatment  of  the  problem  of  beam-flexiire  at 
the  present  time  is  based  on  the  hypothesis  enunciated 
by  Bernoulli  and  Eulerf,  that  the  bending-moment  is  pro- 
portional to  the  curvature. 

This  assumes  that  the  cross  sections  remain  plane  after 
flexure  and  neglects  the  surface-loading  effect. 

Saint- Venant  has  shown  |  that  the  first  assumption  is 
untenable  ;  but  that^  neglecting  the  surface-loading,  Ber- 
noulli's results  are  strictly  true  for  one  particular  case  of 
loading,  that,  namely,  of  a  beam  doubly  supported  and  carry- 
ing a  single  isolated  load,  where,  although  the  cross  sections 
are  distorted,  the  central  displacement  is  zero, 

I  ])ropose  in  this  paper  to  describe  some  experiments  made 
with  a  view  to  determining  the  actual  state  of  strain  in  a 
beam  doubly  supported  and  centrally  loaded,  the  sm-face- 
loading  eft'ect  beino-  taken  into  account. 

The  method  of  investigation  adopted  is  based  ujjon  the 
following  assumptions : — 

(1)  The  true  state  of  strain  at  the  centre  of  the  l)e!im  may 
be  found  by  superposing  on  the  state  of  strain  (hu^  to  bending 
only,  that  due  to  surface-loading  without  bending. 

*  Cummiinicated  by  tlie  Physical  Society:  read  June  26,  1891. 
t  Todhunter  and  Pearson's  '  History  of  Elasticity,'  vol.  i. 
\  Pearson's  'Elastical  Researches  of  Saint- Venant.' 

Vhil.  May.  S.  f).  Vol.  82.  No.  199.  Dec.  1891.  2  K 
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(2)  The  state  of  strain  due  to  surface-loading  only  may  be 
found,  with  close  apj)roximation  to  truth,  by  resting  the  beam 
on  a  flat  plane  instead  of  on  two  supports. 

(3)  The  strains  due  to  bending  only  may  be  obtained  from 
the  Bernoulli-Saint-Vena nt  results  ;  viz. : — 

(a)  The  stretch  for  any  cross  section  varies  as  the  distance 
from  the  neutral  axis. 

(yS)  The  central  axis  is  unstretched. 

(y)  For  the  same  point  in  different  cross  sections  the 
stretch  varies  as  the  bqnding-moment. 

Saint- Venant  has  dealt  with  the  shearing-strains  at  some 
little  distance  from  the  load  in  the  case  of  a  beam  doubly 
supported  and  centrally  loaded*  ;  and  Professor  Pearson  has 
shown  t  that,  in  the  case  of  beams  continuously  loaded,  the 
results  of  the  Bernoulli-Eulerian  theory  can  only  be  con- 
sidered as  giving  approximate  formulge  when  the  span  of  the 
beam  is  not  less  than  ten  times  its  depth  ^. 

The  mathematical  determination  of  the  state  of  strain  pro- 
duced by  the  loading  of  a  beam  as  it  rests  on  a  flat  plane  is 
one  of  considerable  analytical  difficulty. 

MM.  Lame  and  Clapeyron  have  attempted  the  solution  of 
a  more  general  problem  in  their  "  Memoire  sur  I'equilibre 
interieur  des  corps  solides  homogenes.''^§  The  object  of  this 
paper  is  stated  to  be  "  to  investigate  the  way  in  which  the 
interior  of  a  body  is  affected  by  the  transmission  through  it 
of  the  action  of  forces."  Here  they  treat  the  problem  of  a 
solid  extending  to  infinity  on  one  side  of  a  plane,  on  which  is 
a  given  distribution  of  tractive  load,  and  also  of  a  solid  con- 
tained between  two  parallel  infinite  planes.  They  obtain  as 
a  result  a  set  of  definite  integrals  giving  the  displacements, 
introducing  a  function  involving  the  distribution  of  tractive 
load,  from  which  the  stresses  may  be  deduced,  but  concerning 
which  they  add  :  "  Les  formules  precedentes,  pour  etre 
obtenues  en  series  numeriques  et  immediatement  apphcables, 
exigent  la  connaissance  des  valeurs  d^un  genre  particulier 
d'integrales  definies,  dont  il  ne  nous  parait  que  les  geometres 
se  soient  encore  occupes.^'' 

The  most  successful  attempt  at  a  solution  of  this  problem  is 

*  Pearson's  'Elastical  Researches  of  Saint- Venant,'  §§  69-99. 

t  Pearson,  "  On  the  Flexure  of  Heavy  Beams  subject  to  continuous 
systems  of  Load,"  Quarterly  Journal  of  Mathematics,  No.  93  (1889). 

J  Raukine  assumed  that  the  surface-loading  eftect  might  be  neglected. 
See  his  'Applied  Mechanics,'  §  311. 

See  also  Resiune  des  Le(;uns  &c.  by  Navier  (Paris:  Diuiod,  1864), 
vol.  i.  p.  41  : — "  Observation  sur  le  mode  d'application  et  de  distribution 
des  forces  qui  font  flechir,"  where  the  same  assumption  is  made. 

§  Crelle's  Journal,  vol.  vii.  p.  145  et  seq. 
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to  be  found  in  a  more  recent  work  bv  Professor  Boussinesq, 
published  in  1885'^.  The  following  is  a  brief  account  of  the 
results  obtained. 

Fiff.  1. 


S  S'  being  the  surface  of  the  solid  (infinite  below  in  length, 
width,  and  depth),  M  a  point  within,  situate  at  a  distance 
MN=.t'  below  the  surface,  K  any  element  of  the  surface, 
situate  at  the  distance  K  M  =  r  from  the  point  M,  and  subject 
to  a  given  exterior  pressure  KP=jo,  having  the  component 
K  V=p'  along  K  M,  the  pressure  which  a  plane  element  E  E' 
taken  through  M  parallel  to  the  surface  S  S''  will  support,  per 
unit  of  area,  in  consequence  of  the  pressure  p,  will  be  found 
directed  along  the  direction  of  K  M  produced,  and  will  b*^ 
equal  to 

^^''•"         (1) 


MF  = 


2777'" 


If,  as  a  particular  case,  the  pressure  KP  =^?  be  normal,  then 


j9''=:2?cosNMK=p  -,  and 


MF 


(2) 


If,  further,  it  is  required  to  find  the  vertical  component  of 
MF,  we  have  (MF)  -,  or 


277^''' 


(3) 


The  treatment  of  this  particular  problem  is  not  pursued  any 
further  in  this  work  ;  but  Professor  Boussinesq  has  kindly 
furnished  me  with  a  solution  more  nearly  a])[)licable  to  the 

*  Application  des  Poteiiticls  a  Vetude  dc  FEquilibre  et  dii  Mouvement 
des  Solides  elnstiques  (Gauthier-Villars,  Paris,  l88o). 

See  also  Theorie  de  I'EIasticite  des  Corps  solides,  Clebsch  ;  translated  aud 
annotated  by  MM.  de  Saint- Venant  .and  Flaniant.  (Paris  :  Dunod,  1883, 
p.  374,  note  to  art.  4G.) 

2  K  2 
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case  in  point,  and  one  which  will  be  found  to  agree  closely 
with  the  experimental  results  I  bad  previously  arrived  at,  and 
which  are  given  later  on. 

Suppose  there  to  be  a  uniform  pressure  p  exerted  over  every 
element  du  of  bearing-surface  between  two  extremities  A,  A' 
(see  figure),  having  abscissfe  m=— NA=— a,  u  —  ^h!=  +a, 
and  \eip  =  Vdii,  calling  P  the  constant  exterior  pressure  per 
unit  of  length  AA'  =  2a. 

The  total  pressure  over  unit  of  surface  of  an  element  E  E' 
will  be,  from  equation  (3), 


3^  _  c^oN^u  _  3ivr+« 


du 

IF 


3P.r3r"        du 


0 

u 
unit  of  area  on  E  E', 


Putting  —  =  a,  du  —  xdoL^  we  get  as  the  normal  pressure  per 


3Pp 


(l  +  a^)     'do 


or,  very  nearly,  if  x  is  much  smaller  than  a, 
I      (l  +  «-)    'da. 

2+  — 

The  value  of  the  integral  is  ^  or  — ; r — -„  which, 

3(1  +  „V        3(14,)" 

2 
between    the    limits    a  =0    and    a  ==  00 ,   becomes    ^.     Thus 

o 

2P 

the  pressure  per  unit  of  area  on  an  element  E  E'  becomes , 

or 

0-64- (4) 

X  ^   ^ 

This  expression  has  the  form  of  that  given  below,  though, 
inasmuch  as  the  problem  is  not  altogether  the  same  as  that 
treated  experimentally*,  a  difference  in  the  coefficients  is  only 
what  might  have  been  expected. 

*  The  mathematical  solution  assumes  the  length  of  bearing  A  A'  on  an 
infinite  surface. 
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The  value  of  the  integral  between  the  hmits  a  =  0  and  a  =  X) 

2 
is,  as  has  been  stated,  ^,  or  0'667.     For  a  =  5,  /.  e.  for  u  =  hx 

as  the  upper  limit,  the  integral  =  0*66G,  and  for  u  =  2x  the 
integral  =0"65G;  so  that  this  solution  is  approximately  correct 
for  elements  lying  at  a  distance  of  \  the  width  of  the  beam 
from  the  point  of  contact. 

Hence  for  a  beam  where  the  length  A  A''  is  5'5  millim., 
this  solution  would  be  applicable  up  to  points  lying  at  a 
distance  of  about  1'^  millim.  from  the  top  surface. 

I  have  investigated  the  law  up  to  within  0*5  millim.  of  the 
top  surface,  and  find  it  to  be 

y=0-726  ?• 

The  investigation  of  the  state  of  strain  in  glass  beams  bv 
means  of  polarized  light  was  first  suggested  by  Sir  David 
Brewster"^,  and  his  experiments  are  usually  quoted  as  proving 
the  truth  of  the  Bernoulli-Eulerian  theory  of  flexure.  It  is, 
however,  easy  to  show  experimentally  that  these  experiments 
must  have  been  made  under  conditions  where  the  surface- 
loading  etfect  was  inappreciable ;  though  very  accurate  reason- 
ing on  this  point  is  impossible,  as  the  drawings  accompanying 
Sir  David  Brewster's  paper  are  not  to  scale,  and  the  span  of 
the  beams  and  the  precise  method  of  application  of  the  loads 
are  not  indicated. 

M.  Neumann  developed  a  theory  of  the  action  of  strained 
glass  in  the  polariscopef,  and  found  that  the  velocity  of  light 
in  a  medium  is  increased  by  compressing  it.  He  bases  his 
calculations  on  the  measurement  of  the  deflexions  of  glass 
beams  supposed  to  obey  the  Bei'noulli-Eulerian  theory  ;  the 
beams  are  doubly  supported  and  centrally  loaded,  having  the 
proportions  ^o^i  x  8'5  x  2,  the  latter  being  the  depth.  It  is  not 
in  all  cases  stated  what  spans  were  employed,  so  it  is  impos- 
sible to  say  how  far  the  results  were  influenced  by  surface- 
loading. 

Professor  Clerk-Maxwell  :|:  has  examined  the  state  of  strain 
in  pieces  of  unannealed  glass  of  various  shapes,  the  lines  of 
equal  intensity  of  strain  being  deduced  from  the  isochromatic 
lines. 

The  lines  of  Principal  Stress  are  found  from  those  of  Equal 
Inclination  in  the  manner  described  later  on  in  this  paper. 

*  Phil.  Trans.  1818,  p.  156. 

t  Ahhandluiujcn  der  k.  Akademie  der  If'ii^senschaften  zu  Berlin,  1841, 
vol.  ii.  pp.  50-(5l. 

X  Trans.  Roy.  !Soc.  Ediiiburiih,  vol.  xx.  (185-'>)  p.  117. 


•486  Prof.  C.  A.  Carus  Wilson  07i  the  Idfiuence  of 

It  has  already  been  pointed  out*  that  "  Neither  Neumann 
nor  Maxwell  seems  to  have  remarked  that  the  difference  of  the 
velocities  of  the  ordinary  and  extraordinary  rays  depends 
solely  on  the  maximum  slide  of  planes  perpendicular  to  the 
wave-front." 

An  important  work  on  this  subject  is  found  in  a  paper  by 
Dr.  John  Kerrj.  He  establishes  the  fact  that  "  If  a  plate  of 
glass,  compressed  or  extended  in  one  direction  parallel  to  its 
faces,  be  traversed  normally  by  two  pencils  of  ligbt,  which 
are  polarized  in  planes  res})ectively  parallel  and  perpendicular 
to  the  direction  of  strain,  then  both  pencils  are  retarded  by 
the  strain  in  the  case  of  compression,  and  both  are  accelerated 
by  the  strain  in  the  case  of  tension."  Also  that  "  strain- 
generated  retardations,  absolute  as  well  as  relative,  are  sensibly 
proportional  to  the  strain,"  thus  confirming  Wertheim's 
results. 

Dr.  Kerr  employs  in  his  experiments  a  bent  glass  beam, 
doubly  supported  and  centrally  loaded,  having  the  ratio  of 
span  to  depth  $  of  8'4  to  1,  and  assumed  to  obey  the  Ber- 
noulli-Eulerian  theory. 

I  would  draw  attention  to  the  disagreement  between  the 
results  arrived  at  by  M.  Neumann  and  Dr.  Kerr,  the  former 
stating  that  the  velocity  of  light  in  a  medium  is  increased  by 
compressing  it,  while  the  latter  states  that  the  velocity  is 
diminished. 

Dr.  Kerr  examined  a  beam  having  a  span  equal  to  8*4 
depths,  and  at  a  point  where  the  surface-loading  etfect  would 
be  least ;  whereas  M.  Neumann  examined  a  beam — span  to 
depth  ratio  not  stated — immediately  under  the  load. 

I  can  only  attempt  to  account  for  the  discrepancy  by 
pointing  out  that  if  the  span  is  diminished  to  less  than  four 
depths,  the  elements  of  glass  that  M.  Neumann  assumed  to 
be  in  a  state  of  squeeze  are  actually,  as  will  be  shown  later, 
in  a  state  of  stretch. 

The  instrument  with  which  the  following  experiments  were 
made  consists  of  a  steel  strainino-frame  in  which  the  beam 
to  be  examined  is  placed  ;  the  beam  rests — for  flexure — on 
two  steel  rollers,  and  is  loaded  by  a  micrometer-screw  which 
hears  on  a  third  central  roller.  The  base  of  the  frame  is 
divided,  from  the  centre,  in  divisions  of  2  millim.  so  that  the 
supports  can  be  set  for  any  required  span.  A  micrometer- 
screw  is  placed  in  the  base  of  the  frame  opposite  the  load,  so 
that  deflexions  can  be  measured  to  one  ten  thousandth  of  an 

«  Hist,  of  Elasticity,  vol.  i.  p.  643. 
t  Phil.  Mag.  October  1888. 
X  Accordiug-  to  the  tigure. 
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inch.  Two  screws  in  the  two  sides  of  the  frame  enable 
lateral  pressure  to  be  applied.  The  whole  frame  can  be  moved 
in  any  direction  in  its  own  plane,  so  that  all  parts  of  the  beam 
may  be  examined.  The  optical  arrangements  consist  of  two 
nicols,  of  which  the  upper  is  provided  with  a  graduated  disk  on 
which  the  angle  of  rotation  can  be  observed  ;  a  microscope 
with  micrometer-eyepiece  can  be  fitted  when  it  is  desired  to 
measure  the  fringes  ;  circularly  polarized  light  can  be  used 
when  required. 

The  beams  used  were  marked  on  one  side  with  2  millim. 
squares  ;  they  were  covered  with  parutiin  and  marked  in  a 
dividing-engine  and  then  etched  ;  the  lines  thus  formed 
enabled  the  position  of  dark  bands  to  be  determined  with 
accuracy. 

Proposition  I. 

If  a  beam  of  glass  be  laid  on  a  flat  surface  and  loaded  across 
its  upper  surface,  the  shear  at  any  point  on  the  normal  at  the 
point  of  contact  of  the  load  is  inversely  proportional  to  the 
distance  from  the  point  of  contact. 

Experiment  1.  A  beam  of  annealed  glass  (U  millim.  x  G*.5 
millim.  x  20  millim.  deep  was  placed  in  the  steel  straining- 
frame  with  its  narrow  side  resting  on  a  piece  of  thin  paper. 

A  steel  roller  2  millim.  in  diameter,  10  millim.  long,  was 
placed  across  the  middle  of  the  top  surface  and  loaded  by  the 
screw. 

The  nicols  were  crossed  and  at  45°  to  the  axis  of  the  beam. 

A  quarter- wave  mica  plate  was  placed  between  the  beam 
and  the  analyser,  with  the  plane  containing  the  optic  axes  at 
right  angles  to  the  length  of  the  beam. 

At  that  point  a  on  the  normal  where  the  difference  of  phase 
between  the  ordinary  and  extraordinary  pencils  traversing  the 
beam  is  equal  and  opposite  to  the  difference  of  phase  produced 
by  the  mica  plate — the  effect  will  be  as  if  there  were  no 
strained  glass  between  the  two  nicols,  and  there  will  therefore 
be  a  black  spot  as  the  nicols  are  crossed. 

The  position  of  this  spot  on  the  normal  is  plotted  on  a 
sheet  of  squared  paper,  and  an  ordinate  parallel  to  the  axis 
chosen  to  represent  the  shear. 

A  second  quarter-wave  plate  is  now  superposed  on  the  first, 
and  the  black  spot  consequently  moves  up  the  normal  to  where 
the  shear  is  twice  what  it  was  at  a  ;  this  point,  b,  is  noted,  the 
second  mica  plate  removed,  and  the  load  reduced  until  the 
black  spot  with  one  mica  plate  is  brought  to  b.  In  this  way 
a  series  of  points  a,  b,  c,  d  on  the  normal  are  found  at  any  one 
of  which  the  shear  is  twice  what  it  is  at  the  point  below. 

Now    it  is  proved  later  on  that  the  strain   at  any   point 
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varies  as  the  load  on  the  beam  ;  hence  by  taking  the  ordinate 
at  h  twice  that  at  a,  at  c  four  times,  and  at  d  eight  times,  and 
so  on,  the  get  points  on  the  curve  of  loading  along  the  normal 
for  the  load  that  gives  a  diU'erence  of  phase  at  a  equal  to  that 
of  one-quarter  wave-plate. 

The  results  are  plotted  on  Plate  II.  fig.  1  :  the  observed 
points  are  indicated  by  circles,  through  one  of  which  an 
hyperbola  has  been  drawn  taking  the  normal  and  the  upper 
surface  of  the  beam  as  asymptotes. 

It  will  be  seen  that  the  six  upper  circles  lie  very  nearly  on 
the  hyperbola. 

It  is  clear  that  the  upper  surface  of  the  beam  is  an  asym- 
ptote only  when  the  surface  of  contact  between  the  beam  and 
the  roller  is  a  line — making  the  stress  there  infinite  ;  but  in 
practice  this  cannot  be  so,  the  smallest  pressure  giving  a 
bearing  surface — as  the  roller  indents  the  beam — making  the 
stress  there  finite,  i.  e.  the  asymptote  will  be  at  some  finite 
distance  ^,  say,  above  the  point  of  contact,  and  Q  will  vary 
wath  the  load.  I  have  calculated  below  that  with  a  load  of 
115-3  lb.  on  this  same  beam,  the  value  of  6  is  0*044  millim. 

The  apparently  irregular  position  of  the  two  lower  points 
observed  indicates  the  amount  of  error  made  in  the  assumption 
(2)  above  that  the  surface-loading  effect  may  be  found  by 
substituting  a  flat  plane  instead  of  two  supports. 

This  assumption  would  be  correct  only  if  the  beam  were 
of  infinite  depth  and  the  surface-loading  effect  of  the  support 
infinitely  small ;  here,  however,  the  steel  frame  itself  pro- 
duces a  surface  effect,  and  this,  added  to  that  due  to  the  load, 
makes  the  points  observed  lie  off  the  hyperbola,  which  would 
be  the  true  curve  (as  drawn)  if  the  beam  were  of  infinite  depth. 

The  effect  of  the  steel  frame  must  be  very  small  compared 
with  that  due  to  the  load  for  points  in  the  upper  half  of  the 
beam.  In  drawing  the  hyperbola  I  have  considered  it  as 
negligible  at  the  centre  of  the  beam  ;  in  other  words,  I  con- 
sider that  the  correction  of  the  position  of  the  six  upper 
points,  required  to  allow  for  the  surface  effect  of  the  frame, 
would  not  make  them  deviate  seriously  from  the  hyperbola. 

It  must  be  noted,  however,  that  when  the  beam  is  resting 
on  two  supports  the  surface  effect  of  the  frame  disappears, 
aince  the  beam  only  touches  the  supports  and  surface  effect 
can  only  be  caused  by  actual  contact ;  hence  I  conclude  that 
the  surface  effect  due  to  loading  only  is  strictly  represented 
by  the  hyperbola  and  is  as  if  the  beam  were  of  infinite  de})th*. 

*  According  to  this  reasoning  there  appears  to  be  a  shear  of  finite 
amount  at  the  bottom  of  the  beam — -when  doubly  supported — due  to 
loading  only,  but  this  does  not  seem  to  me  to  be  inconsistent  with  the 
surface  conditions. 
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In  order  to  establish  the  hyperbohc  law  with  greater 
certainty,  experiments  were  made  enabling  as  many  as  seven 
points  on  the  curve  to  be  obtained  within  3"5  millim.  of  the 
point  of  contact,  the  highest  point  being  about  "5  millim. 
from  the  top  of  the  beam. 

Within  this  range  the  effect  due  to  the  steel  frame  may 
with  accuracy  be  neglected. 

Experiment  2.  A  beam  of  annealed  glass,  Gl  millim.  x  6"5 
millim.  x  20  millim.  deep,  was  placed  in  the  steel  straining- 
frame,  on  a  piece  of  thick  paper,  and  loaded  as  before  with  the 
steel  roller  2  millim.  in  diameter. 

Nicols  crossed  and  at  45°  to  the  axis  of  the  beam. 

The  screw  load  was  applied  until  six  interference-fringes 
appeared  under  the  roller  ;  these  were  examined  through  a 
microscope  with  a  micrometer-eyepiece  divided  to  thousandths 
of  an  inch.  Light  from  a  sodium-flame  was  used,  and  the 
distance  between  the  point  of  contact  and  the  intersection  of 
each  fringe  with  the  normal  was  measured  in  micrometer- 
divisions. 

I.  Distances  in  micrometer-divisions  to  successive  fringes  : 

11-0         13-5         17-0        23-0        35-0        71-5, 

but  the  shears  are  as  6  .  5  .  4  .  3  .  2  .  1,  since  there  is  a  difference 
of  phase  of  only  ^  a  wave-length  required  to  produce  a  fringe, 
hence  taking  the  products  of  distances  into  shears  we  get 

6G-0         67-5         68-0         69-0         70-0         71-5. 

But  we  have  so  far  neglected  the  value  of  6,  the  distance  of 
the  axis  of  shears  from  the  point  of  contact. 

By  taking  the  two  most  reliable  observations,  where  the 
distance  from  the  point  of  contact  is  large  and  yet  where  the 
fringes  are  well  defined,  we  should  have,  if  the  law  is 
hyperbolic, 

3(23  +  ^)=4(17  +  6'), 
or 

0=1*. 

Correcting  the  original  readings  by  adding  6  to  each,  we  get 
12         14-.5         18         24         36         725, 

and  the  products  become 

72         72-5         72         72         72         72-5. 

II.  Same  beam,  &c.,  as  before,  roller  and  load  readjusted. 
Distance  to  successive  fringes  : — 

ll'o         14-25         17-75         24-0         3(r0         75-0 

*  One  niiciouicter-divi.sioii  =  004 1  millim. 
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To  find  6,  take 

3(24  +  ^)  =4(17-75  +  ^),  or  ^=1. 

Correcting  the  distances,  we  have 

12-5         15-25         18-75         25-0         37-0         7()-0, 
and  the  products  of  the  distances  into  the  shears  hecome 

75-0         76-25         75-0         75*0         74-0         76-0. 

III.  Same  beam,  &c.,  as  before,  roller  and  load  readjusted. 
Distance  to  successive  fringes  : — 

10-75  12-5  15-25  1925  26-0  390  80-5. 
To  find  e  take  3(26  +  ^)  =  4(19-25 +  ^),  whence  6=1. 
Correcting  the  distances,  we  have 

11-75      13-5      16-25       20-25     27-0     40-0      81-5, 
and  the  products  become 

82-25      81-0      81-25      81-0      81-0      80-0      81-5. 

The  law  of  variation  of  shear  along  the  normal  is  thus 
shown  to  be  hyperbolic. 

Experiment  3.  The  steel  straining-frame  was  removed  from 
the  instrument  and — by  a  screw  inserted  in  the  place  of  the 
straining-screw — hung  from  a  balance,  which  could  be  loaded 
with  shot  and  had  a  leverage  of  50  to  1  :  a  steel  stirrup 
was  hung  over  the  frame  with  two  hardened  points  resting 
on  the  two  guiding-pins  ;  one  lower  end  of  the  stirrup  was 
secured  to  the  body  of  the  balance,  the  beam  inserted  and 
balanced,  and  shot  put  in  the  pan.  This  lifted  the  straining- 
frame  and  loaded  the  beam. 

Beam  [B]  56  millim.  x  20  millim.  x  6*5  millim.  placed  on 
the  base  of  the  steel  frame  on  a  piece  of  thin  paper  :  loaded  by 
a  steel  roller  2  millim.  in  diameter.  Viewed  through  nicols 
crossed  and  at  45°  to  the  horizontal  axis  of  the  beam. 

The  balance  was  loaded  until  the  first  blue  fringe  was 
brought  down  to  a  given  position  on  the  beam,  and  the  weight 
of  shot  observed  ;  the  same  fringe  was  then  brought  down  to 
a  lower  given  position,  and  the  weight  of  shot  again  observed, 
and  so  on  ibr  successive  points. 
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Distance  (a)  of  given 
points  on  normal  from 
top  of  beam,  in  millim. 

1 

Load  {j5)  on  roller  (weight  of 
shot)  X  50  in  lb. 

/3/«. 

1-15 

3-2 

4-2 

5-2 

6-2 

1. 

40 
114 
145 

182 
218 

2. 

39 
105 
149 
180 

Mean. 
39-5 
109-5 
147 
181 
218 

34-34 
34-22 
35-00 
34-80 
35-16 

If  the  shear  at  4*2  millim.  with  147  lb.  be  taken  as  unity, 
the  shear  at  5*2  millim.  with  this  same  load  will  be  [^|,  since 
the  same  shear  is  ])i-odaced  at  5*2  millim.  with  181  lb.  as  is 
produced  at  4*2  millim.  with  147  lb.  Hence  if  the  curve  of 
loading  is  an  hyperbola,  we  should  have 

147 
4*2  X  1  =  ^p.r,  X  5*2  or  /3/a  a  constant, 
lol 

From  the  third  column  given  above  the  values  of  /9/a  will 
l)e  seen  to  be  nearly  equal  in  each  case ;  the  value  of  6  has 
here  been  neglected  ;  if  we  put  ^  =  0*04  millim.,  the  values  of 
Blu  become 


34-6 


33-8 


34-7 


34-5 


34-9. 


Proposition  II. 
Things  being  arranged  as  in  Proposition  I.,  it  is  required  to 

Fig.  2. 


determine  the  locus  of  jiomts  of  equal  intensity  of  shear,  and 
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to  show  that  at  any  point  whatever  the  shear  is  inversely  pro- 
j)ortional  to  its  distance  from  the  point  of  contact. 

E.i'perbnent  4.  The  beam  was  examined  under  circularly 
polarized  light,  as  in  Clerk-Maxwell's  experiments,  in  order 
to  obtain  the  variations  in  the  amount  of  the  strain  uncom- 
plicated b}'  variations  in  the  directions  of  the  principal  stress- 
axes  ;    white  light  was  used. 

The  loci  of  points  of  equal  shear  were  found  to  be  circles, 
as  in  the  figure  ;  circles  of  equal  shear  were  obtained  u})  to 
8  millim.  diameter  with  this  beam. 

Hence  the  shear  at  any  point  a  equals  the  shear  at  A,  if 
o  &  a  is  a  circle,  and  o  h  the  normal  at  o  ;  i.e.  shear  at  a 

ob  0  a     ' 

k  being  some  constant,  but  y>  cos  6  is  the  resolved  part  of  the 
pressure  at  o  *  along  o  a ;  hence  the  shear  at  any  point  is 
inversely  proportional  to  its  distance  from  the  point  of  contact. 

Proposition  III. 

The  state  of  strain  at  the  centre  of  the  beam  when  doubly 
supported  may  be  found  by  superposing  on  the  state  of  strain 


due    to    bending    only,   that  due  to  surface-loading  without 
bending. 

*  See  Professor  Boussinesq's  results  quoted  akeady. 
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It  has  been  proved  that  the  state  ot  strain  alono;  the  normal 
at  the  point  of  contact  due  to  the  surface-loading  may  be 
represented  by  an  hyperbola  whose  asymptotes  are  re- 
spectively the  normal  itself  and  a  line  parallel  to  the  axis  of 
the  beam  at  a  distance  6  from  the  point  of  contact.  Let 
0  C,  0  D  in  fig.  3  represent  these  asymptotes,  0  E  =  ^  ;  let  an 
hyperbola  be  drawn  whose  ordinates  parallel  to  0  D  represent 
the  shear  at  any  point  along  E  C  for  a  given  load  :  since  the 
shear  is  proportionnl  to  the  compressive  stress,  these  ordinates 
may  be  considered  as  proportional  to  the  compressive  stress  at 
any  point  along  E  C. 

By  our  (a)  assumption  we  may  represent  the  stresses  at  any 
point  along  E  C,  due  to  bending,  by  a  right  line  drawn  through 
C,  the  centre  of  the  depth. 

Let  C  K  be  such  a  line,  drawn  on  the  same  scale  as  the 
hyperbola,  so  that  E  K  represents  the  shear  (vertical  stretch) 
at  E  due  to  bending*,  while  E  M  represents  the  shear  (vertical 
squeeze)  due  to  loading. 

These  two  curves  must  intersect  at  some  point  N  ;  at  the 
corresponding  point  P  on  the  normal  the  shear  (vertical 
squeeze)  due  to  the  loading  is  equal  to  the  shear  (vertical 
stretch)  due  to  the  bending  :  an  element  of  volume  at  P  will 
therefore  be  subject  to  voluminal  compression  only,  and  the 
shear  will  be  zero,  there  will  therefore  be  no  birefringent 
action,  and  when  viewed  with  crossed  nicols  there  should  be 
a  dark  spot  on  a  white  field. 

If  the  load  is  kept  constant  and  the  span  diminished,  E  K 
will  decrease  until  C  K  cuts  the  hyperbola  at  a  second  point  ; 
we  should  now  get  two  points  of  darkness.  As  the  span  is 
still  diminished  these  dark  points  should  rise  and  fall  re- 
spectively until  they  coincide,  when  C  K  is  a  tangent  to  the 
hyperbola  ;  after  this  they  should  separate  out  at  right 
angles. 

Plate  II.  fig.  2  gives  the  results  of  an  experiment  (5)  made 
■vs-ith  constant  load  and  varying  spans.  The  beam  was  128 
millim.  X  19  millim.  deep  x  5*5  milhm.  thick,  supported  on 
two  steel  rollers  2  millim.  in  diameter  and  centrally  loaded 
over  a  similar  roller  :  the  nicols  were  crossed  and  at  45°  to 
the  axis.     1'lie  following  table  gives  the  spans  : — 

*  The  compressive  stress  due  to  bending-,  at  any  point  on  C  E,  produces 
a  shear  (vertical  stretch)  and  a  voluminal  compression,  and  both  are  pro- 
portional to  the  stress,  similarly  for  the  shear  (vertical  squeeze)  and 
voluminal  compression  produced  by  the  stress  due  to  the  loading  ;  so  for 
this  purpose  it  is  inditlerent  whether  the  urdinates  of  the  two  curves 
represent  the  compressive  stresses  or  the  shears  produced. 
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Curve. 

Span  in  luillim. 

Ratio  of  span 
to  depth. 

1   

120 
100 

88 
80 
78 
72 

6-31 
5-26 
4-63 
4-21 
410 
3-79 

s> 

3  

4  

5  

6  

This  experiment  shows  that  there  are,  oenerally,  two  points 
of  zero  shear  which  close  up  as  the  span  diminishes  and  then 
open  at  right  angles. 

The  same  phenomena  may  be  observed  by  placing  a  beam 
on  a  flat  surface  and  loading  it,  and  then  placing  OAer  this 
beam  a  second,  which  may  be  bent  with  a  very  long  span,  or 
by  two  couples  at  the  end  ;  the  effect  is  the  same  for  different 
deorees  of  bending  as  for  varying  spans  in  the  former 
experiment. 

Thus  for  spans  of  four  to  five  depths  the  normal  under  th(^ 
load  is  divided  into  three  parts  by  two  points  of  zero  shear, 
elements  between  these  points  being  subject  to  shear  (vertical 
stretch),  while  elements  above  and  below  them  are  subject  to 
shear  (vertical  squeeze). 

When,  however,  the  span  is  less  than  four  depths,  every 
element  in  the  cross  section  under  the  load  is  subject  to  shear 
(vertical  squeeze)  and  the  greatest  strained  element  is  im- 
mediately under  the  load. 

These  results  may  be  further  checked  and  confirmed  by 
examining  each  part  of  the  normal  by  placing  over  it  a  beam 
bent  in  the  hand  ;  if  the  part  under  examination  is  in  shear, 
say  (vertical  squeeze),  darkness  may  be  produced  by  super- 
posing a  part  of  the  second  beam  oppositely  strained;  if  the 
strains  were  similar,  increased  brightness  would  result. 

I  exhibit  also  the  results  of  experiments  made  to  determine 
the  position  of  the  black  bands  for  lower  ratios  of  span  to 
depth. 

The  dimensions  of  the  beam  were  124  millim.  x  20  millim. 
deep  X  6'5  millim.  thick,  loaded  on  rollers  like  the  others  ; 
nicols  crossed  and  at  45°  to  the  axis. 

Here  th-e  effect  of  the  supports  is  very  marked,  so  that 
when  p  =  2  the  black  band  only  just  touches  the  axis. 

It  must  be  remembered  that  at  the  point  where  the  black 
band  cuts  the  normal  the  shear  is  zero,  but  that  everywhere 
else  on  the  band  all  that  is  indicated  is  that  the  directions  of 
resultant  tension  and  compression  are  at  45°  to  the  axis  of  the 
beam. 
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Experiment  6  was  made  to  establish  Proposition  III.  with 
greater  certainty. 

Beam  128  niillim.  x  19  millim.  X  5'5  millim.  was  placed 
on  the  base  of  the  straining-fnime,  on  a  piece  of  thin  paper, 
and  loaded  with  shot  until  the  first  bine  fringe  came  down  to 
a  point  1'7  millim.  from  the  top.     The  load  was  65  lb. 

The  same  beam,  was  then  supported  on  two  steel  rollers 
2  millim.  in  diameter  and  120  millim.  apart,  and  centrally 
loaded  over  a  similar  roller  until  the  same  blue  fringe  appeared 
at  the  bottom  of  the  beam.     The  load  was  55  lb. 

An  hyperbola  has  been  drawii  (see  fig.  1,  Plate  II.)  of  con- 
venient proportions,  cutting  the  horizontal  through  the  above- 
mentioned  point  at  28*5  divisions  from  the  normal  ;  the  shear 
corresponding  to  the  blue  fringe  is  thus  represented  by  28*5 
divisions,  and  there  is  that  shear  at  the  point  with  a  load  of 
(J5  lb. 

Now  the  stress  due  to  bending,  at  the  extreme  bottom  fibre 
of  a  beam  19  millim.  deep,  120  millim.  span,  and  5'5  millim. 
thick,  with  a  load  of  b^  lb.,  is  1"436  tons  per  square  inch. 

The  vertical  compressive  stress  at  this  point,  due  to  the 
load  of  55  lb.,  is,  as  is  shown  later  on,  0*121  ton  per  square 
inch  ;  but  we  are  not  justified  in  superposing  the  shears  pro- 
duced by  these  two  stresses,  being  tensile  and  compressive  at 
right  angles,  and  the  former  as  much  as  twelve  times  the 
latter,  so  I  shall  take  the  stress  at  the  blue  fringe  as  1*436 
tons  per  square  inch. 

Hence  the  compressive  stress  produced  by  65  lb.  over  a 
span  of  120  miliim.,  at  the  top  fibre,  is 

1    ^or.  65 

l-4o6  X  -^, 
5o 

and  the  corresponding  value  in  scale-divisions  is 

1*436  X  ir^  X  ^r-rrr.  =  33*7  divisions. 
00       l*43b 

This  distance  is  set  off  along  the  top  surface  in  the  figure, 
and  the  point  so  found  joined  to  the  centre  of  the  middle 
section  :  where  it  cuts  the  hyperbola  we  should  get  darkness 
on  the  normal  with  a  span  of  120  millim.  We  can  also 
draw  lines  representing  the  bending-stresses  for  other  spans 
for  the  same  load  of  65  lb. 

The  position  of  the  black  bands  on  the  normal,  as  found  by 
experiment  for  spans  of  120  and  100  millim.,  are  inilicatetl  on 
the  normal,  and  will  be  found  to  agree  very  closely  with  those 
points  found  independently  by  the  intersection  of  the  two 
curves. 
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The  curve  of  Ix-ndiiig-strossos  is  a  tant^ent  to  tlie  curve  of 
loading  at  a  span  of  7o  niillini.,  as  measured  IVoni  the  figure, 
whereas  it  is  apparently  82  millim.  when  actually  ohserved  ; 
it  would  ap})ear  more  correct  to  determine  this  span  bv  draw- 
ing the  curve  through  two  points  which  can  be  observed  with 
accuracy,  and  then  drawing  the  tangent  and  measuring  the 
intercept,  since  the  experimental  determination  of  the  span 
giving  coincidence  of  the  two  dark  bands  is  one  liable  to 
considerable  error. 

By  drawing  lines  from  the  centre  to  the  points  along  tlie 
top  surface  corresponding  to  longer  spans  we  see  that  the 
deviation  of  the  so-called  "  neutral  axis  "  from  the  centre  is 
considerable  :  thus  even  at  a  span  =  10  depths  =  190  millim. 
it  should  be  1  millim.  above  the  centre. 

Proposition  IV. 

The  strain  at  every  point  along  the  normal  due  to  loading 
varies  directly  as  the  load. 

Experiment  7.  The  beam  is  placed  on  two  supports  as 
before,  with  a  small  central  load,  and  the  points  of  intersection 
of  the  black  bands  with  the  normal  are  noted.  The  load  is 
now  increased  up  to  the  safe  limit  when  the  points  of  inter- 
section are  observed  to  remain  unaltered. 

We  know  that  the  strain  at  any  point  on  the  normal  due  to 
bending  is  proportional  to  the  load  ;  hence  if  the  point  of 
intersection  of  the  curves  of  bending  and  loading  remains  the 
same  when  the  load  is  increased,  we  know  that  the  strain  at 
any  point  due  to  the  loading  must  vary  as  the  load. 

Proposition  V. 

To  determine  the  constant  in  the  equation  to  the  curve  of 
loading  along  the  normal  for  any  beam. 

Let  0  X  represent  the  vertical  through  the  centre  of  a 
beam  centrally  loaded,  E  the  point  of  contact  of  the  load  with 
the  top  of  the  beam  E  K  ;  0  Y  the  axis  of  shear,  0  E  =  ^  ; 
K  A  M  the  hyperbola  of  loading  for  any  given  load,  C  A  H  D 
the  line  of  stresses  due  to  bending  along  C  E,  for  the  same 
load,  the  span  being  chosen  so  that  C  A  H  is  a  tangent  to  the 
hyperbola  at  A;  i.e.  so  that  the  dark  bands  coincide  at  B. 
Then  0  Y  and  0  X  are  the  asymptotes  of  the  hyperbola. 

It  has    been    proved   that   the    equation    is    of  the    form 

?/=:^ -J  where  ?/ is  the  compressive  stress  at  a  point  on  the 
normal  E  C  at  a  distance  X  from  0.     If  W  is  the  load  and  b 
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Fio:.  4. 


— C 


the  width  of  the  beam  =  length  of  bearing  of  loaded   roller, 
we  have 

W 

y=k. , for  the  given  beam. 

W 
Then  0D  =  BA  =  2^y~ (since  B A  represents  the  stress 


hx 


3Wl 


at  B  due  to  the  load  W).     Also  E  H  =  nj^,  where  E  H  re- 

presents  the  stress  at  E  due  to  a  load  W  on  a  beam  of  depth 
h  and  width  b  and  span  / ;  and 


EH_  CE 
OD  ~  CO  ' 


CO  =  CE 


OD 
EH' 


h      a     h      ,,W      2  h%       2    h'k 
or-+^=^^^^67.^3W/=a-7^ 


hH: 


'{{^,.0) 


[since  .i'=iCO]  ; 


•••(2  +  ^)   =8-' 


1         6'  ^2         4      /  / 


,      3    /I      (9      ^-\ 
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To  find  k  the  beam  is  ])laeeJ  on  two  supports  and  centrally 
loaded  ;  the  two  points  where  the  black  bands  cross  the 
normal  are  observed  (the  span  being  longer  than  four  depths), 
and  plotted,  and  an  hyperbola  drawn  through  them  ;  a  tangent 
is  then  drawn  to  this  curve  from  the  centre  of  the  section 
and  its  intercept  on  theu])per  edge  measured,  the  span  giving 
coincidence  of  the  black  bands  can  then  be  calculatcil. 

K:cpevhrent  8.  For  a  beam  128  millim.  x  19  millim.  deep 
X  5*5  millim.  I  find  this  span  to  be  73  millim.  ;  hence 

73 
19 


p=T7T=3-84. 


Taking  6  at  0*04  millim.,  ^=:  0'002  millim.,  and  neglecting 

&'        , 
,-r  we  nave 

A  =  |  X  3-84  X  0-252  =  0-726. 

Proposition  VI. 

To  verify  the  equation  to  the  curve  of  loading. 

Experiment  0.  Beam  128  millim.  X  19  millim.  x  5'5  millim. 

The  stress  corresponding  to  the  blue  fringe  with  this  beam 
was  found,  as  already  explained,  by  loading  the  beam  over  a 
span  of  120  millim.,  until  the  blue  fringe  appeared  at  the 
bottom  of  the  beam  ;  the  load  required  was  55  lb.  ;  hence  the 
corresponding  stress  is  1'436  tons  per  square  inch*. 

When  laid  on  the  base  of  the  steel  frame,  the  same  fringe 
was  observed  at  1'7  millim.  from  the  top  with  Ji  load  of  65  lb. 

From  the  equation  to  the  curve  of  loading,  taking  /(;  =  0*726, 
^  =  0'04  millim.,  we  ought  to  have  a  stress  at  1*7  millim. 
from  the  top  equal  to 

95-42  65  I 

?/=0-726  X  ^Vtttt  X  -m  ^  t^  =1-419  tons  per  square  inch. 
'^  2240        1'74       5*0  ^        ^ 

The  lines  of  Principal  Stress  afford  a  convenient  means  of 
studying  the  condition  of  strain  in  a  bent  beam. 

In   a  memoir   published    in    1838  f    Lame    discussed    the 

*  From  the  equation  y=:A;  j-~  there  is  a  compressive  stress  of  0'121  ton 

per  square  inch  here  due  to  the  load.  I  have  not  added  the  effect  of  this 
to  that  of  the  bending,  as  there  is  no  proof  that  the  superposition  of  small 
strains  holds  when  the  strains  themselves  are  so  unequal. 

t  Coniptes  Rendus,  vol.  vii.  p.  778:  "JNJemoire  sur  les  surfaces  iso- 
statiques  dans  les  corps  solides  en  ^quilibre  d'^lasticit^." 
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problem  of  the  equilibrium  of  an  elastic  solid,  and  investi- 
gated the  properties  of  what  he  termed  "  isostatio  surfaces," 
or  surfaces  where  only  normal  "  actions  ^^  are  applied. 

In  1870  Saint-Venant*  examined  the  differential  equations 
to  which  the  subject  of  "  isostatic  surfaces  "  gave  rise,  and  in 
1872  Professor  Boussinesqf  gave  a  geometric  method  for 
constructing  isostatic  lines  passing  through  any  given  point. 
This  memoir  was  shortly  followed  by  a  second:}:,  treating  of 
the  integration  of  the  equations  involved. 

Rankine  has  examined  the  form  of  the  curves  of  Principal 
Stress,  and  given  an  expression  from  which  the  curves  can  be 
drawn  S.     He  necrjects  the  surface-loading  effect  as  "  in  most 

.•!  I'll 

cases  practically  of  small  intensity  when  comparcKl  with  the 
other  elements  of  stress."  On  comparing  his  curves  with 
those  in  Plate  II.  it  will  be  noticed  how  closely  the  curves  of 
tension  agree,  while  the  curves  of  compression  are  very 
dissimilar. 

Sir  George  Airy  has  calculated  and  drawn  the  curves  of 
principal  stress  for  several  cases  of  flexure,  including  that  of 
a  beam  doubly  supported  and  centrally  loaded  ||.  He  assumes 
"  that  there  is  a  neutral  point  in  the  centre  of  the  depth  ;  that 
on  the  upper  side  of  this  neutral  point  the  forces  are  forces  of 
tension,  and  on  the  lower  side  are  forces  of  compression,  and 
that  these  forces  are  proportional  to  the  distances  from  the 
neutral  point; "  but  he  says  "  These  suppositions  seem  to  imi)ly 
that  the  actual  extensions  or  compressions  correspond  exactly 
to  the  curvature  of  the  edge  of  the  lamina."  The  surface- 
loading  effect  is  not  here  taken  into  account  ;  and  it  would 
have  been  interesting  to  compare  the  results  as  shown  in 
fig.  6,  for  a  beam  in  which  the  span  e([uals  ten  depths,  with 
the  actual  curve  as  found  by  experiment.  This  comparison, 
however,  would  lead  to  erroneous  conclusions,  since  it  has 
been  shown  H  that  the  results  arrived  at  are  not  consistent 
M'ith  the  fundamental  equations,  and  the  form  of  the  curves 
can  be  accepted  only  as  a  very  general  approximation. 

Proposition  VII. 

To  determine  the  lines  of  Principal  Stress  in  a  glass  beam 
doubly  supjiorted  and  centrally  loaded. 

Experiment  10. — A  glass  beam,  128  millim.   x  19  miliim. 

*  Ibid.  vol.  l.x.x.     t  Ibid.  vol.  Ixxiv.  p.  242.     J  Ibid.  vol.  Ixxiv.  p.  318. 
§  '  Applied  Mechanics,'  §§  .'510  and  311. 
II   riiil.  Trans.  1S()3,  part  1. 

•([  .Si'o  criticism  on  Sir  George  Airy's  solntion  in  Ibbolson'.s  '  Mailie- 
matical  Tlieory  of  ]']lasticitv,'  note  on  p.  3;")8. 

•M,  ■> 
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deep  X  5-5  millim.  thick,  was  placed  in  the  steel  straining- 
frame  on  two  steel  rollers  2  millim.  in  diameter,  and  centrally 
loaded  over  a  similar  steel  roller. 

The  span  chosen  was  60  millim.,  giving  for  p  the  value  3*15. 

The  nicols  were  crossed  and  set  at  an  observed  angle,  and 
the  black  band  plotted  on  squared  paper  corresponding  to  the 
squares  on  the  glass  beam.  This  band  of  course  represents 
the  locus  of  points  where  the  axes  of  principal  stress  are 
parallel  to  the  directions  of  the  planes  of  the  nicol. 

The  nicols  were  then  turned  through  a  small  angle  «,  the 
new  position  of  the  black  bands  idotted,  and  so  on  for  several 
different  angles.  These  curves  are  shown  in  Plate  II.  The 
lines  of  principal  stress  are  easily  deduced  from  these  and  are 
shown  in  Plate  II.  fig.  4. 


Since  communicating  the  above,  Sir  George  Stokes  has 
gone  very  fully  into  this  problem,  and  has  kindly  allowed  me 
to  quote  \he  following  extracts  from  letters  I  have  receivetl 
from  him  on  the  subject : — 

"  Let  A  be  the  point  in  the  upper  surface  where  the  pres- 
sure (P)  is  applied  ;  B,  C  the  points  of  support  belo^y,  which  I 
suppose  to  be  equidistant  from  A :  D  the  middle  point  of  BC. 
Let  y  be  measured  downwards  from  A  ;  denote  BD  or  DC 
by  a,  and  AB  by  b.     You  have  the  expressions  for  the  stresses 

/        2P    1\ 

produced   by   P  in   an  infinite   soKd  Lr=  — •-),  and  the 

question  is,  What  system  must  we  superpose  on  this  to  pass 
to  the  actual  case  ?  This,  as  I  showed  you,  is  the  system  of 
stresses  produced  by  a  system  of  forces  applied  to  the  surface. 
The  forces  consist — (1)  of  the  two  pressures  iP  at  B  and  C  ; 
(2)  of  a  continuous  oblique  tension  below,  represented  in 
drawing  by  a  fan  of  tensions  directed  at  every  point  of  the 
lower  surface  from  the  point  A. 

"  Imagine  now  the  beam  cut  into  two  by  a  plane  along 
A  D.  Consider  one  balf  only,  say  that  on  the  B  side.  Every- 
thing will  remain  the  same  as  before,  provided  we  supply  to 
the  surface  A  D  forces  representing  the  pressures  or  tensions 
wdiich  existed  in  the  undivided  beam.  On  account  of  the 
symmetry,  the  direction  of  these  must  be  normal. 

"  At  I)  the  vertical  pressure  on  a  horizontal  plane  in  the 
infinite  solid  is  compounded  with  an  equal  vertical  tension 
due  to  the  fan.  Hence,  of  the  vertical  pressure  in  A  D  which 
must  be  superposed  on  the  vertical  pressure  in  the  infinite 
solid,  we  know  thus  much  without  obtaining  a  complete  solu- 
sion  of  the  problem,  namely,  that  it  must  equal  minus  2F /irb 
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at  D  and  0  at  A.    If  we  suppose  it  to  vary  uniformly  between, 
we  are  not  likely  to  be  far  wrong. 

"  This  leads  to  the  following  expression  for  the  vertical 
pressure  in  A  D  : — 

TT  \y       bV' 

''  Now  for  the  horizontal.  We  know  that  the  complete 
system  of  external  forces  must  satisfy  the  conditions  of  equi- 
librium of  a  rigid  body.  The  direction  in  each  element  of  the 
fan  passes  through  A,  about  which  therefore  the  fan  has  no 
moment.  Hence  the  moment  of  the  horizontal  forces  along 
A  D  taken  about  A  must  equal  ^  Pa.  Again,  the  resultant  of 
the  semi-fan  is  a  force  passing  through  A,  and  its  vertical 
component  is  ^  P.     Its  horizontal  component  is  the  integral 


of 


2W        xdn 


{U'+xy 
p 


taken  from  0  to  infinity,  or 

*'  Hence  of  the  horizontal  forces  along  A  D  we  know  these 
two  things  : — 

p 

(1)  The  sum  must  equal  —  ? 

TT 

(2)  The  moment  round  A  must  equal  -^Pa. 

"  In  default  of  a  knowledge  of  the  law  according  to  which 
the  force  varies  with  ij,  it  is  natural  to  take  it,  for  a  more  or 
less  close  approximation,  to  be  expressed  by  the  linear  func- 
tion A  +  By,  or  say  Y.     To  determine  the  arbitrary  constants 

p 
A,  B,  we  have  only  to  equate  the  integral  of  Y  .  dij  to  — ,  and 

TT 

that  of  Yy  .  dy  to  ^Pa,  the  limits  being  0  to  h.     Wo  thus  get 
for  the  expression  for  the  tension  at  any  point  of  A  D, 


"  At  neutral  points  the  vertical  pressure  equals  minus  the 
horizontal  tension,  giving 

or,  puttuig  tor  saortnoss    —. 4  =■//*, 
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For  the  noutrul  points  to  ])C'  real  and  different,  we  must  have 

When  the  neutral  points  coalesce  into  one,  we  have  m  equal 
IG,  ?/ equal  2  j  J^nd   for  the   ratio   of  the   span  to  the  depth, 

2a  1  40  1    i  -,  i  -  1  •     J ,     .  1 

y-  equal  — ,  equal  4'24o,  or,  say,  the  span  is  A\  tunes  the 

depth. 

"As  regards  the  horizontal  tension  at  points  along  AD, 

you  take  a  linear  function  of  y  as  I  do,  and  your  condition  of 

moments  is  the  same  as  my  (2),  but  in  lieu  of  my  (1)  you 

do  what  is  equivalent  to  taking  the  total  tension  nil.     You 

further  omit  the  correction  to  the  vertical  pressure  when  we 

pass  from  a  solid  of  infinite  depth  to  one  terminated  by  a 

P 
plane  below.     You  further  take  the  coefficient  of  —  as  k,  a 

y 

.  2 

constant  to  be  determined  by  the  observations,  instead  of  — . 

"  Taking  the  place  of  the  neutral  point  (at  one  fourth  of  the 
dej)th)  and  the  ratio  of  span  to  depth  as  given  by  my  formula, 
and  then  treating  them  as  if  they  had  been  the  results  of 
experiment,  and  substituting  in  your  formulas  for  the  deter- 
mination of  h,  I  got  0'7947  instead  of  0"64.  The  largeness 
of  your  coefficient  is  I  think  fully  accounted  for  by  the 
employment  of  the  formul?e  which  you  used. 

"  In  your  method  you  take  the  stress  belonging  to  the  solid 
supposed  infinitely  deep,  and  superpose  it  on  the  stress  corre- 
sponding to  a  pure  bend. 

"  This  comes  to  the  same  thing  as  retaining  three  terms 
only  in  the  equation  I  gave  in  my  letter  for  determining  the 
y  of  the  neutral  points. 

"  The  equation  thus  becomes 

(vTTO    /_37m    y      ,,_.-, 
b     '  />'         b    -l  ^ —    ' 


or 


where 


2»c^, -m'?+2  =  0. 
b'  b 


—. —  instead  oi  -7 4. 

(>  b 
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"  When  the  two  neutral  points  merge  into  one,  we  have  in 
both  cases  alike  y  equal  \  b,  and  the  only  difference  is  that 

Stt  j  equals  m  instead  of  m  plus  4. 

"If  YOU  had  supposed  the  coefficient  for  the  infinite  solid  to 
be  an  unknown  quantity  k,  and  had  ap})lied  your  observations 
to  determine  it,  using  niy  formulae  instead  of  your  own,  you 
would  have  got  something  very  close  indeed  to  O'G'i. 

''  It  is  notevvorthy  that  in  your  problem,  taken  as  one  in 
two  dimensions,  the  theoretical  stresses  in  the  planes  of  dis- 
placement are  independent  of  the  ratio  between  the  two 
elastic  constants  ;  in  other  words,  independent  of  the  value 
of  Poissou's  ratio." 

I  have  calculated  the  positions  of  the  neutral  points  from 
Sir  George  Stokes's  formula 


4  -  V   16      m 


for  spans  of  88,  100,  and  120  millim,  in  a  beam  128  millim. 
long  X  5*5  millim.  wide  x  19  millim.  deep.  The*?e  are  given 
in  the  following  Table  in  the  2nd  and  ord  columns.  The 
results  of  actual  observations  (see  p.  494)  are  given  in  columns 
4  and  5  ;  while  columns  6  and  7  give  the  same  points  as  found 
by  plotting  the  intersection  of  the  curves  of  pure  bending  and 
loading  (infinite  solid  assumed)  : — 


Span. 

Distance  of  Neutral  Points  from  top  edge,  by 

Sir  George  Stokes's 
formula. 

Observation. 

Intersection  of 
curves. 

88 

(V3      3-2 
70      2-5 
7-7      1-8 

6-4      3-3 
7-2      2-5 

7-8      1-8 

6-9       2-7 
7-3      2-3 

7-8      1-75 

100 

120 

The  error  by  the  intersection  method  is  greater  in  pro- 
portion as  the  span  is  smaller,  as  might  have  been  expected. 

If  the  observed  positions  of  the  neutral  points  are  inserted 
in  Sir  George  Stokes's  fornmla,  the  value  0"64  is  obtained  for 

2P   1 

the  constant  k  in  the  ('(luation  x=       .    . 

TT    y 

M'Gill  University,  Montreal, 
October  12;i8itl. 
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LXI.  Damping  of  Electrical  Oscillations  on  Iron  Wires. 
By  John  Trowbridge*. 

IT  liiis  <T(Mierally  been  assumed  by  those  who  have  studied 
the  subject  of  very  rapid  oscillations  of  Electricity,  such 
as  occur  in  Leyden-jar  discharf^os,  tliat  the  mafrnetic  character 
of  the  conductor  has  very  little  influence  uj^n  the  character 
of  the  discharoe.  Thus,  in  a  note  to  an  article  on  Electrical 
Waves  [Annalen  der  Physik  und  C/unnie,  vol.  cviii.  1859, 
p.  499),  W.  Feddersen  states  that  electrical  oscillations  may 
suffer  a  slight  weakening  on  iron  ;  but  this  diminution  is  very 
slight,  and  results  from  the  resistance  of  iion  being  greater 
than  that  of  other  metals  f. 

In  Dr.  Lodgers  treatise  on  Modern  Views  of  Electricity 
(ed.  1889)  we  find  the  following  : — 

"  But  in  the  case  of  the  discharge  of  a  Leyden  jar  iron  is  of 
no  advantage.  The  current  oscillates  so  quickly  that  any  iron 
introduced  into  its  circuit,  however  subdivided  into  thin  wires 
it  may  be,  is  protected  from  magnetism  by  inverse  currents 
induced  in  its  outer  skin,  and  accordingly  does  not  got  mag- 
netized ;  and  so  far  from  increasing  the  inductance  of  the 
discharge-circnit,  it  positively  diminishes  it  by  the  reaction- 
effect  of  these  induced  currents  ;  it  acts,  in  fact,  much  as  a 
mass  of  copper  might  be  expected  to  do"  (p.  365). 

Fleming  writes  as  follows  : — 

"  With  respect  to  the  apparent  superiority  of  iron,  it  would 
naturally  be  supposed  that  since  the  magnetic  permeability 
of  iron  bestows  upon  it  greater  inductance,  it  Avould  form  a 
less  suitable  conductor  for  dischariiiug  with  oreat  suddenness 
electric  energy.  Owing  to  the  fact  that  the  current  only 
})enetrates  just  into  the  skin  of  the  conductor,  there  is  but 
little  of  the  mass  of  the  iron  magnetized.  Even  if  these  instan- 
taneous discharges  are  ca})able  of  magnetizing  iron,  ....  the 
electromotive  impulses  or  sudden  rushes  of  electricity  do  not 
magnetize  the  iron,  and  hence  do  not  find  in  it  any  greater 
self-inductive  opposition  than  they  would  find  in  a  non- 
magnetic but  otherwise  similar  conductor.  Dr.  Lodge's  further 

1  •  •        • 

researches  seem  to  show  that  there  is  a  real  advantage  in  using 

iron  for  lightning-conductors  over  copper,  and  that  its  greater 
specific  resistance  and  higher  fusing-point  enable  an  iron  rod 
or  tape  to   get  rid   safely  of  an  amount  of  electric   energy 

*  Frum  an  advance  proof  communicated  by  the  Autlior. 

t  "  Beim  Eisen  konnte  in  Folge  der  Maguetisiningen  eine  Abweicliuug 
heivortreten  ;  indess  zeigt  der  Versucli,  dass  dieselbe  keineufalls  bedeutend 
ist,  iibriireiis  in  dem  iSinue  erfolpen  miisste,  als  wenu  die  Elektricitiit  beim 
Eis/eu  ein  grot.seres  Hinderuiss  lande,  wie  bei  den  iibrigen  Metalleu.'' 


Damping  of  Electrical  Oscillations  on  Iron  Wires.     505 

stored  up  in  the  dielectric,  which  would  not  be  the  case  if  it 
were  copper."* 

"  In  the  experiments  on  alternative  path,"  as  described  bv 
Dr.  Lodge,  "  the  main  result  is  very  briefly  summed  up  by 
saying  that,  where  a  sudden  discharge  had  to  pass  through  a 
conductor,  it  was  found  that  iron  and  copper  acted  about 
equally  well,  and  indeed  iron  sometimes  exhibited  a  little 
superiority,  and  that  the  thickness  of  the  conductor  and  its 
ordinary  conductivity  mattered  very  little  indeed.  In  the 
case  of  enormously  rapid  oscillations  the  value  of  the  impul- 
sive impedance  varies  in  sim{)le  proportion  to  the  frequency 
of  the  oscillations,  and  depends  on  tlie  form  and  size  of  the 
circuit,  but  not  at  all  on  its  specitic  resistance,  maguetic  per- 
meability, or  diameter For  discharges  of  a  million  per 

second  and  upwards,  such  as  occur  in  jar-discharges  and  per- 
haps in  lightning,  the  impedance  of  all  reasonably  conduct- 
ing circuits  is  the  same,  and  independent  of  conductivity  and 
permealjility,  and  hardly  atiected   by   enormous  changes  in 

diameter"  t- 

Turning  now  to  the  observations  of  Hertz,  we  find  it  stated 
that  the  material,  resistance,  and  diameter  of  the  wire  of 
the  micrometer-circuit  employed  by  him  have  very  little 
influence  on  the  result.  The  rate  of  propagation  of  an  elec- 
trical disturbance  along  a  conductor  depentls  mainly  on  its 
capacity  and  coefficient  of  self-induction,  and  only  to  a  small 
extent  on  its  resistance.  Hertz  concludes  that,  owing  to  the 
great  rapidity  of  the  alternations,  the  magnetism  of  the  iron  is 
unable  to  follow  them  and  therefore  has  no  effect  on  the  self- 
induction.  When  a  portion  of  the  micrometer-circuit  em- 
ployed by  Hertz  was  surrounded  by  an  iron  tube,  or  replaced 
by  an  iron  wire,  no  perceptible  etfect  was  obtained;  and  thus 
the  result  was  apparently  confirmed  that  the  magnetism  of 
the  iron  is  unable  to  follow  such  rapid  oscillations  and  there- 
fore exerts  no  appreciable  elTect.  The  velocity  of  propagation 
in  a  wire  has  a  definite  value  independent  of  its  dimensions 
and  material.  Even  iron  wires  offer  no  exception  to  this, 
showing  that  the  magnetic  susceptibility  of  iron  does  not  play 
any  j)art  in  the  case  of  such  rapid  motions  |. 

*  Flcniin^r's  'The  Induction  of  Electric  Currents,'  p.  .398.  The  author 
(le!^cribes  in  full  iJr.  l^odjje's  experiments  to  prove  the  nonmagnetizabiliiy 
of  irun  by  sudden  di.scliarii-es. 

t  Fleniin;.'-,  'The  Induction  of  Electric  Currents,"  p.  411. 

I  "  Erj^etzen  wir  deu  bislieriiren  Kupferdralit  durch  einen  dickei-en 
oder  diinneren  Kupferdralit  oder  durch  einen  Draht  aus  andercni  Metall, 
so  beiialten  die  Kimten-jjunkte  ihve  La;j:e  bei.  Die  FortjiHanzungs- 
geschwindigkcit  in  jillen  solchen  Driihten  i.st  daher  j^leich,  >uid  wir 
sind  berechli;:t  von  deraelbeu  als  einer  bestitumten  Cieeclnviiidigkeit  zu 
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Altlioiigh  the  impulsive  impedance  is  upparently  not  affected 
by  the  nnignetic  character  of"  the  wire,  our  experiments  lead 
us  to  believe  that  discbarges  of  the  quick  period  of  a  Leyden 
jar  are  affected  very  appreciably  by  the  ma(>;netic  nature  of 
iron,  steel,  and  nickel  conductors.  This  effect  is  so  great 
that  it  dam[)s  the  electrical  oscillations,  and  makes  it  diffi- 
cult to  determine  whether  the  time  of  oscillation  is  also 
affected  by  the  pei'meability  of  the  conductor. 

The  apparatus  employed  was  similar  to  that  described 
in  my  investigations  of  electrical  oscillations  with  an  air- 
condenser  (Proc.  American  Academy  of  Arts  and  Sciences, 
May  28,  1890).  Clertain  important  modifications,  however, 
were  made.  The  plane  mirror  which  I  used  in  the  former 
research  was  replaced  by  a  concave  mirror  of  10- feet  focus  and 
o\  inches  in  radius.  This  mirror  was  mounted  upon  the  end 
of  the  armature-shaft  of  a  one-half  horse-po\ver  electric  motor. 

The  discharging  apparatus  consisted  of  a  sharj)  cutting-tool, 
insulated,  and  mounted  on  the  edge  of  the  rotating  disk  bear- 
ing the  mirror.  It  was  metallically  connected  with  a  grooved 
ring  of  brass  mounted  upon  the  shaft  and  insulated  from  it 
by  hard  rubber.  Around  this  was  wound  a  coj)per  wire,  one 
end  of  which  was  connected  with  the  discharging  wire  and 
the  other  drawn  taut  by  a  rubber  band.  The  electrical 
discharge  was  thrown  upon  the  circuit  by  pushing  forward  a 
lever,  which  brought  a  solid  hinged  frame  containing  a  strip 
of  soft  type-metal  into  contact  with  the  rapidly  revolving 
steel  cutting-tool.  An  electrical  contact  was  thus  insured  by 
the  tool  cutting  a  groove  in  the  strip  of  type-metal.  In  order 
to  avoid  a  spark  at  the  contact,  the  type-metal  was  thickly 
covered  wath  a  wax  of  peculiar  composition.  The  only  spurk 
therefore  that  occurred  was  the  one  the  oscillations  of  which 
I  desired  to  study.  At  each  trial  the  type-metal  was  moved 
so  as  to  expose  a  new  cutting  surftice.  The  ty})e-metal  was 
insulated  from  the  rest  of  the  apparatus  but  connected  with 
the  outer  coating  of  the  Leyden  jar.  First,  both  terminals 
of  the  Holtz  machine  were  thrown  off,  and  innnediately  after, 
the  cutting-tool,  ploughing  its  way  through  the  type-metal, 
placed  the  outer  coating  of  the  Leyden  jar  in  circuit  with  one 
of  the  two  parallel  wires  leading  to  the  terminals  of  the  spark. 
The  other  wire  was  permanently  in  connexion  with  the  inner 
coating  of  the  jar. 


reden.  Auch  Eisendrahte  maclien  keine  Ausnahme  von  der  allgemeineii 
Kegel,  die  Maguetisirbarkeit  des  Eisens  kommt  also  bei  so  sclinelleii 
Bewegungen  uicht  in  Ijetraclit.'" — Ann.  der  I'/n/sik  und  C/tcmie,  vol.  xxxiv. 

18^8^  p.  5o8. 


Electrical  Oscillations  on  Iron  Wires.  5U7 

Besides  the  short  lead  wires  above  described,  the  discharging 
circuit  consisted  of  two  parallel  wires  '60  centim.  apart  and 
510  centim.  long.  These  were  the  only  portions  of  the  appa- 
ratus changed  during  the  experiment,  and  they  were  replaced 
by  wires  of  different  material  and  of  ditferent  size.  The  other 
conditions — length  of  spark,  lead  wires,  and  the  copper  cross- 
wire  connecting  the  outer  ends  of  the  long  parallel  wires — 
remained  undisturbed  throughout  the  experiment. 

The  Leyden  jar  was  charged  each  time  as  nearly  as  pos- 
sible to  the  same  potential,  judging  by  the  number  of  turns 
given  the  Holtz  machine.  It  is  unfortunate  that  no  more 
accurate  means  of  measuring  it  were  at  hand,  although  ihe 
different  negatives  showed  but  slight  variation.  The  capacity 
of  the  jar  with  alternations  of  this  period  was  5060  elec- 
trostatic units. 

I  describe  the  discharging  portion  of  the  apparatus 
minutely,  for  the  success  of  an  investigation  of  this  nature 
depends  upon  the  suppression  of  all  sparks  save  that  which 
one  wishes  to  observe,  and  my  method  surely  and  com])letely 
accomplished  this.  The  photograph  of  the  spark  could  thus 
be  made  to  fall  very  accurately  on  the  sensitive  plate.  When 
one  considers  that  the  image  of  the  spark  was  ilying  through 
the  air  on  a  circle  of  ten  feet  radius  with  a  velocity  of  a 
mile  a  second,  it  will  be  seen  that  an  extremely  small 
deviation  in  the  point  of  contact  between  the  cutting-tool 
and  the  type-metal  would  have  thrown  the  image  entirely 
off  the  sensitive  plate.  A  singular  phenomenon  was  noticed 
in  this  connexion.  When  a  comparatively  low  potential 
was  used,  such  as  that  afforded  by  the  air-condenser  used  in 
our  previous  investigation,  the  cutting-tool  ploughed  two  or 
three  millimetres  along  the  surface  oi'  the  type-metal  before 
a  spark  passed  at  the  point  in  the  circuit  where  it  was  desired. 
With  higher  potentials  this  phenomenon  was  also  observed 
but  the  extent  of  cutting  was  diminished.  It  is  possible  that 
the  insulating  wax  may  have  melted  under  the  sudden  blow 
of  the  cutting-tool,  and,  flowing  around  it,  prevented  instant 
contact.  This  seems  to  me  improbable,  for  a  deep  and  clear- 
cut  groove  was  made  in  the  soft  ty])e-metal.  Great  attention 
was  paid  to  the  solid  structure  of  this  contact  a})paratus. 
It  was  entirely  separate  from  the  support  of  the  resolving 
parts  and  was  perfectly  steady. 

Th(^  other  end  of  the  armature-shaft  was  lengthened  into  a 
cylindrical  chr()nogra[)h,  similar  to  that  described  in  the 
articK'  already  cited,  and  its  performance  left  nothing  to  be 
tlesired.  A  small  Kulunkorf  coil  excited  hy  two  storage 
cells,  and  interrupted  by  a  seconds  pendulum,  gave  u  record 
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of  the  s[)eed  of  the  mirror.  The  styhis  which  drew  tlie  s])iral 
turns  on  the  barrel  of  the  chronograph  was  drawn  along 
tlie  barrel  bv  means  of  a  small  heavily  loaded  carriage, 
which,  on  being  released  at  the  moment  the  lever  arm  threw 
the  type-metal  in  contact  with  the  cutting-tool,  descended  an 
inclined  plane  of  adjustable  height.  A  small  Toepler  Holtz 
machine  charged  a  large  Leyden  jar,  and  it  was  found  to  work 
admirably  in  all  states  of  the  weather. 

The  apparatus  which  I  have  thus  described  was  the  result 
of  the  experiments  of  the  previous  year  and  worked  for  months 
without  failure;  and  the  taking  of  })hotographs  of  the  oscil- 
latino-  discharo-e  by  it  became  a  mere  matter  of  routine. 

The  following  cases  were  tried  : — 

(1)  When  the  long  parallel  wires  were  of  copper  (diameter 
•087  centim.),  the  number  of  double  oscillations  visible  on  the 
negatives  avei-aged  quite  uniformly  9  or  il'S. 

(2)  Where  the  wires  were  of  German  silver  (diameter 
•0()1  centim.),  3  oscillations  were  visible. 

(3)  But  when  an  annealed  iron  wire  (diameter  '087  centim.) 
was  substituted,  only  the  first  return  oscillation  was  distinctly 
visible,  with  occasionally  a  trace  of  the  first  duplicate  discharge. 

(-4)  On  substituting  fine  copper  wire  (diameter  "027  centim.), 
5  complete  oscillations  were  quite  uniformly  visible. 

(5)  Fine  German  silver  wire  ('029  centim.),  nickel  wire 
(•019  centim.)*,  soft  iron  ("027  centim.),  and  piano  steel 
wire  ("027  centim.),  gave  but  faintly  the  first  return  discharge 
after  the  pilot  spark. 

The  pilot  sparks  were  in  all  cases  strong. 

The  single  return  discharge  through  the  iron  wire  did  not 
admit  of  measurement  sutticiently  accurate  to  furnish  any 
basis  for  calculation  of  its  self-induction.  The  time  did  not 
apparently  differ,  if  at  all,  by  more  than  14  or  15  per  cent. 
Some  general  reasoning  based  upon  the  number  of  oscillations 
may  be  of  interest.  It  must  be  acknowledged,  however,  that 
this  reasoning  is  open  to  criticism,  although  it  affords  the 
most  plausible  explanation  of  the  phenomenon.  The  phe- 
nomenon itself  is  not  a  doubtful  one. 

The  time  of  a  double  oscillation  for  the  large-sized  copper 
Mire  was  '0000020  sec,  for  the  small  copper  wire  '0000021 
sec.  The  others,  as  far  as  could  be  determined,  did  not  differ 
much  from  these  values,  and  for  this  purpose  either  value  is 
sufficiently  accurate.  Denote  by  H'  the  ohmic  resistance  of 
the  parallel  wires  to  alternating  currents  of  this  periodicity, 
by  K  the  resistance  to  steady  currents. 

*  OLtaiued  by  the  kindness  of  Joseph  Wharton,  Esq.,  of  Philadelphia. 
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2y=  —  =3,000,000  (practically). 

Taking  the  cases  up  in  order  : — 
(1)  Large  copper  wire, 

R=-285xlO^ 
and  substituting  in  Lord  Rayleigh's  formula 

R'=  /p/iR, 

R' =  •(30x10''. 
{'2)  Large  German  silver  wire, 

R=9-2xlO^ 
and  substituting  in  the  series 

it_it^i4-^^    R'^  180    R*     ^  •••> 

R'  =  9-2xlO^ 
(3j   Large  iron  wire, 

R  =  2-5xlO^ 

and  if  there  is  a  true  time  lag,  as  often  stated,  such  as  to  pre- 
vent action  of  the  magnetic  property  of  the  iron,  and  if  on 
this  assumption  we  make  /^^l, 

R'  =  2-78xl0^ 

(4)  Fine  copper, 

R=3•3xl0^ 
R'  =  3-5xl0''. 

(5)  Again,  as  before,  call  /i=l  in  iron,  nickel,  and  steel. 
Tlie  length  of  these  circuits  was  7*41  metres,  the  remainder 

of  the  10'20  metres — 2-79  metres — being  of  copper  wire  of 
R'  =  *94.  The  value  of  R'  in  the  separate  cases,  including 
in  each  the  resistance  "94  of  the  copper  portion,  was  as 
follows  : — 

Soft  iron 15-0  xlO", 

Piano-steel...   20-7  xlO^ 

Nickel 30-6  xlO^ 

German  silver  23*0  x  10^. 

The  raiio  of  the  strengths  of  successive  discharges  during 
the  oscillation  is  given  by  the  function 

rT 

wlu^re    r   is   the  ohmic   resistance,  T  the    time    of   a    double 
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oscillation,  and  L  tli(>  self-induction.  The  ratio  of  one  dis- 
charge to  the  /;.tli  one  after  it  is 

rT 

n.^x  • 

€  '^^ 

If  we  assume, — and  it  is  a  large  assumption,  hut  one  wliicli  per- 
haps the  result  will  in  soTne  measure  justify', — that  the  ratio  of 
the  strentrth  of  the  first  to  the  strength  of  the  last  visible  dis- 
charge  is  more  or  less  a  constant,  we  may  make  use  of  the  above 

T 

data.     Denote    ^-  by  A,  and  call   the  unknown  resistance  of 

the  short  connecting  lead  wires  and  of  the  spark  .v.  Then 
will  r  =  K'  +  x  ;  n  will  be  the  number  of  complete  oscillations 
visible. 

Take  cases  (1)  and  (2),  large  co})per  and  large  German 
silver  wires, 

9-5  ('GG  +  .t')  =3(9-2  +  ^), 

,v='d'4:  ohms. 

Taking  cases  (1)  and  (4),  large  copper  and  small  copper, 
similarlv, 

9-5  (•  GG  +  .r)  =5(3-5 +  .r), 

^  =  2*6  ohms. 

Experiments  with  other  copper  wires  having  R'  equal  to  3"4 
and  1*27  gave  5  and  8  for  the  values  of  n  respectively,  or 
a'  =  2"4  ohms. 

The  resistance  (R')  of  the  lead  wires  forming  part  of  .r  was 
•8  ohm,  leaving  as  a  possible  value  for  the  resistance  of  the 
spark  about  2  ohms. 

If  takino;  this  value   of  a;  we  calculate  the  value    of  R' 
necessarv  to  damp  out  the  oscillation  in  one  complete  double 
discharge  in  the  case  of  the  large  iron  wire,  we  shall  have 
9-5(-GG  +  3)  =  l(R'  +  3), 
R'  =  30  ohms. 

But  neglecting  the  magnetic  property  of  the  iron,  its  cal- 
culated resistance  to  alternating  currents  of  this  periodicity 
was  R'  =  2'78  ohms.  This  is  obviously  inadequate  and  would 
point  to  the  conclusion  that  the  oscillation  is  not,  as  some- 
times stated,  too  rapid  to  admit  of  the  magnetic  action  of  the 
iron. 

If  we  substitute  this  value  R'  =  30  in  the  equntiou 


Electrical  Oscillations  on  Iron   Wires. 


511 


we  have  for  the  resulting  value  of  the  magnetic  permeability 

IX  =  230. 

This  lies  between  the  limits  /x=103  and  yLt=:1110,  found  by 
taking  the  number  of  oscillations  one  and  a  half  and  one  half 
respectivelv  for  the  case  of  the  iron  wire. 

It  should  be  noticed  that  this  estimate  of  /ul  necessitates 
assuming  that  T  and  L  remain  the  same  within  broad  limits. 
Measurements  of  the  single  oscillation  on  the  nesatives  show 
that  this  is  near  enough  the  case.  Part  of  the  more  rapid 
decay  of  the  oscillation  in  the  iron  may  be  well  ascribed  to  the 
dissipation  of  energy  by  hysteresis.  While  we  cannot  place 
much  reliance  upon  an  estimate  of  its  value  in  such  a  case — 
its  percentage  efiect  probably  increasing  rapidly  with  the 
decay  of  the  spark — it  is  not  difficult  to  show  that  its  influence 
may  be  very  great. 

There  still  remains  the  fact,  not  generally  recognized,  that 
in  Leyden-jar  discharges  through  iron  wires  the  magnetic 
pro|)erty  of  the  iron  has  time  very  materially  to  modify  the 
character  of  the  spai'k. 

I  give  an  exam})le  of  the  measurement  of  the  half  oscil- 
lation, which  was  the  only  one  visible  on  the  photograph  of 
the  discharge  over  iron  wdres,  all  the  others  having  been 
damped  or  extinguished  by  the  iron,  in  comparison  with 
the  measurement  of  the  similar  half  oscillation  on  copper 
wires  of  the  same  diameter  as  the  iron  wires.  The  number  of 
oscillations  on  the  copper  wires  was  from  eight  to  ten.  The 
total  duration  of  the  discharge  on  iron  wires  was  only  three 
millionths  of  a  second,  while  that  on  similar  copper  wires  was 
three  hundred-thousandths  of  a  second.  A  steel  wire  gave  the 
same  results  as  the  annealed  iron  wires. 


Fine  Iron  Wire. 

Length  of  first 
half  oscillation 
in  luillimetres. 

Large  Iron  Wire. 

Length  of  first 
hal  f  oscillation 
in  millimetres. 

•23 
•21 
•19 

•21 

•20 
•20 
•19 

•19 

Fine  Copper 
Wire. 

•19 
•20 
•20 

•19 

Large  Copper 
Wire. 

•17 
•18 
•20 

•18 
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I  wish  to  express  my  dee|)  obligations  to  my  assistant,  Mr. 
W.  V'.  Sabine,  tor  his  valuable  suggestions  and  for  his  skill  in 
the  mechanical  details  of  this  investigation. 

Conclusions. 

1.  The  magnetic  permeability  of  iron  wires  exercises  an 
important  influence  upon  the  decay  of  electrical  oscillations 
of  high  frequency.  This  influence  is  so  great  that  the 
oscillations  may  be  reduced  to  a  half  oscillation  on  a  circuit 
of  suital)le  self-induction  and  capacity  for  producing  them. 

2.  It  is  probable  that  the  time  of  oscillation  on  iron  wires 
may  be  changed.  Since  I  have  been  able  to  obtain  only  a 
half  oscillation  on  iron  wires,  I  have  not  been  able  to  state 
this  law  definitely. 

3.  Currents  of  high  frequency,  such  as  are  produced  iu 
Leyden-jar  discharges,  therefore  magnetize  the  iron. 

Jefferson  Physical  Laboratory, 
Cambridge,  U.S. 


liXII.  Table  of  Zonal  Spherical  Harmonics,  calculated  by 
Messrs.  C.  E.  Holland,  P.  R.  Jones,  and  C.  G.  Lamb. 
With  a  short  Explanation  and  some  Illustrations  of  its  use 
by  Professor  John  Perry,  D.Sc,  F.R.S* 

[Plate  I.] 

I  HAD  intended  merely  to  present  to  the  Society  for  publi- 
cation a  table  of  Zonal  Spherical  Harmonics.  But  some 
Members  whom  I  have  consulted  seem  to  think  that  I  ought 
also  to  give  one  or  two  examples  of  the  practical  use  of  such 
II  table.  The  Members  of  the  Society  will,  I  hope,  pardon 
my  putting  before  them  one  or  two  elementary  examples. 

The  use  of  Spherical  Harmonics  in  the  numerical  solution 
of  practical  problems  is  almost  unknown,  I  believe,  except  at 
the  Finsbury  Technical  College,  where,  every  year,  I  have 
been  accustomed  to  make  some  Electrical  Engineering  students 
work  a  few  common  examples.  My  students  have  for  some 
years  been  in  possession  of  tables  of  zonal  harmonics,  but  this 
year  I  have  thought  it  well  to  make  the  tables  more  complete 
and  to  get  them  published  for  the  general  use  of  students  of 
practical  physics. 

I  have  been  told  that  many  of  the  users  of  such  a  table 
would  be  glad  of  a  few  statements  of  the  general  principles 
underlying  its  use.     For  the  proofs  of  these  statements  readers 

*  Communicated  by  the  Physical  Society  :  read  November  14,  1890. 
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are  referred  to  Mathematical  treatises.  Many  readers  will 
be  satisfied  with  the  treatment  of  the  subject  in  Mr.  Ferrer's 
excellent  treatise,  which  is,  however,  written  only  for  beginners. 
In  problems  on  Heat  Conduction  (V  being  temperature), 
on  Hydrodynamics  of  incompressible  fluids  (V  being  velocity- 
potential"^),  in  Electrostatics  (V  being  electric  potential),  in 
Magnetism  (V  being  magnetic  potential),  and  in  many  other 
applications  of  Physics,  we  require  to  find  V  a  function  of 
tf,  y,  z  which  shall  satisfy  the  equation 

dw^  ^  df  "^   dz^  ~  ^' ^^ 

or,  as  it  is  usually  written,  V^V'  =  0  .  .  .  (1),  and  which  shall 
also  satisfy  certain  other  conditions.  Now  there  are  many 
kinds  of  function  which  satisfy  equation  (1).  The  definition 
of  a  Spherical  Harmonic  is  "  a  homogeneous  function  of 
,T,  y,  and  z^  which  satisfies  equation  (1)." 

If  such  a  function  can  be  found,  say  of  the  /th  degree,  and 
if  we  divide  it  by  r-^+^  where  v'^  =  x^  ^- y^ -{■  z^ ,  it  can  be  proved 
that  the  resulting  expression  will  also  satisfy  (1),  where  i  may 
be  a  positive  or  negative  integer  or  fraction. 

Now  if  a  Spherical  Harmonic  of  degree  i  (generally  called  a 
Solid  Spherical  Harmonic)  be  divided  by  ?•*,  we  get  what  is 
called  a  Surface  Spherical  Harmonic  of  degree  i. 

It  was  shown  by  Green  that  if  there  is  a  function  V 
which  satisfies  equation  (1)  at  every  point  of  any  given 
surface,  then  it  is  the  only  function  which  satisfies  (1) 
throughout  space  ;  and  there  is  always  a  function  V  obtainable 
which  satisfies  (1).  It  is  the  characteristic  property  of  a 
surface  spherical  harmonic  distribution  of  density  of  attracting 
matter  on  a  spherical  surface,  that  it  produces  a  similar  and 
similarly  placed  spherical  harmonic  distribution  of  potential 
over  any  concentric  spherical  surftice  throughout  space,  ex- 
ternal and  internal. 

Instead  of  using  x,  y,  and  z  coordinates  we  may  of  course 
use  r,  6,  and  ^  coordinates. 

*  When  there  exists  a  velocity-potential  V  in  a  portion  of  fluid,  we 
mean  that  the  velocity  of  the  fluid  at  any  place  resolved  in  the  direction 
s  is 

els ' 

When  the  motion  is  ''rotational,"  as  in  the  wheel  of  a  centrifugal  pump 
or  turbine,  a  velocity-potential  does  not  exist.  In  any  portion  of  a 
frictionless  fluid,  if  there  is  irrotationality,  that  is,  if  there  is  a  velocity- 
potential,  the  ])roperty  cannot  be  destroyed. 

Phil.  Mag.  S.  5.  VoL  32.  No.  199.  Dec.  1891.         2  M 
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In  a  great  number  of  practical  cases  V  is  symmetrical 
about  an  axis,  and  a  symmetrical  spherical  harmonic  is  said 
to  be  a  Zonal  Spherical  Harmonic.  Taking  the  axis  of  sym- 
metry as  the  axis  of  ^,  V  is  a  function  of  z  and  \^a;^+y'^. 
Or,  in  polar  coordinates,  V  is  a  function  of  r  and  0. 

Let  0  be  a  point  in  the  axis,  the  origin  of  coordinates  ; 
let  the  distance  of  any  point  P  from  O  be  called  r,  let  the 
angle  between  0  P  and  the  axis  be  called  6,  then  in  any  dis- 
tribution which  has  an  axis  of  symmetry  we  need  only  to 
know  r  and  6.  And  over  any  spherical  surface  whose  centre 
is  0,  the  distribution  will  be  a  function  gf  0.  Any  zonal 
surface  spherical  harmonic  is  then  merely  a  function  of  0,  and 
I  give  a  table  of  values  of  these  for  values  of  0  differing  by 
1°  from  0°  to  90°,  up  to  the  harmonic  of  the  seventh  degree. 
These  are  indicated  by  Pq,  Pi,  P2,  &c.  P7. 

The  surface  harmonic  of  no  degree  is  1,  and  is  indicated 

byPo. 

The  student  is  referred  to  Mathematical  treatises  for  the 
proof  that,  if  /j,  be  written  to  represent  cos  0,  then 

Po=l, 

Pi  =  /^, 


^3-        2       , 


^4—  r , 


i5 
,5 


P«= 


23V-315/^^  +  105yit^-5 
16 


p  _429/i'-693^H315/^'-35Afc 

Any  function  of  0  may  be  expanded  in  terms  of  Pq,  Pi,  Po, 
&c.,  that  is  any  symmetrical  function  Y  may  be  expanded  in 
a  series  of  Zonal  Spherical  Harmonics.  Take,  for  example,  the 
powers  of  cos  0,  it  may  be  shown  that 


And  also 
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/*   —  9  P2  +   .J  Po> 


^^=|P3+|P„ 


8  _       4 ,.       1  ,^ 


/X'»=^p^+^p^^_lp 


00    "      <      -      0 


Cos    6'=Pi, 


!p_i 
3^2    3 


Cos2^=^P2- JPo, 


Cos3^=|P3-|Pi, 
Cos4^=|p.-^^P.-^^P,, 

Cos5^=^P,-|P3-^P. 

There  is  an  easy  rule  for  expanding  any  function  of  ^  in 
terms  of  Pq,  P^,  P2  &c. 

The  following  table  up  to  P5  was  primarily  calculated 
separately  by  Messrs.  C.  E.  Holland  and  P.  R.  Jones,  Avho 
checked  each  other's  result  by  comparison. 

Mr.  C.  G.  Lamb  applied  certain  checks  to  the  results  of 
Messrs.  Holland  and  Jones,  and  then  calculated  Pg  and  P7. 

It  is  quite  easy  to  extend  the  table  to  Pg,  for  it  can  be 
proved  that  there  is  a  law  connecting  three  consecutive  har- 
monics, say  the  (?i  — 2)th,  (w  — l)th,  and  the  ?ith. 

»P.=  (2«-l)/.P„_l-(/<-l)P„_2. 

■2  M  2 


16 


DiO 
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9. 

P,- 

1^- 

P,. 

P4. 

.  ^^• 

Pu- 

Pt- 

0 

1-()(JU0 

1^0000 

l^OOOO 

1-0000 

1-0000 

roooo 

roooo 

1 

•9998 

•9995 

•9991 

■9985 

•9977 

•9967 

•9955 

v» 

•9994 

•9982 

•9963 

■9939 

•9909 

•9872 

(        -9829 

3 

•9986 

•9959 

•9918 

•9863 

•9795 

•9713 

•9617 

4 

•9976 

•9927 

•9854 

•9758 

•9638 

•9495 

•9329 

5 

•99C)2 

•9886 

•9773 

•9623 

•9437 

•9216 

•8961 

fi 

•9945 

•9836 

•9674 

•9459 

•9194 

•8881 

•8522 

7 

■9925 

•9777 

•9557 

•9267 

•8911 

•8476 

•7986 

8 

•9903 

■9709 

,     ^9423 

•9048 

•8589 

•8053 

•7448 

9 

•9877 

■9633 

•9273 

•8803 

•8232 

•7571 

•6831 

10 

•9848 

■9548 

•9106 

•8532 

•7840 

•7045 

■6164 

11 

•9816 

■9454 

•8923 

•8238 

•7417 

•6483 

■5461 

12 

•9781 

■9352 

•8724 

•7920 

•6966 

•5892 

•4732 

13 

•9744 

■9241 

•8511 

•7582 

•6489 

•5273 

•3940 

14 

•9703 

■9122 

•8283 

•7224 

•5990 

•4635 

•3219 

15 

•9659 

■8995 

•8042 

•6847 

•5471 

•3982 

•2454 

16 

•9613 

■8860 

•7787 

•6454 

1       ^4937 

•3322 

•1699 

17 

•9563 

■8718 

•7519 

•6046 

1       ^4391 

•2660 

•0961 

18 

•9511 

■8568 

•7240 

•5624 

':          -383(3 

•2002 

•0289 

19 

•9455 

■8410 

■6950 

•5192 

•3276 

•1347 

-•0143 

20 

•9397 

■8245 

•6649 

•4750 

•2715 

•0719 

-•1072 

21 

•9336 

•8074 

•6338 

•4300 

•2156 

•0107 

-•1662 

22 

•9272 

•7895 

•6019 

•3845 

•1602 

-•0481 

-•2201 

23 

•9205 

•7710 

•5692 

•3386 

•1057 

-•1038 

-■2681 

24 

•9135 

•7518 

•5357 

•2926 

•0525 

-•1559 

-■3095 

25 

•9063 

•7321 

■5016 

•2465 

•0009 

-•2053 

-•3463 

26 

•8988 

•7117 

■4670 

•2007 

-•0489 

-•2478 

-•3717 

27 

•8910 

•6908 

•4319 

•1553 

-•0964 

-■2869 

-•3921 

28 

•8829 

•6694 

•3964 

•1105 

-•1415 

-•3211 

-•4052 

29 

•8746 

■6474 

•3607 

■0665 

-•1839 

-•3503 

-•4114 

30 

•8660 

•6250 

•3248 

■0234 

-•2233 

-•3740 

-•4101 

31 

•8572 

•6021 

•2887 

-■0185 

-•2595 

-■3924 

-•4022 

32 

•8480 

•5788 

•2527 

-■0591 

-•2923 

-•4052 

-•3876 

33 

•8387 

•5551 

•2167 

-•0982 

-•3216 

-•4126 

—•3670 

34 

•8290 

•5310 

•1809 

-•1357 

-■3473 

-•4148 

-•3409 

35 

•8192 

•5065 

•1454 

-•1714 

-•3691 

-•4115 

-■3096 

l',(j 

•8090 

•4818 

•1102 

-•2052 

-•3871 

-■4031 

-■2738 

37 

•7986 

•4567 

•0755 

-•2370 

-•4011 

-■3898 

-■2343 

38 

■7880 

•4314 

•0413 

-•2666 

-•4112 

-■3719 

-•1918 

39 

■7771 

■4059 

■0077 

-•2940 

-■4174 

-•3497 

-■1469 

40 

■7660 

■3802 

-•0252 

-  ■sioo 

-■4197 

-■3234 

-•1003 

41 

■7547 

■3544 

-•0574 

-•3416 

-•4181 

-■2938 

-•0534 

42 

■7431 

•3284 

-■0887 

-■3616 

-•4128 

-•2611 

-•0065 

43 

■7314 

•3023 

-•1191 

-■3791 

-•4038 

-•2255 

•0398 

44 

■7193 

•2762 

-•1485 

-■3940 

-•3914 

-•1878 

•0846 

45 

•7071 

•2500 

-•1768 

-  -4062 

-•3757 

-•1485 

•1270 

46 

'6947 

•2238 

-  ■2040 

-■4158 

-•3568 

-•1079 

•1666 

47 

•ns20 

•1977 

-■2300 

-  -4252 

-•3350 

-■0645 

•2054 

48 

•6691 

•1716 

-•2547 

-■4270 

-•3105 

-•0251 

•2349 

49 

•6561 

•1456 

-■2781 

-•4286 

-•2836 

+•0161 

•2627 

50 

■642S 

•1198 

-■3002 

-■4275 

-•2545 

+•0563 

•2854 

51 

•6293 

■0941 

-■3209 

-•4239 

-•2235 

+•0954 

•3031 

52 

■6157 

■0686 

-■3401 

-•4178 

-•1910 

+  ■1326 

•3153 

53 

■6018 

•0433 

-■3578 

-•4093 

-•1571 

+  ■1677 

•3221 

54 

] 

■5878 

■0182 

-•3740 

-•3984 

-•1223 

+■2002 

•3234 
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e. 

Pi- 

P.. 

Pa- 

P.- 

P. 

P.;- 

Pt- 

o 

55 

•5736 

-•0005 

-•3886 

-•3852 

-•0868 

+•2297 

•3191 

56 

•5592 

-■0310 

-•4016 

-•3698 

-•0510 

+•2559 

•3095 

57 

•5446 

-•0551 

-•4131 

-•3524 

-•0150 

+•2787 

•2949 

58 

•5299 

-•0788 

-•4229 

-•3331 

•0206 

+•2976 

•2752 

69 

•5150 

-•1021 

-•4310 

-•3119 

•0557 

+•3125 

•2511 

60 

•5000 

-•1250 

-■4375 

-•2891 

•0898 

+•3232 

•2231 

61 

•4848 

-•1474 

-•4423 

-■2647 

•1229 

+  •3298 

•1916 

62 

•4695 

-  •1694 

-■4455 

-•2390 

•1545 

+  •3321 

•1571 

63 

•4540 

-•1908 

-•4471 

-•2121 

•1844 

+•3302 

•1203 

64 

•4384 

-•2117 

-•4470 

-•1841 

•2123 

+•3240 

•0818 

65 

•4226 

—•2321 

-•4452 

-•1552 

■2381 

+•3138 

•0422 

66 

•4067 

-■2518 

-•4419 

-•1256 

•2615 

+•2996 

•0021 

67 

•3907 

-•2710 

-•4370 

-•0955 

•2824 

+•2819 

-•0375 

68 

•3746 

-•2896 

-•4305 

-■0650 

•3005 

+•2605 

-■0763 

69 

•3584 

-•3074 

-  -4225 

-■0344 

•3158 

+  •2361 

-1135 

70 

•34'20 

-•3245 

-•4130 

•0038 

•3281 

+•2089 

-•1485 

71 

•3256 

-•3410 

-•4021 

•0267 

■3373 

+  •1786 

-•1811 

72 

•3090 

-•3568 

-•3898 

•0568 

•3434 

+•1472 

-•2099 

73 

•2924 

-•3718 

-•3761 

■0864 

•3463 

+•1144 

-•2347 

74 

•2756 

-•3860 

-■3611 

■1153 

■3461 

+■0795 

-•2559 

75 

•2588 

-•3995 

-•3449 

•1434 

■3427 

+  •0431 

-•2730 

76 

•2419 

-•4112 

-•3275 

■1705 

■3362 

+•0076 

-•2848 

77 

•2250 

-•4241 

-•3090 

■1964 

■3267 

-•0284 

-•2919 

78 

•2079 

-  -4352 

-•2894 

■2211 

•3143 

-0644 

-•2943 

79 

•1908 

-•4454 

-•2688 

•2443 

•2990 

-•0989 

-•2913 

80 

•1736 

-•4548 

-•2474 

■2059 

•2810 

-•1321 

-•2835 

81 

•1564 

-•4633 

-•2251 

■2859 

•2606 

-•1635 

-•2709 

82 

•1392 

-•4709 

-•2020 

•3040 

•2378 

-•1926 

-•2536 

83 

•1219 

-•4777 

-•1783 

•3203 

•2129 

-•2193 

-•2321 

84 

•1045 

-•4836 

-■1539 

•3345 

•1861 

-•2431 

-•2067 

85 

•0872 

-•4886 

-■1291 

•3468 

•1577 

-•2638 

-•1779 

86 

•0698 

-•4927 

-•1038 

•35(>9 

•1278 

-•2811 

-•1460 

87 

•0523 

-•4959 

-•0781 

•3648 

•0969 

-•2947 

-•1117 

88 

•0349 

-•4982 

-•0522 

•3704 

•0651 

-•3045 

-0735 

89 

•0175 

-•4995 

-•0262 

•3739 

•0327 

-•3105 

-•0381 

90 

•0000 

-  -5000 

-•0000 

•3750 

•0000 

-  •3125 

•0000 

N.B.— To  find  P^,  if  6  lies  between  1)0°  and  180°,  look  up 
the  value  for  tlie  angle  1(S0°  — ^,  and  change  the  sign  if  /  be 
odd. 

When  Pi,  Pg,  &c.  are  plotted  as  radial  heights  and  depths 
above  and  below  a  quadrant,  the  resulting  curves,  especially 
if  coloured,  are  exceedingly  interesting.  A  student  can  draw 
them  to  a  useful  scale  in  about  one  hour. 

Example  I. 

The  density  a  of  attracting  mutter  on  a  spherical  shell 
1   centim.    in    radius    is   proportional  to  the    square    of  the 
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distance  of  any  point  from  a  diametral  plane,  being  6  per  square 
centimetre  where  greatest :  find  the  potential  A  inside  and  B 
outside.  Taking  the  diametral  plane  as  the  equator  and  0  as 
the  co-latitude,  it  is  obvious  that 

cr=6fi\ 

The  expansion  of  fjp  in  spherical  harmonics  is  already  given  as 

So  that  we  have  o-  in  spherical  harmonics, 

C7=2Po  +  4P2. 

Hence,  as  A  and  B  are  derivable  from  the  same  surface 
harmonics. 

A  =  AoPo+A2r'2P2, 

B  =  ?-«Po+^2p. 

r  r"*     "' 

where  Aq,  A2,  Bq,  Bg  are  constants  to  be  found. 

Now  at  the  surface,  that  is  where  r=l,  A  =  B,  and  we  can 
apply  this  to  every  harmonic  separately.     Hence 

-^0  =  -Doj       A2  =  B2. 

Again,  we  know  from  the  theory  of  attraction  that  the 
resultant  force  just  outside  and  just  inside  the  shell  differs  by 
the  amount  47rcr,  or 

^A      dB      , 
dr       dr 

and  this  is  to  be  applied  to  every  harmonic  separately.  Thus, 
taking  terms  involving  Po,  we  have 

0  +  Bo?'-2  =  47rx2; 
or  putting  r=l, 

^  *  Bo=87r. 

Again,  taking  the  second  terms, 

2A2r  +  3B2r-''  =  47rx4  ; 
or,  as  A2  =  B2,  and  putting  r  =  l, 

5B2  =  167r,     .'.  B2=-F-7r. 


Table  of  Zonal  Spherical  Harmonics. 

Hence  we  have 

1  c 
Inside  potential     A  =  Stt  Pq  4-  ^  Trr-  Pg, 

Outside  potential   B=  —  Po+  ^t^tt-sP,  ; 
r  0      r 
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or 


—  =Po  +  -r2P2  =  «say, 


B^ 


2  1 

5  7'= 


—  ~,  Po+  nT^gPs  —  ^3  ^^.Y' 


(1) 

(2) 


As,  for  our  purpose,  the  actual  unit  of  potential  is  unimportant, 
we  will  use  «  for  ^— ,  and  /3  for  -=;— • 

OTT  OTT 

I  had  no  notion  of  how  the  equipotential  surfaces  would  shape, 
and  I  tried  to  avoid  forming  any  such  notion,  as  it  was  my 
object  to  test  the  usefulness  of  the  tables  in  working  out  any 
new  problem.  The  first  thing  that  it  strikes  one  to  do  in  tliis 
case  is  to  find  the  potential  on  the  sphere  itself.  This  can  be 
done  from  either  (1)  or  (2)  by  putting  r=\,  and  then 


a  =  Po+^P2, 


or  l+^Pg. 


We  can  now  find  a  for  various  values  of  d,  using  the  table. 
Thus  when  ^  =  0,  P2=l,  and  therefore  a=l4.  Thus  we  have 
the  following  values : — 


e 

0 

15 

30 

45 

60 

75 
-•3995 

90 
-•5000 

P. 

1 

•9 

•625 

•25 

-•125 

a   

1-4 

1-30 

1-25 

M 

0-95 

0-84 

0-80 

Next,  take  any  value  of  d,  say  6'= 45°.     Then  from  the 
table,  Po  =  0-2500,  so  that 

1 


inside,     «=1  +  —  ^.2  . 
'  10      ' 

outside,  /S=  — 1 — 


or 


lOr'-^  +  l 
10  r^ 


For  any  value  of  r  less  than  1  we  calculate  a;  for  any  value 
of  r  greater  than  1  we  calculate  /3. 
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For  ^=45°. 


r  ... 

0 

•1 

•2 

•3 

-4 

•5 

•6 

•7 

•8 

•9 

10 

tt  ... 

1 

1-001 

1004 

1-009 

1-016 

1-025 

rose 

ro49 

1^064 

ro8i 

MOO 

f ... 

1-2 

1-4 

1-6 

1-8 

2-0 

2^2 

2-6 

3^0 

3-5 

4 

h 

/3... 

•8912 

•7507 

■05 

,•572 

•512 

•2 

Now  on  a  sheet  of  squared  paper  I  plotted  the  vahies  of  r 
and  a  or  /3,  and  so  found  the  vakies  of  v  for  such  particular 
vahies  of  a  or  ;8  as  seemed  suitable  for  curve-drawing.  In 
fact  I  found  the  values  of  v  for  ^  =  45°  for  various  equi- 
potential  surfaces. 

Repeating  this  for  other  values  of  Q  and  drawing  radial 
lines  on  a  sheet  of  paper,  it  was  easy  to  draw  the  equipoten- 
tial  surfaces. 

The  figure  (PI.  I.)  was  obtained  in  this  way  by  Mr.  Josehn. 
It  shows  the  equipotential  surfaces  from  0"5  to  1'4.  These 
surfaces  are  surfaces  of  revolution.  Of  course  the  resultant 
force  anywhere  is  inversely  as  the  normal  distance  apart  of 
the  equipotential  surfaces,  and  the  direction  of  the  force  is 
everywhere  normal  to  the  equipotential  surfaces. 

Example  II. 

One  circular  spire  of  wire  of  radius  a  has  an  electric  cur- 
tric  current  C  flowing  in  it.  Find  the  electromagnetic  potential 
everywhere. 

At  any  point  on  the  axis,  z  centimetres  from  the  centre, 
the  potential  is 


""='<'- ^hi) 


(1) 


It  is  always  worth  while  at  first  to  get  an  idea  of  the  range  of 
values  of  V. 

Putting  .-  =  0,         V  =  27rO. 


V  =  -293x27rC. 

V  =  0. 
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For  the  sake  of  ease  of  calculation  let  27rC  =  l,  and  let 
a  =  l  centim. 

Then  V  =  l- 


Vz'  +  l 

We  can  expand  this  in  powers  both  of  z  and  of  -,  and  we  have 
either 

or 

„llol        51        35    1        ,,  ,^ 

^=2?-8?  +  lG?-128?  +  ^^-     •     •     •     (3^ 

Now,  if  we  can  find  V  as  a  function  of  r  and  6  which  is  correct 
alono-  the  axial  line,  then  it  must  be  correct  everywhere. 
[This  is  Green's  theorem,  assuming  that  the  axial  line  to 
infinity  is  a  cylindric  surface  of  no  lateral  dimensions.]  But 
it  is  obvious  that 

becomes  (2)  when  ^  =  0  ;  and 

„      IP,      3  Pa       5  Pa       35  P7      , 

^=2P^~87"+167""128?+*^^-      •       •     (^) 

becomes  (3)  when  ^  =  0. 

Hence  these  express  the  potential  everywhere.  The  first 
of  these  is  useful  for  calculation  only  when  r  is  less  than  1, 
The  second  is  useful  only  when  r  is  greater  than  1. 

And  this  shows  a  defect  of  the  Spherical  Harmonic  method. 
For  if  J"  is  nearly  1  we  cannot  easily  calculate  V  from  either 
of  the  series,  having  to  use  too  many  terms.  It  will,  however 
be  found,  even  in  this  case,  that  when  we  use  the  harmonics 
up  to  Pii  for  any  value  of  6  we  can  plot  V  on  squared  paper 
from  r  =  0  to  r=0*9,  and  from  7'=1-1  to  values  of  r  as 
large  as  we  please.  If  the  intermediate  part  of  the  curve  from 
7'=0'9  to  r=  1*1  be  drawn  with  a  little  judgment,  it  is  astonish- 
ing how  quickly  and  accurately  the  cquipotential  surfaces 
may  be  drawn.  The  result  may  be  compared  with  the  lines 
of  force  as  worked  out  by  the  eUiptic  integral  method  of 
Sir  William  Thomson. 

Any  such  Electromagnetic  solution  is  also  the  solution  of  a 
Hydrodynamic  problem. 

The  princii)l('  ado[)teil  in  tliis  example  is  very  useful.     It  is 
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this : — If  the  potential  at  any  point  ulong  an  axis  is  expressible 
as 

Aq  +  AiZ  +  A2Z^+  &q.,   where  Aq,  Aj,  Ag,  &c.  are  constants, 
then  the  potential  anywhere  is 

AoPo  +  AiPi^«  +  A2P27'2+  &c. 

If  the  potential  along  an  axis  is 

—  +  —  +  73-  +  &c.,  where  B^,  Bj,  Bg,  &c.  are  constants, 
the  potential  anywhere  is 

BqPo       ,        BjPj  B2P2        ,  n^ 

I  gave  to  Mr.  Holland,  as  an  example,  the  case  of  a  hollow 
cjlindric  coil  of  wire,  2  centiin.  long,  1  centim.  in  radius 
inside,  and  2  centim.  radius  outside  :  to  find  the  magnetic 
potential  everywhere  when  there  are  n  turns  of  wire  in  the 
coil  per  unit  length  of  the  coil  and  there  is  unit  current  in 
the  wire.  Mascart  gives  for  such  a  case  the  force  at  any 
point  of  the  axis,  and  it  is  possible  to  expand  Mascart's  ex- 
pression in  powers  of ;:  and  again  in  powers  of  -  ;  so  that  it 

is  easy  to  get  the  potential  in  powers  of  z  and  of  -,  and  there- 
fore, as  in  the  last  case,  the  potential  everywhere.  Now 
inside  the  coil  and  well  outside  it  only  a  few  terms  of  the 
series  need  calculation  ;  but  just  at  the  ends  of  the  coil  the 
calculation  is  troublesome  because  many  terms  are  required. 

Mr.  Holland  tried  to  shorten  the  work  in  the  following 
way.  He  found  that  the  potential  at  points  along  the  axis 
could  be  expressed  ajjjyroximatehj  from  ;:  =  0  to  z=2'5,  with  a 
maximum  error  anywhere  of  only  2  per  cent.,  by 

V  =  27r;r(2--4884^  +  -05513/--005185-'  +  -00022c'^), 

z  being  measured  from  the  middle  point  of  the  coil. 

Hence,  he  said,  the  magnetic  potential  at  a  point  r,  6  is 

V  =  27rn2{2--4884Pir  +  -05513P3?''--00518P57'^  +  -00022P,7»^}. 

From  this  he  plotted  equipotential  surfaces  and  lines  of  force. 
He  found  that,  inside  the  coil,  and  indeed  everywhere  near  the 
coil  except  certain  critical  positions,  these  were  approximately 
correct.  But  at  the  flat  ends  close  to  the  wire  they  were 
absurdlv  wrong.  It  is  easy  now  to  see  the  physical  meaning 
of  Mr.  Holland's  approximation,  and  why  we  cannot  use  this 
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ingenious  quick  way  of  working  ;  but  we  had  to  be  taught  by 
experience. 

Examj^le  III. 

A  solid  bounded  by  a  surface  of  revolution  moves  axially  in 
an  infinite  mass  of  incompressible  fluid  wliich  has  no  other 
motion  than  this  gives  to  it.     Find  the  motion. 

In  this  case 

V'V  =  0: 

dSf  . 

and  — -J-  at  any  point  at  the  surface  of  the  solid  (dn  being 

an  element  of  the  normal)  in  the  fluid  is  really  the  normal 

velocity  of  the  solid  itself.     Again,  V  must  be  constant  at  any 

infinite  distance. 

This  may  easily  be  worked  out  for  any  surface  of  revolution. 

Applying  it  to  a  sphere  of  1  centim.  radius.     Let  v  be  the 

velocity  of  the  centre  of  the  sphere  in  the  direction  parallel  to 

dY 
the  axis  of  z.     Then  —j-=v  cos  6  at  any  point  at  the  surface 

of  the  sphere.  ^  ' 

Expressing  V  in  zonal  harmonics,  and  taking  it  as  0  at  an 

infinite  distance, 

V=  Mo  +  ^  +  M^  +  &c. 

r  T"  r 

rfV    ,  .  . 

-y-  when  r=l  is 
dr 

ycos6'=-AoPo-2AiPi-3A2P2-  &c. 
But  P,=/A=  cos  6,  so  that  the  other  coefficients  vanish,  and 

A---, 
so  that 

v=-i^P, (1) 

The  equipotential  surfaces  which  a  student  will  draw  from  (1) 
are  perfectly  well  known.  It  is  a  good  exercise  to  draw  them. 
If  now  a  velocity  —  u  is  impressed  upon  the  whole  system, 
sphere  and  fluid,  we  have  the  case  of  the  sphere  at  rest  and 
the  fluid  moving  past  it.  We  now  merely  add  the  term 
—  vrcoaO  to  (1)  and  obtain 

V=-r(r+i;,)p„ (2) 

which  again  is  easily  represented  upon  paper  in  equipotential 
surfaces. 
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LXIII.    A  Kinetic   Theory  of  Solids,  with  an  Experimental 
Introduction.    By  William  Sutherland. 

[Concluded  from  p.  225.] 

Theory. 

THE  working  out  of  a  kinetic  theory  of  solids  ought,  on 
purely  theoretic  grounds,  to  have  proved  a  simpler  matter 
than  that  of  the  kinetic  theory  of  gases,  because  in  solids 
each  molecule  abides,  about  a  fixed  mean  position;  but  the 
generality  of  the  two  great  experimental  laws  of  perfect 
gases  stimulated  theory  to  overcome  the  more  difficult  task 
first.  The  experimental  laws  which  have  just  been  estab- 
lished for  solids  seem  to  give  as  good  a  guarantee  that  in 
its  essence  the  kinetic  theory  of  solids  must  be  as  simple  a 
matter  as  that  of  gases. 

We  will  therefore  start  out  on  the  assumption  that  in  solids 
the  molecules  have  the  properties  assigned  to  them  in  the 
kinetic  theory  of  gases,  that  they  attract  one  another,  and 
that  each  one  moves  in  a  small  region  of  space  round  a 
certain  mean  position.  In  the  almost  purely  statical  mole- 
cular theories  of  solids  put  forth  in  the  early  part  of  this 
century  by  the  great  French  elasticians,  repulsive  forces  had 
to  be  imagined  to  equilibrate  the  attractive  ;  for  example, 
Poisson's  molecular  theory  was  founded  on  the  supposition 
that  while  molecules  of  matter  attracted  molecules  of  matter, 
they  repelled  the  particles  of  heat,  so  that  each  molecule  was 
in  equilibrium  under  two  sets  of  opposite  central  forces.  But 
it  is  easy  to  see  that  no  theory  founded  on  purely  central 
attractions  and  repulsions  can  explain  the  facts  of  rigidity  as 
we  actually  know  them,  because  in  a  pure  shear,  as  there  is 
no  change  of  volume,  there  can  be  no  change  in  the  potential 
energy  of  the  purely  centrally  acting  molecules  ;  or,  more 
accurately,  a  small  shear  of  the  first  order  will  produce  a 
change  of  potential  energy  of  the  second  order  of  small 
quantities,  but  experiment  shows  that  the  change  of  energy 
in  a  shear  is  of  the  same  order  of  magnitude  as  the  change 
that  accompanies  a  change  of  volume  :  hence  purely  central 
attractions  and  repulsions,  while  they  can  give  a  sort  of 
rigidity,  give  one  infinitely  different  from  that  of  nature. 
The  statical  theory  can  give  equations  of  the  same  form  as 
the  natural  ones,  but  with  some  of  the  coefficients  infinitely 
smaller. 

Attempts  have  been  made  to  avoid  this  difficulty  by  giving 
the  molecules  polar  properties,  which,  however,  can  hardly  be 
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got  to  be  compatible  with  the  behaviour  of  isotropic  bodies. 
The  true  solution  of  the  difficulty  lies  in  taking  account  of 
the  kinetics  of  the  molecules.  The  motion  of  the  molecules 
is  a  fundamental  part  of  the  phenomenon  of  elasticity  of 
solids  as  of  gases. 

The  subject-matter  of  the  kinetic  theory  of  solids  will  be 
taken  in  the  following  order  : — 

1.  Establishment  of  the  characteristic  equations  of  solids. 

2.  Testing  of  the  equations  on  the   supposition  that  the 
molecules  are  unalterable. 

3.  Testing  of  equations  on  the  supposition  that  the  mole- 
cules alter  somewhat  with  change  of  temperature. 

4.  Further  evidence  of  the  alteration   of  molecules   with 
change  of  temperature. 

5.  Periods  of  vibration  of  the  molecules  of  metals. 

6.  Comparison  of  the  theoretical  variation  of  Youngs 
modulus  with  temperature  with  the  experimental. 

7.  Rigidity  according  to  the  kinetic  theory. 

8.  llatio  of  lateral  contraction  to  elongation  in  Young's 
experiment. 

9.  Dulong  and  Petit's  law,  Joule  and  Kopp's  law,  and  tlie 
equation  for  compound  solids. 

10.  The  parameter  of  molecular  force. 

1.  Establishment  of  the  characteristic  Equations  of  Solids. — 
In  the  kinetic  theory  of  gases  molecules  are  supposed  to 
exercise  pressure  on  an  external  body  by  colliding  against  its 
molecules,  and  the  molecules  are  supposed  to  collide  with 
one  another.  Let  us  imagine,  then,  a  number  of  molecules  of 
equal  mass  and  size  moving  amongst  one  another  under  the 
influence  of  an  attractive  force  (f)(r)  exerted  by  each,  and 
colliding  and  rebounding  with  coefficient  of  restitution  unity. 
If  the  molecules  are  close  enough  together,  it  is  evident  that 
each  separate  molecule  is  hemmed  in  ])y  its  neighbours,  so 
that  it  cannot  change  its  position  beyond  vibrating  about  in 
its  own  limited  share  of  space  which  I  call  its  domain.  Such 
a  collection  of  molecules  has  one  characteristic  property  of  a 
solid  body.  Liquefaction  occurs  when  each  molecule  ceases 
to  be  hennned  in  and  just  manages  to  wriggle  through 
amongst  its  neighbours.  In  the  solid  body  eacli  molecule  as 
it  knocks  about  in  its  domain  has  its  mean  position  preserved, 
just  as  if  it  were  held  there  by  central  repulsive  forces 
emanating  from  all  the  other  molecules,  or  only  from  its 
immediate  neighbours,  while  it  itself  by  colliding  with  its 
neighbours  many  times  a  second  in  all  directions  acts  vir- 
tually as  a  centre  of  repulsion  to  them.     There  is  this  much 
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in  common,  then,  between  the  kinetic  theory  and  the  old  static 
oneSj  with  the  great  diiference,  however,  that  the  kinetic  state 
of  the  molecules  is  taken  account  of  and  regarded  as  the 
fundamental  cause  of  the  eifective  repulsions,  and  these  repul- 
sions act  only  between  immediate  neighbours,  and  do  not 
extend  to  all  distances  as  the  attractions  do. 

What  are  the  conditions  of  equilibrium  in  our  system  of 
molecules?  First,  let  us  take  the  case  of  a  solid  homoge- 
neous and  isotropic  body  free  from  external  force.  Suppose 
it  divided  into  two  parts  by  a  plane,  and  on  unit  area  in  the 
plane  suppose  a  right  cylinder  erected  in  one  part  of  the 
body  ;  this  cylinder  as  a  whole  is  attracted  by  the  half  of  the 
body  on  the  other  side  of  the  plane,  and  this  attraction  can 
be  equilibrated  only  by  the  repulsion  due  to  the  collisions 
occurring  across  the  base  of  the  cylinder.  Accordingly  we 
must  evaluate  these  two  forces.  Let  the  distribution  of 
molecules  be  a  cubical  one  with  edge  of  cube  e, ;  then,  in  the 
manner  of  Poisson  (Journal  de  VEcole  Poly  tech.  Cahier  xx.), 
the    attraction    on    the    cylinder    is    easily    proved    to   be 

^Sr^(>'),  where  the  summation  extends  to  all  molecules 

within  reach  of  appreciable  action  of  one  fixed  molecule. 

To  evaluate  the  collisional  repulsion  on  the  base  of  the 
cylinder,  we  will  first  take  a  short  cut  justified  by  the  theory 
of  gases,  and  then  verify  the  result  by  another  method.  The 
short  cut  consists  in  assuming  that  the  collisional  transfer  of 
momentum  goes  on  as  if  all  the  molecules  had  the  average 
velocity  square,  and  as  if  one  third  of  the  number  always 
travelled  parallel  to  each  of  three  rectangular  axes.  Take 
one  axis  to  be  perpendicular  to  the  unit-base  of  the  cjdinder, 
and  let  n  be  the  number  of  molecules  per  unit  area,  so  that 
n  =  l/e^,  then  w/3  molecules  collide  against  the  base  of  the 
cjdinder  with  velocity  r,  and  the  number  of  times  per  second 
that  each  strikes  the  base  is  v/'lct,  where  «  is  the  mean  swing 
of  a  molecule  inside  its  domain.  As  each  molecule  has  its 
velocity  reversed  by  a  collision,  the  force  of  the  collisions  on 

the  base  of  the  cylinder  is  ^  2mt;  ^  or  mv'^/Se^u,  and  for  equi- 
librium we  have  the  equation 

J^ 
3e'u      6e' 

or,  as  we  have  been  dealing  with  average  values,  we  may  as 
well  sum  for  all  the  molecules  of  the  body  and  put  our  result 
in  the  form 


--i,Sr^(,-)  =  0; (1) 
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The  same  equation  will  now  be  established  from  Clausius's 
equation  of  the  virial,  taking  account  of  the  virial  of  the 
repulsions  during  collision  as  Lorentz  does  (Wied.  Ann.  xii.) 
in  the  case  of  gases.  Let  F  be  the  repulsive  force  between 
two  molecules  in  collision  when  their  centres  are  distance  E 
apart,  then  the  equation  of  the  virial  is 

11      1  r'  1   1     1  r' 

=  ^  .  -.  ^2  ^  \    r<^{r)  di  --.--.  t-\    EFrf^  +  terms 

Z      Z  tjn  i      Z         t Jo 

which  vanish  when  the  motion  is  stationary  and  t  is  large 
enough.     As  E  is  practically  constant  during  collision, 

^'El¥dt  =  E^¥dt. 

Now  suppose  each  encounter  to  last  a  time  t,  then,  since 
each  molecule  in  time  t  experiences  vt/u  collisions,  we  have 

I    EFdt= 1    Fdt= 2mv  ; 

Jo  a    Jo  a 


and  then 

-2.2  — rv/      2 


^  mv''       1     1  _,^    ,  .  ,      1     1  o  2mv^E 


Now  E  is  the  mean  distance  apart  of  the  molecules  when 
in  contact,  and  accordingly 

E  +ci  =  e ; 
hence,  as  before, 

In  the  usual  theory  of  gases  the  molecules  are  treated  as 
elastic  spheres,  in  which  case  E  is  constant ;  but  as  change  of 
temperature  is  know^n  to  produce  changes  inside  the  molecule, 
it  will  be  safer  to  consider  E  as  possibly  a  function  of  the 
temperature  ;  E  can  hardly  depend  appreciably  on  the  pres- 
sure, except  in  cases  where,  by  the  appHcation  of  external 
pressure,  the  number  of  collisions  per  second  becomes  great 
enough  to  influence  the  internal  structure  of  the  molecule,  as, 
for  example,  when  great  pressure  produces  crystallizations 
and  combinations.     In  the  most  general  case,  then,  wo  have 
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to  consider  E  as  possibly  a  function  of  both  temperature  and 
pressure.  But  we  can  first  see  how  tlie  sujjposition  that  E  is 
constant  will  work.  The  equation  (1)  then  .states  that,  given 
E  the  size  of  the  molecules,  their  total  energy,  and  their  law 
of  force,  then  e,  the  mean  distance  apart  of  the  molecules  free 
from  external  force,  is  determinable.  The  equation  specifies 
the  law  of  expansion  of  the  simplest  solid  free  of  external 
stress.  For  example,  imagine  that  we  know  only  that 
solids  expand   very  slightly  with   rising  temperature,   then 

-S^r<^(7')  is  probably  nearly  constant,  and  therefore  a  must 

be  nearly  proportional  to  the  kinetic  energy,  or  the  expansion 
from  absolute  zero  is  nearly  proportional  to  the  absolute 
temperature,  which  is  the  definite  exj^ierimcntal  result.  But 
before  discussing  this  equation  any  further,  we  may  as  well 
make  it  more  general  hy  taking  account  of  external  stress 
and  removing  the  condition  of  isotropy. 

Imagine  the  properties  of  our  molecules  to  be  different  in 
different  directions,  and  in  such  a  manner  that  all  the  circum- 
stances can  be  specified  with  reference  to  three  rectangular 
axes.  Let  the  paths  and  velocities  of  the  molecules  be  such 
that  they  produce  the  same  collisional  pressure  in  the  direc- 
tion of  the  a;  axis  as  if  they  were  an  isotropic  system  with 
mean  kinetic  energy  viu~/2  per  molecule,  and  similarly  kinetic 
energy  mv'/2  and  mw~/'2  along  the  ?/  and  z  axes,  so  that 
{)nu'^  +  mv^  +  mw'^)/2=^  3D,  where  D  is  the  mean  kinetic 
energy  per  molecule  of  the  actual  system.  Let  the  mean 
positions  of  the  molecules  correspond  to  a  })ai'allelepiped  dis- 
tribution with  sides  ^,  t],  ^  to  the  parallele])iped,  so  that  the 
mean  distance  apart  of  the  molecules  along  the  .i'  axis  is  f, 
and  so  on.  Let  the  external  stress  be  s])ecified  by  pressures 
P,  Q,  R  parallel  to  the  three  axes,  and  let  the  mean  compo- 
nents of  the  swing  of  each  molecule  in  its  domain  be  a,  yS,  7, 
then  for  equilibrium  parallel  to  the  x  axis  we  have  merely  to 
add  P  to  the  molecular  pressure  in  equation  (1),  and  make 
the  necessary  slight  alterations  to  get 

^'"^'      -         ^     trcl.{r)  =  0,    ....     (2) 


with  two  similar  equations. 

If  SHZ  are  the  values  of  ^,  rj,  f  when  the  moleciiles  are  in 
contact,  we  have  three  equations  of  the  form  ^S  =  ct.  Hence, 
given  H,  H,  Z,  u~,  v^,  10^,  P,  Q,  R,  and  the  law  of  force,  the 
problem  of  finding  |^,  tj,  ^  is  determinate  ;  that  is,  the  law  of 
expansion  in  the  three  directions  with  increase  of  kinetic 
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energy  under  a  given  stress.  But  if  the  separate  components 
ic,  v\  10-  are  not  given,  but  only  D  the  mean  kinetic  energy, 
then,  given  P,  Q,  R,  D,  that  is  to  say  the  stress  and  the 
temperature  as  well  as  5,  H,  Z,  there  are  four  relations 
connecting  the  six  quantities  u^,  v^,  lo^,  ^,  rj,  ^.  Two  other 
relations  would  make  the  connexion  between  energy  and  size 
in  different  directions  quite  determinate  ;  it  is  the  business  of 
experiment  to  ascertain  these  two  relations. 

If  the  body  is  homogeneous  and  isotropic  when  free  from 
external  stress,  then  the  equations  (2)  are  a  little  simplified 
by  the  relation  S  =  H  =  Z  =  E,  and  we  have 

•P--^,S>-c/>(.)  =  0,    ...     (3) 


with  two  similar  equations. 

If,  further,  the  body  is  subjected  to  hydrostatic  pressure  p 
only,  so  that  P=Q  =  R=^^,  then  the  three  equations  of  form 
(3)  reduce  to  the  one 

2D  1 

Thus,  if  the  size  of  the  molecules  is  given,  and  also  the  law 
of  force,  then  the  relation  of  pressure,  volume,  and  kinetic 
energy  is  determinate.  Accordingly,  we  are  able  to  calculate 
the  bulk-modulus  of  the  solid  (the  reciprocal  of  its  compres- 
sibility) . 

Let  0)  denote  volume,  then  the  bulk-modulus  is  wdp/dw. 
denoted  by 

k  =  <.dpld^=^^  0,  l^{'^J^z:^  -  ^^3  tr<l>{r)  }  . 

But  <s>  =  v^\  where  v  is  the  number  of  molecules  per  unit 
volume,  and  so 

We  can  go  no  further  without  the  law  of  molecular  force, 
so  I  will  now  use  the  law  of  force,  which  I  have  formerly 
discussed  in  connexion  with  gases  and  liquids  (Phil.  Mag. 
5th  ser.  xxiv.  &  xxvii.),  namely,  (f){f)  =  'dAnr]f'K     Then 


Phil.  Mag.  S.  5.  Vol.  32.  No.  191).  D,r.  1891.         2  N 
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where  a  is  a  length  of  the  order  of  e,  and  R  is  a  length  of  the 
order  of  the  linear  dimensions  of  the  body. 

%r(f){r)  =  12Aui7rp  log  B./a. 

On  account  of  the  smallness  of  a,  log  Jl/a  is  approximately 
the  same  for  all  ordinary  bodies,  and  then  %r<p{r)  for  a  given 
body  is  always  proportional  to  the  density,  and  for  different 
bodies  its  value  depends  on  that  of  a  parameter  A^  which  has 
a  definite  value  for  each  body.  Apart  from  all  specification 
of  the  law  of  molecular  force,  if  the  potential  energy  and  the 
virial  of  a  number  of  molecules  are  jjroportional  to  the  den- 
sity of  their  distribution,  and  can  be  represented  by  such 
forms  as  Bp,  where  B  is  constant  for  each  substance,  the  same 
conclusions  will  hold  as  those  I  am  about  to  draw  from  the 
law  of  the  inverse  fourth  power.  My  previous  arguments  in 
favour  of  the  inverse  fourth  power  law  amounted  to  this,  that 
that  is  the  only  simple  natural  law,  like  the  law  of  gravitation, 
that  will  make  the  potential  energy  of  a  number  of  molecules 
and  their  virial  both  closely  proportional  to  the  density  of 
distribution,  as  experiment  shows  they  must  be. 

With  the, above  value  of  ^7'(f){r)  and  with  p=»?/e^,  we  have 

,  _'i  e  d   f        D        _  oAm-TT  log  RAo 

_  2  ^  f  _       2D       _        D  18Aw-7rlogR/a  \ 

~  3  ;-i  I      ^.^^"E")      e\e-Ef  ^  ?  j  * 

But  in  the  absence  of  external  stress  (4)  becomes 

D  3A»^Vlo2■R^^ 


and 


hence 


e'-{e-E) 


2e(      4D  D        -) 

■6-dle^{e-E)      e^e-Ef  j  '        '     '     ^"^ 

2.  Testing  of  the  Equations  on  the  supposition  that  the 
Molecules  are  unalterahle. — Suppose  that  E  is  constant,  then 
if  h  is  the  mean  coefficient  of  linear  expansion  between 
zero  and  6  which  corresponds  to  kinetic  energy  D,  then 
{e  —  ¥j)le  =  hd,  and  if  c  is  the  mean  specific  heat  between  zero 
and  ^,  then  'D  =  Smc6,  where  J  is  the  mechanical  equivalent 
of  heat,  if  we  suppose  that  all  the  energy  of  the  molecules 
exists  in  their  vibrations  as  wholes ;  if  not,  then  we  must 
write  T)=^h^cm6,  where  h  is  a  fraction  probably  not  differing 
much  from  unity.     Thus  we  have 

k^lk.^{^-|^ (7) 
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Even  at  the  melting-point  IfhO  for  most  metals  is  about 
50,  so  that  at  ordinary  temperatures  4  is  small  in  comparison 
with  \ll>d.  Neglectino-  4  for  the  present,  and  remembering 
that  c  and  h  vary  only  to  a  small  extent  with  temperature, 
and  that  cm,  by  Dulong  and  Petit's  law,  is  the  same  for  all 
metals,  we  can  write,  ])uttiug  /i=l, 

^'-~i)W>nlp ^^> 

approximately,  and  assert  that  theoretically  the  bulk-modulus 
'varies  inversely  as  the  temperature,  and  that  the  product 
kJj^dmjp  is  the  same  for  all  metals.  This  result  makes  the 
bulk-modulus  infinite  at  absolute  zero,  which,  of  course,  is 
merely  the  result  of  our  assumption  that  the  change  of 
volume  of  the  molecules  produced  by  collisions  is  negligible. 
At  any  rate  the  bulk-modulus  at  absolute  zero  is  probably 
very  large,  that  is,  the  molecules  are  probably  only  slightly 
compressible,  as  will  be  seen  later  on. 

In  our  equations  (7)  and  (8)  for  h  we  know  all  the  quanti- 
ties on  the  right-hand  side  (if  h  =  l)  for  the  metals,  and  we 
also  have  some  quasi-experimental  determinations  of  k,  so 
that  we  can  proceed  to  test  how  our  assumption  of  E  being 
constant  will  hold.  Tho  values  of  k  are  not  purely  experi- 
mental, because  they  are  not  obtained  by  direct  measurement, 
but  by  calculations  from  other  elastic  measurements  on  the 
assumption  that  tho  metals  are  homogeneous  isotropic  solids. 
In  such  solids  k  is  connected  with  the  rigidity  n,  and  Young^s 
modulus  (J  by  the  relation  k  =  nql{^)n  —  oq). 

When  k  is  calculated  from  the  experimental  values  of  n  and 
q,  the  worth  of  the  result  depends  entirely  on  the  nearness  to 
perfect  isotropy  of  the  solid.  Thus,  on  the  assumption  of 
perfect  isotropy,  it  is  possible  to  calculate  a  value  of  k  for 
many  metals  at  15°  C.  from  the  average  values  of  n  and  q 
given  above  in  Tables  III.  and  VII.  Tomlinson  has  given 
(Phil.  Trans.  1888)  values  of  k  calculated  from  his  measure- 
ments of  n  and  q  ;  and  there  is  this  advantage  in  using  his 
values,  that  n  and  q  were  measured  on  the  same  specimen. 
Ainagat  has  found  [Compt.  Rend,  cviii.)  values  of  k  for  a  few 
bodies  by  measuring  q,  and  also  the  change  of  volume  pro- 
duced by  external  pressure  on  hollow  cylinders,  and  then 
calculating  on  the  assumption  of  perfect  isotropy.  It  will  be 
shown  afterwards  that  the  metals  are  at  least  nearly  isotropic, 
but  yet  we  must  assume  that  all  our  values  of  k  for  the  metals 
iiYo  only  more  or  less  rough  approximations  to  true  values, 
Vjecause  small  departures  from  perfect  isotro])y  })roduce  large 

2N2 
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errors  in   the  value  of  k  given   by  the  formula  for  perfect 
isotropy. 

The  following  Table  contains  in  the  row  ki  the  values  of  k 
calculated  from  my  average  values  of  n  and  q  given  in 
Tables  III.  and  VII.,  in  /-g  Tomlinson^s  values,  in  k^  Amagat's, 
and  in  k^  the  values  found  from  equation  (7)  above,  using 
Fizeau's  values  of  b.  The  temperature  is  15°  C.  in  all.  In 
the  last  row  are  given  the  values  of  the  ratio  of  k^  to  the 
mean  of  ^j,  ^2?  a,nd  ^3. 

Cu.  Ag.        Au.       Mg.      Za.       Al.         Sn.  Pb.  Fe.  Pt. 

10-%i.--  2500  090      1370      325      900      810       imp.  86  2000  990. 

10-%2...    980  930        350     320       130  76  1500  590 

10-6>t3,..  1170  360  1470 

10-%-,...     970  520       980      190      250      325        264  134  2000  2800 

Katio  ...       63  64          71        59        40        58        203  77        120  350 

There  are  large  discrepancies  in  the  quasi-experimental 
values  of  k ;  for  example,  in  the  case  of  tin  ki  is  impossible, 
because  9n  —  Sq  is  negative;  accordingly  tin  is  so  far  from 
being  reliably  isotropic  as  to  make  attempts  at  calculating  k 
illusory.  If,  besides  tin,  we  reject  platinum,  we  find  fairly 
good  agreement  amongst  the  values  of  the  ratio  of  ^-4,  the 
theoretical  value,  to  the  mean  quasi-experimental  value.  The 
mean  value  of  the  ratio,  leaving  out  iron,  is  62,  and  including 
iron  is  69  ;  so  that  we  can  say  that  the  theoretical  values  of 
the  bulk-modulus  of  the  metals,  on  the  assumption  that  the 
molecules  do  not  change  in  size  with  changing  temperature, 
are  about  70  times  the  actual  values.  Thus,  while  the 
assumption  of  constant  size  in  molecules  is  proved  by  this 
comparison  to  be  untenable,  the  general  form  of  our  equation 
receives  some  partial  verification  from  it,  as  it  shows  kb-dm/p 
to  be  nearly  the  same  for  8  out  of  9  metals,  and  this  is  what 
the  form  of  our  equation  demanded. 

But  fortunately  there  is  a  more  satisfactory  comparison  to 
be  made  between  theory  and  experiment  in  the  matter  of 
latent  heats  of  melting.  We  cannot  imagine  our  equation  to 
bridge  the  gap  in  continuity  between  the  solid  and  liquid 
states  and  calculate  the  latent  heat  by  the  formula 


\=  (  'e-bpfdddv, 


where  i'2  and  t'j  are  the  volumes  of  unit  mass  in  the  liquid 
and  solid  states.  But  without  any  bridging  of  the  gap  in 
continuity  we  have  the  thermodynamic  relation 

x={v,-v,)edpide, 
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where  <:Z/V<^/^  means  now  the  rate  of  increase  of  the  melting- 
pressure  with  the  melting-temperature.  Now,  according  to 
our  theory,  melting  occurs  when  molecules  are  able  to  escape 
from  imprisonment  by  their  neighbours,  that  is,  when  the 
space  between  molecules  attains  a  certain  value  relatively  to 
the  size  of  the  molecules.  Hence,  if  the  size  of  the  molecules 
is  invariable,  melting  must  always  occur  for  the  same  value 
of  p.  whatever  the  pressure  is,  and  we  have  dpjdd  of  the  last 
formula  the  same  as  ^/>/^^  taken  from  our  equation  with  the 
condition  ^  =  constant. 

■dp  _    2dD/dd  2Div,-v,) 

But  on  this  view  of  melting  the  latent  heat  may  be  calcu- 
lated in  another  manner,  for  on  this  purely  mechanical  view 
it  must  be  the  energy  supplied  to  produce  the  change  of 
potential  energy  that  accompanies  the  change  of  density  on 
liquefaction.  Hence  A,  =  B(/9i— /92)j  and  neglecting  ^^  in  our 
equation,  this 

_       2D         P1—P2 

~3^{e-E)'    pi'     ' 

•'  ^      'de\e-E}   -v,-  3eV-E)  ^' 

as  before.  Hence,  remembering  that  c^  =  m/p,  'D  =  Jcmd,  and 
e—l^  =  eb0  nearly,  we  can  write 

^=|r-^-^^' calories (10) 

00m       pi  ^ 

Person  (^Aan.  de  Ch.  et  de  Ph.  ser.  3,  t.  24)  has  found  the 
latent  heats  of  several  metals,  and  Vincentini  and  Omoilei 
(Wied.  Beihl.  xii.)  have  found  the  change  of  volume  at  the 
instant  of  melting  for  lead,  cadmium,  tin,  mercury,  and  other 
bodies;  and  Hoberts  andWrightson  (Nature,  xxiv.),  amongst 
other  data,  give  the  densities  of  melted  zinc  and  silver,  whose 
densities  just  before  melting  can  be  calculated  approximately 
by  means  of  their  coefficients  of  expansion,  thougli  this  is  not 
so  satisfactory  as  a  direct  measurement.  The  mean  coeffi- 
cient of  expansion  h  of  solid  mercury  is  not  known,  but  can 

be  found  by  the  relation  Z'Tm''"  =  '044,  where  T  is  melting- 
point,  to  be  afterwards  discussed.  Person,  in  his  calcula- 
tions, intentionally  ignored  the  increase  of  specific  heat  with 
tomporaturo,  but  if  we  put  c  =  r,j(l  -rut)  and  use  the  values  of 
a   given    by  ^accari    (W'ied.   Beibl.  xii.)    from   experiments 
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between  zero  and  320°  C,  we  can  oet  the  true  latent  heats 
we  require  by  subtracting  icoaT-  from  Person's  vahies. 
Thus  we  can  compare  onr  theoretical  values  of  A,  with  the 
exjjerimental  in  the  case  of  six  metals.  The  followino;  Table 
contains  the  values  of  pi  and  po,  Person's  value  of  the  latent 
heat  Xj,  the  true  latent  heat  Xo,  and  the  value  \s  calculated 
on  the  supposition  that  the  molecules  are  invariable  : — 

Ag.  Zn.  CVl.  Hg.  Sii.  Pb. 

oi 9-92  (5-85       .S-3(;(J  U-19       7-183  llMjo 

p. 9-51  ■    ()-48       7-99  13-09  G-9<)  1()-G4 

\i 21-1  28-1  13-(;  2-8  U-2           5-4 

X, l()-2  24-5  12-5  2-8  12-8           4-8 

Xs 81-0  117-0  53-3  9-7  4G-0  23-(; 

Ratio  X3/X0.  5-0  4-8         4-3  3-2         3-6           4-9 

In  the  case  of  silver  it  was  not  safe  to  extrapolate  for 
specitic  heat  up  to  the  melting-point  of  954°  C.  from  experi- 
ments up  to  320°,  so  I  made  a  determination  of  its  mean 
specific  heat  bet^veen  20°  and  860°  in  comparison  with  that 
of  gold,  which  is  known  ;  the  result  was  0663,  which,  over  a 
range  of  934°,  gives  61-9  calories  in  jdace  of  Person^s  57. 
In  the  case  of  tin  I  used  Tomlinson^s  determination  of  the 
specitic  heat,  as  Naccari  omitted  it.  The  ratio  X3/X3  comes 
out  nearly  constant,  especially  if  we  omit  mercury  as  uncer- 
tain on  account  of  the  smallness  of  X,  and  tin  as  uncertain  on 
account  of  its  tendency  to  crystallize  ;  the  mean  value  of  the 
ratio  for  the  other  four  metals  is  4-75.  In  each  case  the  cal- 
culated value  of  X  is  about  4-75  times  the  experimental,  and 
here  again,  while  the  actual  equation  and  the  assumption  of 
inalterability  in  the  molecules  are  not  verified,  the  form  of  the 
equation  is  confirmed  in  a  striking  manner  if  we  remember 
that  the  latent  heat  ranges  from  2-8  for  iiercury  to  28  for 
zinc.     In  other  words  equation  (10)  asserts  that 

2r-(pi— P2);'3?'PiX 

is  constant  on  purely  theoretical  grounds,  and  the  tabulated 
comparison  shows  it  to  be  constant^  only  that  the  value  of  the 
constant  is,  on  the  average,  4-75  instead  of  1 ;  still  it  is  pro- 
mising confirmation  for  the  kinetic  theory  that  it  should  be 
constant  at  all. 

We  may  state,  then,  that  collections  of  unaltering  mole- 
cules, having  the  coefficients  of  expansion  of  the  difi^erent 
metals,  would,  on  the   kinetic  theory,  have  bulk-moduluses 
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about  G5  times  as  large  as  the  actual^  and  latent  heats  about 
4*75  times  as  large. 

3.  Testing  of  Equations  on  the  supposition  that  the  Mole- 
cules alter  somewliat  ivith  Change  of  Temperature. — The  next 
step  is  to  ascertain  what  modification  in  the  assumptions  so 
far  made  ^\•ould  bring  theory  and  experiment  into  accord.  If 
we  return  to  the  a])proximate  expressions 

(6)     h=-'2\')Me-^y 
and 

(9)     X  =  2D(.,-.0/3^^^(t— E), 

we  see  at  once  that  if  E,  which  represents  the  linear  dimen- 
sions of  the  molecule,  were  to  diminish  with  rising  tempera- 
ture, then  theory  and  experiment  could  be  brought  to  better 
accord.  Now  the  shrinking  of  molecules  with  rising  tempe- 
rature is  a  result  required  by  the  kinetic  theory  of  gases,  for 
the  variation  of  the  viscosity  of  gases  with  temperature  is 
such  as  can  be  accounted  for  satisfactorily  only  by  shrinkage 
of  molecules  with  rising  temperature. 

Holman  (Phil.  Mag.  5th  ser.  vol.  xxi.)  has  made  a  thorough 
comparison  of  the  results  of  all  the  best  measurements  of  the 
effect  of  temperature  on  the  viscosity  of  air,  including  his 
own.  and  his  series  of  curves  shows  that  up  to  250°  C.  the 
viscosity  of  air  at  any  temperature  is  best  given  in  terms  of 
that  at  zero  C.  by  the  exponential  formula 

77,  =  ,;,(! +  0-003670°''     or     'ne  =  V2iz{0'-^'i^f'', 

where  6  is  absolute  temperature.  Now,  according  to  the 
kinetic  theory  of  gases,  assuming  the  molecules  to  be  spheres 
of  sectional  area  a^,  and  ignoring  molecular  attraction,  we 
have 

Ve  =  Vr.M.2nl<^eY[eiri?>Y, 
and  hence 

(^,,3/<T,)^=(^/273)°-^«: 

that  is  to  say,  the  molecules  shrink  with  rising  temperature. 
Now  Barus  (Amer.  Journ.  Sci.  ord  ser,  vol.  cxxxv.)  has 
given  Aveighty  support  to  this  idea  of  molecular  shrinking  by 
pushing  the  study  of  the  viscosity  of  air  and  hvdrogen  up 
to  1200°  C,  and  showing  that  U])  to  that  temperature  the 
viscosity  of  both  gases  is  well  r('[)resented  by 

V.  =  7?,,,(^/273)^ 
accoixlliig  to  wliifii 
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Now  both  these  formiilfio  for  a  are  derived  by  combining  a 
theoretical  equation  with  empirical  fonnula?,  and  in  the  theo- 
retical equation  molecular  attraction  is  supposed  not  to  exist. 
But  the  effect  of  molecular  attraction  on  viscosity  will  partly 
account  for  the  apparent  shrinkage  of  molecules,  because 
slowly  moving  molecules  coming  near  to  one  another  without 
actually  colliding  are  swung  round  their  common  centre  of 
mass  by  the  action  of  molecular  force,  and  are  affected  as 
regards  their  subsequent  paths,  as  if  they  had  suffered  a  col- 
lision. At  high  velocities  two  molecules,  which  pass  close  to 
one  another  without ,  actual  collision,  shoot  past  one  another 
with  only  a  slight  mutual  deflexion  ;  thus  the  molecules 
behave  as  if  they  had  larger  volumes  at  lower  temperatures. 
This  effect  of  molecular  force  on  the  temperature-variation  of 
viscosity  is  a  difficult  problem  in  the  kinetic  theory  of  gases, 
which  remains  yet  to  be  worked  out.  Steps  towards  its  solu- 
tion have  been  taken  by  Maxwell  (Phil.  Trans.  1807)  and  by 
L.  Natauson  [Kinetische  Theorie  tinvollkommener  Gase),  but 
no  definite  enough  result  has  yet  been  reached  to  give  a 
quantitative  estimate  of  the  importance  of  molecular  force  in 
^dscosity  of  gases.  Yet  from  a  general  point  of  view  we  may 
feel  pretty  sure  that  in  the  case  of  hydrogen  the  large  appa- 
rent shrinkage  of  the  molecules  cannot  be  traced  entirely  to 
the  effect  of  molecular  force,  and  must  be  regarded  as  a  true 
phenomenon.  If  we  take  our  deduction  from  Barus's  expe- 
riments, 

we  notice  that,  although  d  ranges  from  273°  to  1489°,  yet 

6^^  ranges  only  from  I'GO  to  1'84  ;  and  thus,  while  the  for- 
mula for  a,  if  supposed  to  hold  down  to  absolute  zero,  would 
give  the  impossible  result  of  a  lieing  infinite  at  zero,  this 
impossible  I'esult  is  merely  the  consequence  of  trying  to 
extrapolate  with  an  empirical  formula  over  a  range  seven 
times  as  great  as  that  covered  by  experiment. 

Accordingly,  we  can  get  no  definite  assistance  from  the 
present  state  of  the  theory  of  viscosity  of  gases,  but  only  a 
general  assurance  that  molecules  shrink  with  rising  tempera- 
ture. For  the  law  of  shrinkage  of  the  molecules  of  solids  I 
will  take  the  expression  E  =  Eq/(1 +^'^),  which,  up  to  the 
melting-point,  may  more  conveniently  be  used  in  the  form 
E  =  E,(1-Z^'^),  so  that  e-'S]  =  'E]^{h  +  b')e. 

The  steps  in  the  differentiation  for  finding  the  bulk-modulus 
are  not  affected  by  the  variability  of  E  with  temperature ;  as 
before,  we  have  (0), 


k= 
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•2^(       4D  D        \ 

_       2D  /         1         _       4       \ 

~      9Eo4  (//  +  //) -^-      (b  +  h')d§ 

=  iT(«W^.^' -'<''  +  '■■''' ^  •  •  •  ^"' 
whence,  using  the  mean  of  the  quasi-experimental  values  of  k 
given  above  as  /jj,  Tc^,  k^,  and  the  other  known  experimental 
terms,  we  can  get  the  values  of  b'  for  the  metals. 

But  our  expression  for  the  latent  heat  will  be  altered  b^- 
the  variability  of  E.  We  have  to  find  at  what  rate  the 
melting-pressure  varies  with  the  melting-temperature  for  a 
collection  of  molecules  that  shrink  with  rising  temperature. 
Xow  melting  has  chiefly  to  do  with  the  mobility  of  the  indi- 
vidual molecules.  Each  molecule  of  a  solid,  if  it  is  not  close 
to  the  surface,  moves  as  if  it  were  free  from  the  action  of 
molecular  force,  because  the  attractions  of  the  molecules  all 
round  it  equilibrate  one  another.  Let  us  conceive  molecular 
force  not  to  exist,  that  is  conceive  a  perfect  gas  compressed 
till  its  molecules  hem  one  another  into  fixed  mean  positions, 
this  will  be  identical  with  our  solid;  except  that  molecular 
pressure  is  replaced  by  external  pressure,  the  condition  of  the 
individual  molecules  is  the  same.  Now  melting  occurs  when 
the  molecules  escape  from  their  domains,  and  suppose  this 
happens  for  values  e,  E,  />,  and  6  of  the  variables  :  it  is  desired 
to  find  how  much  the  temperature  is  to  be  raised  to  reach  the 
melting-point  when  jj  is  increased  to  p  +  dp.  It  is  obvious 
that  e/E  must  remain  constant,  and  the  only  other  condition 
is  that  the  collisional  pressure  increase  must  be  equal  to  dp. 
Hence,  if  in  our  equation  we  ignore  the  molecular-force  term 
and  find  d/i/dd  on  the  supposition  that  g/E  is  constant, 
we  can  take  it  as  djj'dO  in  the  thermodynamic  relation 
\  =  e{r2-vi)dp/de, 

But  e/Ij  =  /M  say,   and  E   is  a   function   of  6  onlv,  so   that 
de/de = fMdE/dd  =  -  fiEJ/, 

.-.  de/edd=  -//E„  E  =  -//(I  4  b'U). 

Hence  at  the  melting-point, 

_  ^cm{v,-v,)\l  +  3//T(H^'T)  \ 

-  S{b  +  b')m/p  -  taionc.   (^ij; 


538  Mr.  W.  Sutherland  on  a 

If  -vve  now  compare  our  expressions  (11)  and  (12)  for  the 
bulk-modulus  and  latent  heat  with  those  which  before  gave 
results  res})ectively  G5  and  4*75  times  too  large,  and  neglect 
for  a  moment  the  small  terms,  we  see  that  in  a  general  ^'ay 
the  theoretical  bulk-modulus  (11)  and  the  experimental 
would  agree  if  b'  were  put  equal  to  7b  as  8^  =  64,  and  the 
theoretical  latent  heat  (12)  would  agree  with  the  experi- 
mental if  //  =3*75/>.  But  if  in  (1 1)  and  (12)  we  take  account 
of  the  small  terms  and  solve  for  />',  we  find  that  on  the  aver- 
age the  relation  b'  =  {jh  will  bring  the  theoretical  values  of 
both  the  bulk-modulus  and  latent  heat  into  accord  with  the 
experimental.  The  best  way  of  showing  this  will  be  to 
tabulate  the  values  calculated  from  (11)  and  (12)  by  means 
of  the  relation  b'  =  (^b,  and  compare  them  with  the  experi- 
mental. For  the  bulk-modulus  the  mean  of  Jci,  k2,  k^  given 
before  is  taken  as  the  experimental  value. 

10~^  times  the  Bulk-modulus. 


Cu. 

Ag. 

Au. 

Mg. 

Zn. 

Al. 

Pb. 

Fe. 

Pt. 

Qimsi-Esp... 

.  ir>50 

810 

1370 

325 

625 

565 

174 

1660 

790 

Theory    

.  1710 

020 

1700 

310 

410 

560 

216 

3740 

5310 

Eatio  

.     1-1 

11 

i;3 

•06 

•66 

1-0 

1-2 

2-2 

6-7 

On  the  wdiole  the  values  of  the  ratio  show  that  b'  =  6h 
brings  experiment  and  theory  into  good  accord  as  regards 
bulk-modulus. 


Latent  Heat. 

Ag. 

Zn.             CVl. 

Hg- 

Su. 

Pb. 

Exp     ... 

irr2 

24-5         12-5 

2-S 

12-8 

4-8 

Theory... 

17  2 

23-7         10-4 

1-i) 

8-0 

4-6 

Ratio   ... 

1-06 

•i)7           -83 

•(57 

•63 

•95 

If,  for  the  reasons  given  before,  we  attach  less  weight  to 
the  values  for  mercury  and  tin,  the  value  of  the  ratio  for  the 
other  four  metals  is  satisfactorily  near  to  1. 

4.  Further  evidence  of  the  Alteration  of  Molecules  ivith  Change 
of  Temperature. — It  is  important  now  to  see  what  further 
justification  there  is  for  the  idea  that  molecules  shrink  with 
rising  temperature.  The  small  amount  by  which  metals  ex- 
pand on  being  heated  from  absolute  zero  to  their  melting- 
points,  namely  about  2  per  cent,  of  their  linear  dimensions, 
has  made  it  difficult  to  form  a  mechanical  conception  of  mole- 
cular behaviour  during  melting,  because  if  the  molecules  are 
reallv  at  rest  aoaiust  one  another  at  absolute  zero  it  is  hard 
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to  see  how  an  increase  of  only  2  per  cent,  in  the  distance 
apart  of  the  molecules  can  give  them  the  freedom  and  mo- 
bility of  the  liquid  state.  But  if  while  heat  is  driving  the 
molecules  apart  from  one  another  it  is  also  shrinking  each, 
the  difficulty  disappears,  for  if  the  shrinkage  is  six  times  the 
expansion  then  at  the  melting-point  the  distance  apart  of  the 
molecules  is  nearly  16  per  cent,  greater  than  the  diameter  of 
the  molecule  ;  that  is  to  say,  the  complete  swing  of  the  vibra- 
tion is  16  per  cent.,  and  when  two  molecules  have  swung  to 
their  greatest  distance  apart  that  distance  will  be  16  per  cent, 
greater  than  the  diameter  of  the  molecule.  This  is  sufficient 
to  make  melting  quite  comprehensible.  Let  us  take  a  definite 
instance  :  suppose  four  molecules  at  absolute  zero  in  contact 
so  that  their  centres  form  a  square  of  side  E^,  and  as  the 
temperature  rises,  suppose  each  to  oscillate  along  a  diagonal, 
then  the  maximum  distance  apart  of  the  opposite  molecules 
becomes  l'16v'2  times  the  diameter  of  the  molecule,  that  is 
1'63  times,  so  that  a  molecule  vibrating  at  right  angles  to  the 
plane  of  the  square  towards  its  centre,  would,  if  it  arri-.'ed  at 
the  right  moment,  find  an  open  space  whose  narrowest  part 
is  '63  times  its  own  diameter.  This  shows  how,  in  the  various 
combinations  possible  in  a  large  number  of  molecules,  several 
can  occur  favourable  to  the  escape  of  a  single  molecule  in  a 
neighbourhood,  and  a  sufficient  number  of  such  escapes,  even 
though  a  small  number,  would  upset  the  stability  of  the  whole 
system,  which  falls  into  the  mobility  of  a  liquid.  This  theory 
of  melting  can  be  roughly  tested  by  experiment;  it  is  only 
necessary  to  agitate  a  number  of  equal  spheres  in  a  closed 
box  and  observe  what  ratio  the  free  space  bears  to  the  volumes 
of  the  spheres  when  each  sphere  acquires  a  noticeable  amount 
of  mobility.  I  took  a  box  which,  when  closed,  just  held  100 
marbles,  with  five  specially  coloured  ones  placed  near  the 
centre,  and  then  noted  how  many  had  to  be  removed  from 
the  box  to  allow  the  five  coloured  ones  to  scatter  on  a  cita- 
tion ;  a  slight  motion  of  the  five  as  a  body  was  not  accepted 
as  a  sign  of  mobility.  It  was  necessary  to  remove  16  to  get 
slow  and  partial  scattering  of  the  central  5,  and  20  or  25  to 
get  quick  and  decided  scattering.  Thus  for  mobility  among 
a  set  of  marbles  the  free  volume  must  be  between  25  and  33 
per  cent,  of  the  volume  of  the  nuirbles.  Of  course  the  cir- 
cumstances are  in  most  ways  vastly  different  from  those  of 
perfectly  rebounding  swiftly  moving  molecules,  but  the  com- 
parison was  worth  making  in  passing.  In  the  case  of  mole- 
cules mobility  is  reached  when  the  free  volume  is  I'KJ^— 1 
or  50  per  cent,  of  the  A'olumo  of  the  molecules.  But  the 
melting  volumes  of  the  metals  give  more  definite  evidence. 
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Accordiiio;  to  the  kinetic  theory  of  solids  now  under  dis- 
cussion, it  is  necessary,  if  the  molecules  of  different  metals  are 
not  much  different  in  shape,  that  the  ratio  of  the  domain  of 
the  molecule  at  the  melting-point  to  the  volume  of  the  mole- 
cule should  he  the  same  for  all,  because  melting  is  merely 
the  result  of  the  domain  reaching  a  size  at  which  the  molecule 
escapes  from  it.  Hence  {l  +  J>T){l+l/T)  is  to  l)e  the  same 
for  all,  that  is  AT  +  //T  is  to  be  constant ;  but  b'=(?b,  hence 
/>T  is  to  be  constant.     Now  in  a  previous  paper  (Phil.  Mag. 

Oct.  1890)  I  mentioned  that  bTni''  is  nearly  constant  for  the 
metals,  and  used  the  result  to  calculate  the  periods  of  vibra- 
tion of  the  molecules   of  solids  at   their  melting-points  with 

satisfactory  results.  But  the  range  in  the  value  of  m"'  for  the 
metals  is  not  great,  and  it  will  be  worth  while  tabulating  side 

by  side  the  values  of  hT  and  hTrn^ .  Fizeau's  values  of  h  are 
used. 

Cu.  Ag.  Au.  Mg.  Zn.  Cd.  Al. 

1000  ?>T 22    24    19    27    20    18    26 

1000  ^Tm^...  45    52    45    47    40    40    45 

In.     Tl.     Sn.     Pb.     Fe.     Co.     Ni. 

1000  Z.T 19    17    11    18    25    26    24 

1000  bTmK..     41    41    25    43    49    51    47 

Eu.  Eh.  Pel.  Os.  Ir.  Pt. 

1000  Z>T 20         19         21         18         16         18 

1000 />Tm^...    43         42         45         44         37         44 

This  comparison  shows  that  the  requirement  of  theory  that 
5T  should  be  constant  is  approximately  satisfied,  bT  having  a 

mean  value  '021  when  tin  is  excluded;  but  as  bTm  is  more 
nearly  constant,  having  a  mean  value  "044,  it  is  evident  that 
the  power  of  a  molecule  to  break  away  from  its  domain  de- 
pends slightly  on  its  mass,  that  dependence  being  expressed 

in  the  empirical  relation  &T?w=  constant. 

5.  Periods  of  Vibration  of  the  Molecules  of  Metals. — As  the 
vibrational  motion  of  the  molecules  is  fundamental  to  the 
kinetic  theory  of  solids  here  unfolded,  it  will  be  well  at  this 
stage  to  secure  such  support  for  the  theory  as  is  given  by  the 
harmonic  relations  I  have  shown  to  exist  among  the  periods 
of  vibration  of  the  molecules  of  metals  at  their  melting-points 
(Phil.  Mag.  Oct.  1890).  The  full  swing  of  a  molecule  in  one 
direction  is 

g-E  =  Eo(6T  +  J'T)=7Eo^T. 
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Let  M  stand  for  the  molecular  weight  of  a  molecule  re- 
ferred in  the  ordinary  way  to  that  of  hydrogen,  and  let  H 
denote  the  real  mass  of  a  molecule  of  hydrogen,  then  the 
swing  of  a  molecule  is. 

7(MH//j)^-044/M^. 
But  its  translatory  kinetic  energy  is 

piHt-  =  JcMHT, 
v=  \/2JcMT/M, 
and  accordingly  the  period  of  a  complete  vibration  is 

m'    2  X  7  X  •044H^ 

For  comparative  values  we  can  drop  the  whole  numerical 
factor  and  take  M'/p^T^  as  measuring  the  relative  periods. 
In  the  subjoined  table  I  replace  the  erroneously  copied  values 
lor  the  beryllium  family,  given  in  my  former  paper,  by  the 
correct  ones. 

Relative  Periods,  M^/p*^*. 


Li. 

Na. 

K. 

Eb. 

Cs. 

Cu. 

Ag. 

Au. 

■205 

•43 

'66 

•96 

1^22 

•21 

•29 

•35 

Be. 

Mg. 

Ca. 

Sr. 

Ba. 

Zn. 

Cd. 

Hg. 

■107 

•22 

•34 

•51 

•63 

•32 

•47 

•94 

Al. 

La. 

Ga. 

lu. 

Tl. 

•20 

•55 

•54 

•57 

•65 

Fe. 

Co. 

Ni. 

Ru. 

Eb. 

Pd. 

Os. 

ii-. 

Pt. 

16 

•16 

•17 

•21 

•20 

•24 

•23 

•25 

•27 

In  the  Li  family  the  periods  run  as  1,  2,  3,  4^5,  6  with 
the  copper  sub-family  connected  ;  in  the  Be  family  the 
periods  run  as  1,  2,  3,  4^5,  6,  with  the  zinc  sub-tamily  re- 
lated in  somewhat  the  same  way  as  the  copper  to  the  lithium, 
but  not  exactly.  Al  and  La  have  periods  nearly  as  2  to  6. 
The  other  periods  do  not  call  for  comment  at  present ;  but  it 
is  wortli  noting  that  the  periods  of  the  Be  family  are  half 
those  of  the  Li  family.  These  beautiful  harmonic  relations 
almost  amount  to  a  proof  that  the  expansion  of  the  metals  is 
a  true  measure  of  the  amplitude  of  vibration  of  their  mole- 
cules. It  will  be  interesting  to  try  to  get  an  absolute  value 
of  one  of  these  periods,  and  compare  it  with  known  periods 
of  light-  and  heat-vibrations.     Sir  W.  Thomson  estimates  that 
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there  are  between  3  x  10'^  and  lO'*"  molecules  in  a  cubic 
centimetre  of  ordinary  liquids  and  solids.  Now  the  limiting 
volume  of  a  gramme  of  hydrogen  is  about  4  cubic  centi- 
metres, so  that  if  we  take  10^^  as  the  number  of  molecules  in 
a  cubic  centimetre  of  hydrogen  H  =  2*5  x  10""^  gramme,  and 
the  numerical  factor  dropped  above  becomes  8  x  10"  ,  which 
makes  the  absolute  period  of  the  Lithium  molecule  1*6  x  10~ 
second;  that  is  to  say,  there  are  6  x  10^'^  complete  vibrations 
of  the  molecule  in  a  second.  Now  the  A  line  of  the  spectrum 
represents  3*945  x  IQ^*  vibrations,  and  the  H2  line  7*628  x  10^ 
vibrations  per  second,  while  in  the  dark  part  of  the  spectrum 
Langley  has  found  a  line  of  1*1  x  10^^,  and  in  the  radiation 
of  bodies  below  100°  C.  a  line  of  2  x  10^^  vibrations  in  a 
second.  Accordingly,  the  periods  of  vibration  of  the  mole- 
cules of  the  metals  at  their  melting-points  fall  within  the 
limits  of  actually  measured  periods  of  non-luminous  vibra- 
tions. This  fact  supplies  good  general  verification  to  the 
theory,  and  shows  how  interesting  a  bolometric  study  of  the 
radiation  of  solids  just  about  to  melt  would  be. 

().  Comparison  of  the  Theoi'etical  Variation  0/' Young's  Modu- 
lus loith  Temperature  ivith  the  Experimental. — The  next  subject 
to  apply  the  theory  to  with  advantage  is  the  theoretical  law 
of  variation  of  Young's  modulus  with  temperature  for  com- 
parison with  the  experimental  results  given  in  the  introduc- 
tion. The  metals,  as  Avill  yet  be  shown,  may  be  assumed  to 
be  approximately  isotropic.  In  isotropic  solids  the  relation 
between  q,  n,  and  k  is  q  =  9kn/(3k  +  n).  Now  in  the  intro- 
duction it  was  shown  for  all  the  metals  that  VN=1  — (^/T)^, 
where  N  is  rigidity  at  absolute  zero,  and  from  the  theoretic 
equation  (11)  we  have  the  values  of  k  at  all  temperatures, 
and 

3N{l-(^/T)^} 
'^~  l  +  ^{l-{e/Ty\/'dk- 

Now,  according  to  (11),  k  is  infinite  at  absolute  zero,  which 
we  will  interpret  to  mean  that  it  is  very  large,  and  hence  Q 
the  value  of  Young's  modulus  q  at  absolute  zero  is  3N. 
Accordingly  we  have 

Q{i-'(e/Ty}{i/q-i/9k)=i  .  .   .   (13) 

as  the  definitely  prescribed  law  of  variation  of  Young's  mo- 
dulus with  temperature.  Because  of  this  detinite  theoretic 
relation  I  did  not,  in  the  introduction,  dwell  on  the  demon- 
stration of  any  empiric  relation,  but  the  values  given  for 
different  temperatures  and  different  metals  will  now  furnish  a 
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good  test  of  the  kinetic  theory  of  solids.  The  best  way  to 
apply  the  test  will  be  to  calculate  for  each  metal  from  the 
observed  values  of  <j  and  the  theoretic  values  of  k  the  values 
of  Q, — these  should  come  the  same.  For  example,  according 
to  my  experiments  on  zinc  the  values  of  ^ylO"*"  at  absolute  tem- 
peratures 289°,  333°,  and  376°  are  821,  758,  and  6S2,  and 
the  corresponding  values  of  Q10~^  are  1280,  1320,  and  1320, 
which  satisfy  well  the  requirement  of  constancy.  Kievviet*s 
values  for  zinc,  found  by  the  method  of  bending  at  283°,  325°, 
and  353°,  are  1031,  975,  and  924,  which  give  for  QIO"^  the 
values  1710,  1800,  and  1870,  which  do  not  satisfy  the  con- 
dition of  constancy.  It  will  be  seen  from  equation  (13)  that 
a  good  deal  depends  on  a  correct  absolute  value  of  y,  as  well 
as  on  the  relative  values  at  different  temperatures.  For  the 
other  metals  I  will  simply  give  the  values  of  Q10~^  calcu- 
lated from  3  values  of  (j  at  temperatures  from  289°  to  376° 
on  the  absolute  scale.  For  tin  880,  890,  and  990,  and  ac- 
cording to  Kiewiet  740,  750,  and  720  ;  lead  326,  332,  and 
339  ;  magnesium  439,443,  and  433  ;  copper  1590  and  1540  ; 
aluminium  818  and  839  ;  aluminium  unannealed  735,  746, 
and  752  ;  and  iron  2253,  2241,  and  2226.  It  is  evident  that 
experimental  uncertainties  do  not  at  present  let  us  expect  any 
better  agreement  between  theory  and  experiment  than  that 
just  shown.  But  there  is  another  form  in  which  the  same 
comparison  can  be  made.  One  of  the  results  of  equation  (13) 
is  that  Young's  modulus  at  absolute  zero  is  3  times  the 
rigidity.  Now  by  means  of  (13)  we  can  from  the  moan 
values  of  >/  at  1 5°  C.  given  in  Table  VII.  calculate  the  values 
of  Q,  and  compare  them  with  the  values  of  N,  given  in 
Table  V. 

Table  VIII. 


10-^Q  or  10-' 

"  times 

Young- 

's  modulus  at  absolute  Zero. 

Cu. 

Ag. 

All. 

Mg. 

Zu. 

Cd. 

Al. 

Q 1390 

860 

840 

490 

1490 

1040 

840 

Q/N...    3-1 

2-9 

2-9 

3-0 

3-5 

3-2 

Sn. 

Pb. 

Fe. 

Ni. 

Co. 

I'd. 

Pt. 

Q 700 

270 

2170 

2460 

1970 

1130 

1690 

Q/N...      3-5 

2-3 

2-8 

32 

2-(i 

With  the  exception  of  platinum,  the  only  metals  lor  which 
the  departure  of  N/Q  from  the  value  3  is  beyond  the  limits 
of  experimental  error  are  zinc,  tin,  and  lead,  the  metals  for 
which  the  results  of  different  experimenters  disagree  most,  as 
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shown  in  the  compilation  of  data  given  in  the  introduction. 
These  disagreements  would  seem  to  indicate  that  even  if  these 
metals  can  be  got  in  an  approximately  isotropic  state  at  all, 
their  isotropy  is  easily  disturbed,  but  this  point  will  be  re- 
turned to  immediately.  The  mean  value  for  the  ratio  Q/N 
for  the  7  metals  Cu,  Ag,  Au,  Mg,  Al,  Fe,  and  Ni  is  S'O, 
and  accordingly  it  appears  that  these  metals  may  be  regarded 
as  isotropic,  and  as  having  molecules  so  nearly  incompressible 
as  to  give  the  relation  Q  =  3N  characteristic  of  incompressible 
inolecules. 

The  study  of  the  ratio  Q/N  leads  naturally  to  the  famous 
controversy  amongst  elasticians  as  to  whether  there  is  a  fixed 
value  of  the  ratio  of  lateral  contraction  to  longitudinal  exten- 
sion for  all  isotropic  bodies  subject  to  traction  ;  but  this 
matter  had  better  be  postponed  a  little  until  we  have  seen 
what  account  the  kinetic  theory  can  give  of  rigidity.  This 
is  the  most  important  point  in  a  theory  of  solids,  and  as  I 
have  already  pointed  out  that  no  static  theory  can  give  an 
adequate  explanation  of  rigidity,  there  is  great  interest  in 
seeing  how  the  kinetic  theory  will  fare. 

7.  Rigidity  according  to  the  Kinetic  Theory . — The  funda- 
mental equation  for  a  solid,  homogeneous  and  isotropic  and 
free  from  external  force  is 

or 

Suppose  the  solid  now  subjected  to  a  pure  shearing  stress 
specified  by  a  traction  P  parallel  to  the  axis  of  x,  and  a  pres- 
sure P  parallel  to  that  of  y  :  the  traction  counts  as  a  pressure 
—  P,  and  the  corresponding  strains  are  an  elongation  of  e  to 
I  parallel  to  x^  and  a  contraction  of  e  to  77  parallel  to  y.  The 
strained  body  is  no  longer  isotropic,  and  equations  (3)  are 
applicable  to  it  if  we  write  — P  for  P,  and  put  Q  =  P  and 
11=0.  Let  ^  =  e4-S^,  and  77  =  6  +  877,  and  ^=e,  then  §77=  —  S^. 
The  effective  kinetic  energies  in  different  directions  are  no 
longer  equal  each  to  D,  but  become  \mu^^  i"W^,  and  \mii?^ 
which  will  be  denoted  by  Dj,  D2,  and  D3,  and  letI)i  =  D  +  8D^ 
and  so  on.  We  do  not  know  at  present  how  we  are  to  ex- 
press the  condition  that  the  shear  is  made  at  constant  tem- 
perature, for  when  the  effective  kinetic  energy  is  different  in 
different  directions,  what  is  the  relation  between  these  dif- 
ferent energies  and  temperature  ?  All  that  we  can  assert  is 
SU2= — SDj.     Now  the  shear  produces  a  change  of  volume 
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only  of  the  second  order,  so  that  'tr^{r)/&e^  may  be  regarded 
as  unaltered,  and  after  the  shear  we  have 

D  +  8D,  +p_  l2,,^(,,)  =  0. 


Replace  the  last  term  by  its  value  2D/3e2(e  — E),  and  expand 
the  first  term,  then 

^-■-e\e-'Ei)\  D         e        e-EJ' 


_2- 


D      /SDi      8f         8^ 


E)V  D   ^    e       e-E/ 


■'  e'^  (e  - 

P  is  the  shearing  stress,  and  26^/e  is  the  shear,  so  that  the 
rigidity  n  is  Vefih^, 

-e2(e-E)U0  D       e-E  ^  V  ^^ 

This  equation  gives  a  statement  of  what  rigidity  is  according 
to  the  kinetic  theory  ;  it  depends  on  the  rate  of  change  of 
the  effective  kinetic  energy  in  a  direction  with  the  change  of 
the  distance  apart  of  the  molecules  in  that  direction.  This 
ratio  of  8D,  to  S|  is  fundamental  in  the  theory  of  solids  ;  the 
condition  for  zero  rigidity  or  fluidity  is 

eSD,/D8^=^/(e-E)-l. 

It  would  be  possible  to  calculate  the  ratio  of  SDj  to  h^  on 
purely  theoretical  ground  with  the  aid  of  suppositions  as  to 
the  distribution  of  kinetic  energy  in  different  directions  and 
its  relation  to  temperature,  but  this  is  not  worth  doing  at 
present;  it  will  only  be  shown  shortly  that  even  in  solids 
BDi/S|  differs  only  from  the  large  number  e/(e— E)  by  a 
small  number,  that  is,  a  number  not  much  greater  than  1. 
But  first  it  may  be  as  well  to  determine  Young's  modulus 
from  our  cciuations  in  the  same  way  as  we  have  just  found 
tlic  rigidity.  It  is  only  necessary  to  put  — P  for  P^,  Q  =  t>, 
Z  =  (),  ^  =  e  +  S^,  8^=  S77  =  —  o-S^,  and  replace  Sr(^{r')l{]e^  by 
Jhn'/^'-7)~^-,  and  to  expand,  to  get  the  following  equations  in 
which  the  variables  are  accented  to  distinguish  the  conditions 
of  variation  from  the  former  ones  : 

,       D      /8D/      Sv'  + 8^  +  281'        8^'\ 
~-'e'{e-E)\  D    "^  e  e-E/ 

'J=8^'  =  -^e^U^:^^  D--^  +  --e-E)^^^^^^ 


U         D       V  e— Ey  e 

J'hil.  Maq.  tS.  5.  Vol.  82.  No.  1<)1).  Dec,  1891.  2  0 
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Now  at  absolute  zero  our  collection  of  molecules  is  supposed 
to  be  practically  incompressible,  so  that  Q  =  3N,  and  o-=2; 
hence  for  N  we  have  the  two  values,  the  limit  of 


and  the  hmit  of 

»e=^(e-E)V  ^^'   D       e-E  ^   / 

These  two  forms  and  the  value  of  8D2'  above,  which  at  abso- 
lute zero  is  oiyen  by  2e8D2'/D8|'  =  l  — e/(e  — E),  suggest  that 
both  eSBJB^J}  and  eSDZ/S^'D  are  nearly  equal  to  e/(e-E). 
If  in  the  case  of  Yoimg's  modulus  the  condition  for  constant 
temperature  were  that  the  mean  of  the  effective  kinetic 
energies  in  all  directions  is  constant  or 

8(D/+d;+D3')=o, 

then,  from  the  values  of  SDg'  and  8D3'  we  get 

which  at  absolnte  zero  would  make  q  vanish,  and  therefore 
cannot  be  quite  correct,  but  proves  at  all  events  that  at  ab- 
solute zero  e8Di'/D8^'  is  nearly  equal  to  e/{e  —  E).  The  two 
expressions  for  N  show  that  at  absolute  zero  we  may  put 

^1V_^_ 

DS|'~  e-E         ' 
where  A  is  a  constant  the  same  for  all  bodies,  and 

^:^-.^±_  -Pi 
DS|~e-E"^    ' 

where  B  is  the  same  for  all  bodies,  and 

B  +  1  =  |(A+1),: 

A  and  B  are  both  numbers  not  large  compared  to  1.  Then 
N  is  the  limiting  value  of 

iD(B  +  l) 
which,  with  D=Jcm^  and  e— E  =  7i^Eo,  gives 
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cm  is  constant,  so  that  we  have  this  result,  that  the  product 
^hm/p  is  the  same  for  all  metals,  and  so  also  the  product 
Qbm/p.  The  best  manner  of  testing  this  last  theoretical  con- 
clusion will  be  to  tabulate  the  values  of  iQbm/Jcmp  and 
21'Nbm/Jcmp,  and  see  whether  all  the  metals  give  the  same 
A'alue  for  B  +  1 . 

Cu.       Ag.       Au.       Mg.        Zn.  Od.  Al. 

7Qbm/JcmpovB  +  l..A-6  4-0  3-2  S'O  10-5  10-9  5-9 
21Nim/JcmporB +  1...4-5     4-7     3-2     5-0       9-0  5-5 

Su.       Pb.       Fe.        Ni.  Co.         Pd.        Pt. 

IQbm/Jcmp  or  B +  1...6- 2     3-7     4-8     5-4       4*4       3-2     3-6 

2imm/ J cmp  or  B  +  1    5'4     4-7     5-1     5-2  4-3 

The  values  for  zinc  and  cadmium  are  about  double  those 
for  the  other  elements;  if  for  the  moment  we  take  half  of 
them  as  the  true  values,  and  take  the  mean  of  all,  we  get  for 
B  +  1  the  value  4*6,  the  serious  departures  from  which  are  in 
the  case  of  gold  3*2,  aluminium  mean  5*7,  tin  mean  5*8,  and 
palladium  3*2;  in  the  case  of  palladium  the  fault  lies  probably 
in  the  absolute  value  of  g  at  15°  C,  which  is  the  mean  of 
Wertheim's  static  and  kinetic  values  980  x  10^  and  1130  x  10^ 
while  before  annealing  they  are  1180  x  10^  and  1240  X  10*^. 
In  the  case  of  tin  uncertain  isotropy  and  experimental  un- 
certainty explain  the  discrepance,  but  for  gold  and  aluminium 
no  adequate  explanation  is  available  except  one  suggested 
below.  On  the  whole  the  theoretical  conclusion  is  well  borne 
out.  In  the  case  of  zinc  and  cadmium,  the  fact  that  the 
product  is  double  the  normal  value  is  connected  with  the  fact 
that  the  molecules  of  zinc  and  cadmium  are  known  in  the 
vaporous  state  to  be  monatomic.  The  product  iQbm/Jcmp  is 
independent  of  m  the  molecular  mass;  but  as  we  do  not  know 
the  dynamical  significance  of  the  constant  B  +  1,  we  cannot 
tell  whether  or  not  it  ought  to  be  twice  as  large  for  mona- 
tomic molecules  as  for  diatomic.  Tlie  assertion  that  B  +  1 
must  bo  the  same  for  all  metals  goes  on  the  assumption  that 
they  are  dynamically  similar  systems  of  molecules  at  absolute 
zero;  if  they  are  not  so,  then  the  assertion  no  longer  holds, 
and  this  may  bo  the  cause  of  the  difference  in  the  case  of  gold 
and  aluminium. 

The  theoretical  relation  that  Qbin/p  is  to  be  the  same  for 
all  metals  corresponds  to  Wertheim's  empirical  discovery  that, 
if  q  is  Young's  modulus  at  15°  (J.,  q(m/py  is  approximately 
the  same  for  all  the  metals  {Aim.  cJe  Ch.  et  de  Ph.  ser  3.  t.  xii.). 

2  O  2 
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Tomlinson  (Phil.  Trans.  1883)  has  investigated  tlie  same  re- 
lation. We  have  seen,  in  the  experimental  introduction,  that 
the  elastic  properties  of  the  metals  correspond  only  at  tempe- 
ratures which  are  the  same  fraction  of  the  melting-tempera- 
tures, and  accordingly  any  relation  connecting  Young's 
modulus  at  a  fixed  temperature  with  molecular  volume  or 
domain  must  be  empirical.  Now  as  the  coefficient  of  expan- 
sion /'  is  roughly  proportional  to  the  molecular  domain  m/p, 
the  relation  QZ»»?/p  =  constant  becomes  Q(???/p)"  =  constant  ap- 
proximately, whence  we  see  the  origin  of  Wertheim's  relation. 
There  are  various  other  approximate  empirical  relations  dis- 
covered by  diflPerent  physicists  which  correspond  to  combina- 
tions of  those  already  established  on  theoretical  grounds  in 
this  paper,  but  there  is  no  use  in  discussing  them  further. 

8.  Ratio  of  Lateral  Conti'action  to  Elongation  in  Young's 
Experiment. — We  can  now  take  up  the  famous  question  as  to 
whether  the  ratio  of  lateral  contraction  to  longitudinal  ex- 
tension in  the  Young's  modulus  experiment  has  the  same 
value  for  all  isotropic  bodies,  as  asserted  by  various  builders 
of  statical  molecular  theories  of  elasticity,  and  as  denied  by 
the  upholders  of  a  science  of  elasticity  apart  from  molecular 
considerations.  As  no  statical  theory  founded  on  central 
forces  can  give  a  true  account  of  rigidity,  it  seems  useless  to 
discuss  a  deduction  of  such  theories,  but  the  important  point 
of  getting  a  test  for  isotropy  is  involved.  We  see  at  once, 
from  the  results  of  the  experimental  introduction,  that  tem- 
perature is  an  important  condition  which  has  never  been 
taken  into  account  by  the  upholders  of  a  constant  ratio.  In 
isotropic  solids  we  have  the  following  equations  for  cr  the 
ratio  of  contraction  to  elongation  : — 

o-=(3/c— 27i)/2(3Z;  +  7i)     and     <7  =  ql2n-l. 
Now  we  have  seen  experimentally  that 
n=N{l-(W'}, 
and  by  theory  (11) 

'"      ^       'i%Wmlp     ' 

so  that  o-  is  a  not  simple  function  of  the  temjDerature.  At 
absolute  zero  k  is  according  to  our  theory  very  large,  and 
may  be  regarded  as  infinite,  wliile  n  remains  finite,  and  there- 
fore the  value  of  o-  at  absolute  zero  is  ^.  But  again  at 
the  melting-point  n  is  zero,  while  k  is  finite,  so  that  at  the 
melting-point  a  again  attains  the  value  f .     Now  a  has  been 
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measured  directly  foi'  a  few  metals  by  Mallock  (Proc.  Roy. 
Soc.  xxix.)  by  one  method,  and  by  Amagat  {Conipt.  Rend. 
cviii.)  by  a  quite  distinct  method,  and  also  by  an  indirect 
method.  We  will  compare  the  values  given  by  the  first 
equation  for  a  at  15°  C.  with  these  experimental  values. 

Values  of  a-  at  15°  C. 

Cu.  Zn.  Pb. 

Theory    -38  -17  -33 

Mallock  -35  -18  -37 

Amagat  '32  ...  -43 

For  iron  theory  gives  a  value  "41,  while  Mallock  found  for 
steel  the  value  "25,  and  Amagat  for  steel  '27,  but  Okatow 
(Pogg.  A7in.  cxix.)  has  shown  that  steel  according  to  its 
treatment  gives  values  of  cr  ranoing  from  '275  to  '40.     If  we 

•  t  •  •  -I 

calculate  a  according  to  the  second  equation  above,  using  the 
mean  experimental  values  of  q  and  n  at  15°,  as  given  in 
Tables  III.  and  VII.  of  the  introduction,  we  get  the  follow- 
ing values:— Cu  '42,  Zn  '33,  Pb  -13,  Fe  "33.  These 
values  for  zinc  and  lead  are  in  complete  disaccord  with  the 
experimental  values,  that  for  zinc  being  much  too  large,  and 
that  for  lead  much  too  small.  Now  in  studying  the  values  of 
the  ratio  Q/N,  which  ought  theoretically  to  be  3,  we  found 
for  zinc  3*5,  and  for  lead  2'3;  but  as  the  values  of  Q  and  N 
are  both  calculated  from  the  mean  values  of  q  and  n  at  15°  C, 
it  is  very  likely  that  there  is  experimental  error  in  q  and  n 
as  individual  experimenters  differ  greatly  in  their  values. 
Hence  if  3  is  the  true  value  for  Q/N  for  all  the  metals,  q/n  is 
wrong  in  the  same  proportion  as  Q/N;  and  if  we  multiply  our 
values  of  q/n  by  3,  and  divide  by  Q/N,  and  use  the  result 
in  our  second  equation  for  o-,  we  shall  see  whether  theory  will 
thus  eliminate  the  discrepancy  above  for  zinc  and  lead  as  due 
to  experimental  uncertainty  in  q/n.  Doing  this,  we  get  for 
Cu  -38,  Zn  14,  -Pb  -47,  and  Fe  42,  which  agree  well  with 
the  values  given  by  the  first  equation  for  a,  and  with  the 
directly  observed  values  of  Mallock  and  Amagat. 

This  agreement  of  theory  and  experiment  shows  that  all 
idea  of  a  constant  value  for  o-  in  the  case  of  isotropic  bodies 
must  be  abandoned,  and,  what  is  much  more  important,  that 
the  metals  are  at  least  approximately  isotropic.  Amagat  has 
already  shown  by  some  fine  experimental  work  {Compt.Rend. 
cviii.)  that  some  metals  and  alloys  are  isotropic,  although 
his  method  of  calculation  makes  the  proof  a  little  more  per- 
fect than  it  actually  is.  His  method  is  to  measure  Young's 
modulus  directly  by  st;itical  experiments ;  let  P  be  the  pressure 
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applied  longitudinally  to  a  cylinder  of  length  L  producing  a 
change  of  length  dL,  then 

<7=PL/cZL     (a). 

He  also  observed  directly  the  change  of  volume  of  the 
cylinder  in  this  experiment,  but 

hence  these  two  experiments  give  a  direct  determination  of  a. 
Again,  he  compressed  the  hollow  cylinder  of  radii  R  and  Rq 
externally  with  hydrostatic  pressure,  and  according  to  elastic 
theory,  if  the  material  of  the  cylinder  is  isotropic  the  change 
of  volume  is  given  by 

r/V  =  (5-4o-)R2pV/(R2-Ro2).y     (c). 

Amagat  used  this  equation  and  (h)  to  calculate  o-  and  q  from 
his  data ;  but  a  somewhat  more  trustworth}'^  method  would  be 
to  substitute  the  directl}^  observed  value  of  <[  in  (c)  and  so  ob- 
tain cr  for  comparison  with  the  direct  value  given  by  (a)  and 
(A) .  To  complete  the  available  evidence  for  the  isotropy  of 
the  metals  and  alloys  I  will  reproduce  Amagat^s  directly 
found  values  of  cr  and  o-j,  his  values  got  from  (h)  and  (c)  as 
0-2,  and  values  which  I  have  calculated  from  (a)  and  (c)  as  0-3. 
Steel.  Copper.         Brass.  Delta.  Lead. 

(Ti    -268         -325         -324         -347         -431 

o-o    -269        -329         -330        -333        -425 

0-3    -263        -303        -301        -388        -493 

The  agreement  is  sufficient  to  justify  the  assumption  ot 
isotropy  on  which  equation  (c)  is  founded. 

9.  Dulong  and  Petit's  Law,  Joule  and  Kopp's  Law,  and  the 
Equation  for  Conqjound  Solids. — The  physical  meaning  of 
Dulong  and  Petit^s  law  of  the  constancy  of  the  atomic  heats 
of  the  elements  has  been  a  subject  of  speculation  with  chemists 
and  physicists  ever  since  its  discovery.  As  the  kinetic  theory 
of  gases  in  regarding  temperature  as  proportional  to  kinetic 
energy  of  the  molecule,  required  that  apart  from  internal 
motion  and  work  the  molecular  heats  of  all  gases  should  be 
the  same,  it  has  been  felt  that  a  similar  connexion  between 
temperature  and  molecular  kinetic  energy  is  at  the  founda- 
tion of  Dulong  and  Petit^'s  law.  The  kinetic  theory  of  solids 
makes  this  quite  plain,  that  Dulong  and  Petit's  law  is  simply 
the  expression  of  the  fact  that  temperature  is  proportional  to 
the  kinetic  energy  of  the  molecule,  or,  to  be  more  accurate,  of 
the  atom.     The  meaning  of  Dulong  and  Petit's  law  becomes 
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still  clearer  when  taken  in  conjunction  with  that  of  Joule  and 
Kopp,  that  the  molecular  heat  of  a  solid  compound  is  the  sum 
of  the  atomic  heats  of  ihe  component  atoms.  This  means 
that  the  freedom  of  the  atom  within  the  molecule  is  such  that 
each  atom  vibrates  independently  of  the  others.  On  this 
basis  it  is  easy  to  sketch  the  investigation  of  the  equations 
for  a  solid  compound.  Let  us  consider  a  compound  whose 
molecule  consists  of  n^  atoms  of  an  element  Aj,  Jig  o^'  ^2?  ^^^ 
so  on.  Suppose  a  cubical  arrangement  of  molecules  at  dis- 
tance e  apart,  then  the  number  of  molecules  per  unit  area  is 
1/^^,  and  hence  the  number  of  atoms  Aj  per  unit  area  is 
n^l^.  Let  »?j,  ???2J  ^od  so  on  be  the  masses  of  the  atoms, 
and  Vi,  V2  their  mean  velocities,  then  the  collisional  pressure 
per  unit  area  due  to  the  atoms  Aj  is  ni^miVi'/e'aiS,  if  ai  is  the 
full  swing  of  the  atom  in  its  domain.  For  the  total  colh- 
sional  pressure  we  have  the  sum  of  such  pressures  for  the 
different  sorts  of  atoms.  For  the  pressure  due  to  molecular 
attraction  it  does  not  matter  whether  we  consider  the  attrac- 
tions of  the  atoms  separately  or  of  the  entire  molecules;  if  we 
take  the  entire  molecules,  then  we  get  the  former  expression 
%r^{r)/6e^.  For  a  solid  compound  submitted  to  hydrostatic 
pressure  p  we  have  the  equation 

Kinetically,  then,  a  compound  in  the  solid  state  behaves 
like  a  mechanical  mixture  of  its  component  atoms,  because 
the  molecules  are  almost  as  close  to  one  another  as  the  atoms 
in  the  molecule.  It  is  evident  that  a  complete  kinetic  theory 
of  compounds  must  be  a  very  complicated  affair. 

10.  The  Parameter'  of  Molecular  Force. — Hitherto  we  have 
managed  to  dispense  with  a  close  knowledge  of  the  molecular 
attraction  because  we  have  always  managed  to  eliminate  it  by 
using  the  fact  that  when  the  external  pressttre  is  small  we 
can  put 

27'<^(r)/663=2D/3e2(e_E), 

which  is  the  fundamental  equation  for  a  solid  free  fi-om  ex- 
ternal force.  But  it  is  desirable  to  obtain  an  independent 
estimate  of  molecular  force  for  comparison  with  that  given  by 
this  equation,  and  Quincke's  measurements  of  the  capillarv 
tensions  of  the  metals  at  their  melting-points  give  an  excellent 
opportunity  (Fogg.  Ann.  cxxxv.  and  cxxxviii.). 

I  have  shown  (Phil.  Mag.  5th  ser.  vol.  xxvii.)  that  if  the 
law  of  molecular  force  is  3Am'7r*  then  the  surface-tension  is 
proportional  to  Am^p^.    Let  us  denote  the  surface-tension  by 
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s,  then  A  the  parameter  of  molecular  force  is  proportional  to 
s/m^p^^.     But  if  ^(r-)  =bAm^/r^,  then 

'^r(j)(r)  =  12Am7rp  log  E/a, 

where  log  R/a  is  nearly  the  same  for  all  bodies  not  excessively 
small  or  large;  hence 

tr<ji{r)/Qe'  =  2Ap'-7r  log  R/a  =  2D/3e-(e-E)  =  2Jcm/)/21?H?/, 

or  A  is  proportional  to  cm/mbp,  or,  as  cm  is  constant,  to  1/mbp. 
Thus  s/m^'  p^  is  proportional  to  1/nib,  or  bsm^/p^  is  constant 
It  is  to  be  noticed  that  while  S7'<^(r)/Ge^  or  2Jc7np/'21inb  is 
independent  of  the  molecular  mass,  the  surface-tension 
.rAnr-'  p^  is  not,  so  that  if  the  molecular  weights  of  the  metals 
are  not  all  the  same  multiple  of  the  atomic  weights,  excep- 
tional metals  will  give  exceptional  values  of  bsm^/p^. 

The  following  is  a  list  of  the  values  of  1000  bsnr^jp^,  s  being- 
given  in  milligrammes  per  millimetre.  Where  Quincke 
found  two  values  of  s  by  different  methods,  both  are  given. 
In  the  case  of  lead  the  surface-tension  was  determined  by 
myself. 

Ag.      Ag,        Sn.       Pb. 

43      80      60      34 

4-0     7-5     8-7     6-9 

K.      Hg.        Fe.         Fe. 

37     59      102      97 
2(\     28       4-7     4-4 

The  value  of  the  surface-tension  of  iron  is  uncertain,  as  is 
the  case  also  with  sodium  and  potassium  ;  for  the  value  of  b 
for  Hg,  Na,  and  K,  I  used  the  relation  bTm^=-OU.  The 
mean  value  of  1  OOOft^m^/p^  for  Pt,  Pd,  Au,  Ag,  Sn,  and 
Pb  is  7'4,  for  Zn  and  Cd  it  is  12'3,  which  is  once  and  a 
half  as  large  or  about  2^  as  large,  for  Na  it  is  twice  as  large, 
and  for  Hg  and  K  four  times.  These  relations  and  the 
whole  subject  of  surface-tension  in  melted  solids  require  further 
investigation.  I  have  touched  on  the  matter  here  to  show 
that  in  the  kinetic  theory  unfolded,  the  law  of  molecular 
force  has  not  been  lost  sight  of. 

There  are  many  phenomena  of  solids  that  invite  investiga- 
tion by  the  light  of  a  kinetic  theory,  but  it  has  seemed  better 
to  me  to  confine  the  present  paper  to  the  broad  fundamental 
ones.  One  of  the  results  of  the  inquiry  is  that  the  molecules 
of  soHds  so  nearly  fill  up  their  domains  that  the  phenomena 
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of  crystalline  form  are  the  outward  results  of  the  form  of  the 
molecule  ;  this  has  often  been  imagined  to  be  the  case,  but 
the  kinetic  theory  proves  it.  It  is  hardly  necessary  to  enu- 
merate the  paths  of  experimental  and  theoretical  investiga- 
tion opened  by  a  kinetic  theory  of  solids  ;  but  it  is  obvious 
that  a  kinetic  theory  of  liquids  requires  to  be  seen  to. 
Melbourne,  April  1891. 


LXIV.  I^ote  supplementary  to  a  Paper  on  the  Solitary  Wave. 
By  J.  McCowAN,  M.A.,  B.Sc.^ 

IN  the  concluding  section  of  a  paper  "  On  the  Solitary 
Wave,"  printed  in  the  July  number  of  the  Philosophical 
Magazine,  I  offered  a  brief  criticism  of  certain  views  of  Sir 
George  Stokes,  which  are  contained  in  a  paper  '  On  the 
Theory  of  Oscillatory  Waves,'  republished  in  the  first  volume 
of  his  Collected  Papers,  on  the  possibility  of  a  solitary  wave 
being  propagated  without  change  of  form.  He  has,  however, 
privately  called  my  attention  to  the  fact  that  not  only  had  he 
himself  seen  the  error  of  his  former  opinion,  but  had,  in  a 
paper  "  On  the  Highest  Wave  of  Uniform  Propagation  "  (Proc. 
C/amb.  Phil.  Soc.  vol.  iv.),  suggested  a  method  by  which  the 
solitary  wave  might  be  approximated  to  by  a  sort  of  trial  and 
error  process,  though  he  had  not  attempted  the  approxima- 
tion itself,  which  would  be  laborious.  He  has  also  published 
a  note  to  this  effect  in  the  September  number  of  the  Philo- 
sophical Magazine,  which,  however,  I  have  only  just  seen, 
owing  to  my  absence  from  town  during  the  summer  recess. 
I  greatly  regret  that,  in  ignorance  of  his  more  recent  paper, 
I  should  have  offered  any  criticism  of  Prof.  Stokes's  earlier 
views,  a  criticism  to  which  I  was  only  led  by  the  considera- 
tion that  it  would  be  impossible  to  pass  over  in  silence  the 
opinions  of  an  authority  of  such  eminence  when  they  were  in 
conflict  with  the  results  of  my  paper. 

In  his  last  "  Note  on  the  Theory  of  the  Solitary  Wave," 
already  referred  to,  Prof.  Stokes  has  explained  how  he  had 
previously  been  led  to  a  wrong  conclusion,  and  this  need  not, 
I  think,  call  for  any  remark  on  my  part;  but  he  has  further 
offered  certain  objections  to  my  criticism  to  which  it  is 
necessary  for  me  to  reply  to  prevent  misinterpretation  of  my 
remarks,  which  were  possibly  too  brief  to  be  (juite  free  from 
ambiguity.  I  refer  to  the  third  paragraph  of  the  "  Note." 
He  begins  by  saying  that  he  cannot  agree  with  me  that  the 
expansion  which  he  used  is  inadmissible.     With  respect  to 

*  Communicated  by  the  Author. 
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this,  I  liavo  only  to  point  out  that  I  have  nowhere  said  that  it 
was  inadmissible.  I  am  not  therefore  concerned  with  his 
fm-ther  statement  regarding  the  expression  of  non-periodic 
functions  by  series  of  periodic  functions  :  Fourier's  repre- 
sentation of  siTch  functions  in  definite  integral  form  is  well 
known. 

He   goes    on    to    say  further,  "  I   cannot  agree  with  Mr. 

McCowan that  the    form    which  he  proposes  at 

p.  58  to  substitute,  that  of  a  series  involving  exponentials 
in  which  the  coefficient  of  x  in  the  index  is  real,  is  (at  least 
for  my  purpose)  admissible."  It  is  "  inadmissible,  on  account 
of  the  discontinuity  of  the  expression. '^  To  this,  again,  I 
must  reply  that  I  have  nowhere  proposed  to  use  any  such 
series.  To  clear  away  whatever  obscurity  may  remain,  let 
me  quote  the  part  of  the  paper  "  On  the  Theory  of  Oscillatory 
Waves,"  which  I  have  criticised  in  §  12  of  my  paper.     In  §2 

he  savs  ''the  general  integral  of  (2)    [—^  +  —-^  =  0,  where 

aw      ay-       ' 

<^  is  the  velocity  potential,]  is 

the  sign  S  extending  to  all  values  of  A,  m,  and  n,  real  or 

imaginary,   for  which  m^  +  ?i^  =  0 In  the  present 

case,  the  expression  for  ^  must  not  contain  real  exponentials 
in  .r,  since  a  term  containing  sxicli  an  exponential  icoulcl  become 
infinite  either  for  ,^'=— co,  or  for  x=+co,  as  well  as  its 
differential  coeiBcients  which  would  appear  in  the  expressions 
for  u  and  v  [the  components  of  the  velocity]  ;  so  that  m  must 
be  wholly  imaginary." 

The  italics  and  the  added  explanations  within  square 
brackets  are  mine.  I  understand  this  to  mean  that  it  is  only 
for  the  reason  given  that  real  exponentials  are  omitted. 
Remembering  then  the  difference  in  the  notation,  that  my 
"  imaginary  m  "  is  his  real  m,  and  that  my  z  is  his  y,  and 
that  my  ^  +  U.i'  is  practically  his  (j),  refer  to  §  12  of  my  paper. 
I  explain  that  he  has  "  put  aside  imaginary  values  of  the  m 
as  inadmissible,"  having  "  concluded  that  such  a  value  would 
imply  infinite  velocity,  &c.,  either  when  x=-^(x>,  or  Avhen 
x=  —  x>  ;"  and  then  I  goon  to  criticise  this  view,  saying  "  but 

this  is  not  necessarily  so for  in  fact  the  value  of  0 

given  in  (5) 

r ,      TT        TT  sinh  mx         ~\ 

[_  ^  cos  7nz  +  cosh  mxj ' 

gives  a  well-known  expansion 

[</)  +  U.i'=  Ua  +  2UaS  ('—)'■€-""■'"  cos  miz 
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when  X  is  positive,  and 

=  Ua  +  2U«2  ( —  )^e''"^  cos  miz 
when  X  is  negative,]  of  the  form 

such  as  is  considered  by  Stokes;  but  the  real  coefficients^ 
are  discontinuous,  changing  sign  with  x,  so  that  e^-^'  vanishes 
both  for  .1?=  +  CO  ,  and  for  x^=  —  x) ." 

I  have  here  corrected  a  shght  misprint  in  the  exponential, 
which  would,  however,  cause  no  difficulty.  I  have  also  added 
for  the  sake  of  clearness  within  square  brackets  the  expansion 
to  which  reference  only  was  made^  and  it  may  be  noted  that 
though  I  explain  that  (5)  may  be  so  expanded,  I  make  no 
suggestion  that  such  an  expansion  should  or  could  conveniently 
be  used. 


LXV.  On  Instahility  of  Periodic  Motion,  heing  a  continuation 
of  Article  on  Periodic  Motion  of  a  Finite  Conservative 
System*.     By  Sir  William  TnoMSONf. 

23.  T  ET  t/t,  <^,  ^,  .^,  be  generalized  coordinates  of  a  system; 
-L^  and  let  A  (-v|r,  <^,  . .  .  ■^' ,  <j>',. .  .)  be  the  action  in 
a  path  (§  2  above)  from  the  configuration  (i/r',  <^', .  . .)  to  the 
configuration  (-^jr,  (p, . . .)  with  kinetic  energy  (E— V)  with 
any  given  constant  value  for  E,  the  total  energy  ;  V  being 
the  potential  energy  (§  3  above),  of  which  the  value  is  given 
for  every  possible  configuration  of  the  system.  Let  v,^,r],^.  . . 
and  v',  I',  7]',  ^' . . .  be  the  generalized  component  momentums 
of  the  system  as  it  passes  through  the  configurations  (yfr,  <^, . . .) 
and  (i|r',  <p',  . .  .)  respectively.  If  by  any  means  we  have 
fully  solved  the  problem  of  the  motion  of  the  system  under 
the  given  forcive*  (of  which  V  is  the  ]iotential  energy),  we 
know  A  for  every  given  set  of  values  of  -\/r,  0,  .  . .  yjr',  0',  . .  .  ; 
that  is  to  say,  it  is  a  known  function  of  {yjr,  (f> . .  .,  "v/r',  (f)', .  .  .). 
Then,  by  Hamilton's  principle  [Thomson  and  Tait's  '  Natural 
Philosophy,'  §  330  (18j],  we  have 

_       ^L^       fc  _      ^^^  _       '!A      y-  '1^         1 

^~      dy{r'     ^~      ~d^'     ''' ~      dx'     ^~d^'"'    I 

,  _  _  r/A        H^  _<!A        ?_  _  '^^^    yi—  ^^^^  \ 

"  ~        dyjr''       ^  ~        d(t>"      "^  ~       d^'    ^  -  rf3"  •  •     J 

*  Phil.  Maf?.  Oct.  ISOl. 

t  Communicated  by  the  Author,  having-  been  communicated  to  the 
Royal  Society  on  the  2Gth  of  November,  1801. 

X  This  is  a  term  introduced  by  my  brother,  Prof.  Jam(\s  Thomson,  to 
denote  a  force-system. 
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24.  Now  let  P'  P  designate  a  particular  path*  from  position 
(i/r',  0',  ^',  .  . .)  which  for  brevity  we  shall  call  P',  to  position 
{^,  0,  %,  • . .)  which  we  shall  call  P.  Let  qP'  oP  '^e  a  part  of 
a  known  periodic  path,  from  which  P'  P  is  infinitely  little  dis- 
tant. But  first,  whether  oP'  qP  is  periodic  or  not,  provided 
it  is  infinitely  near  to  P'  P,  and  provided  qV  and  qP  are 
infinitely  near  to  P',  and  P,  respectively,  we  have,  by  Taylor's 
theorem,  and  by  (1), 

=  A(o'f ,  o<^,  ox^ .  . .,  o^'j  o<i>Vo%',  • .  •  ) 

+  oK^-o^)  +  ol(<^-o^)+  •  •  --ovYt'-otO-ea^'-oC^')-  •  •  • 

25.  Let  ns  now  simplify  by  choosing  our  coordinates  so 
that  the  values  of  ^,  ;s^,  &c.,  are  each  zero  for  every  position 
of  the  path  qP'  oP  ;  and  let  -v|r,  for  any  position  of  this  path, 
be  the  action  along  it  reckoned  from  zero  at  oP'-  These 
assumptions,  expressed  in  symbols,  are  as  follows  : — 

^A      .,        clA.      „  clK  ;,     (J  A      ,-,         dA      ^         ^ 


r',\fcf>  =  0,x=0,...;   cf>'  =  0,x:  =  0...) 


(2 


(3) 


for  all  values  of  yjr  and  yjr' 
26.  Taking  now 
^'  =  0.  ylr  =  ,f,  oc^  =  0,  o%  =  0,...o^/r'  =  0,  ,cf>'  =  0,  o^'  =  0 (4) 

we  have 

A(ut,  o<P,  0%, . . . ,  0'^',  of,  oX',  •  •  • )  =Mof,  0,  0, . . .  0,  0,  0  . . .)  .  .  (5) 

*  For  any  given  value  of  E,  the  total  energy  (§  3  above),  the  problem 
of  finding  a  path  from  any  position  P'  to  any  position  P  is  determinate. 
Its  solution  is,  for  each  coordinate  of  the  system,  a  determinate  fuuctiou  of 
the  coordinates  which  define  P  and  P'  and  of  f,  the  time  reckoned  from 
the  instant  of  passing  through  P'.  The  solution  is  single  for  the  case  of 
a  particle  moving  under  the  influence  of  no  force  ;  everv  path  being  an 
infinite  straight  line.  For  a  single  particle  moving  under  the  influence  of 
a  uniform  force  in  parallel  lines  (as  gravity  in  small-scale  terrestrial  bal- 
listics) the  solution  is  duplex  or  imaginary.  For  every  constrainedly  finite 
system  the  solution  is  infiniteh'  multiple  :  as  is  virtually  well  known  by 
every  billiard  player  for  the  case  of  a  Boscovichian  atom  flying  about 
within  an  enclosing  surface,  and  by  every  tennis  player  for  the  parabolas 
with  which  he  is  concerned,  and  th.eir  reflexions  from  walls  or  pavement. 
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and,  in  virtue  of  this  and  of  (3)  and  (1),  (2)  becomes 
A(o^,0.%,...,  0,  (/>',%',... )=A(ot,  0,0,...  0,0,0)- 

+  2(l2^%  +  13(/)-&  +  U^<^'  +  15^%'   +  16<^'&' 

where,  merely  for  simplicity  of  notation,  we  suppose  the  total 
nmiiber  of  freedoms  of  the  system,  that  is  to  say  the  total 
number  of  the  coordinates  i/r,  0,  ;)^,  ■&,  to  be  four  ;  and  for 
brevity  put 

27.  From  (6)  we  find,  by  (1), 

^  =  11(/)  +  12%  +  1:3^  +  U(p'  +  15%'  +  le^  1 
77   =  21^  +  22%  +  -y-i^  +  21(/)'  +  25%'  +  26^' 
^  =  3l(/)  +  ::;2%  +  :3;j^  +  'i^'  +  35%'  +  36^' 
_  I'  =  11  (^  +  42%  +  43-&  +  41^'  +  45%'  +  4(i'3' 

-  7^'  =  51(/)  +  52%  +  53^  +  540'  +  55%'  +  5(3^' 

-  ^'  =  61</)  +  62%  +  63-&  +  til</)'  +  65%'  +  66.&' 

These  equations  allow  us  to  determine  the  three  displacements, 
<^,  %,  ^,  and  the  three  corresponding  momentums,  ^,  ??,  ^,  for 
any  position  on  the  path,  in  terms  of  the  initial  values  0',  %',  •&', 
^',  ?;',  ^,  supposed  known. 

28.  To  introduce  now  our  supposition  (§  24)  that  o^'oP  is 
part  of  a  periodic  path  ;  let  Q  be  a  position  on  it  between  ^P' 
and  qP;  and  let  us  now,  to  avoid  ambiguity,  call  it  qP'  QqI*- 
Let  oP'  ivnd  qP  now  be  taken  to  coincide  in  a  position  which 
we  shall  call  0 ;  in  other  words,  let  qV  Q  qP,  or  OQO,  be  the 
complete  periodic  circuit,  or  orbit  as  we  have  called  it  (§  2 
above).  Our  path  P'P  is  now  a  path  infinitely  near  to  this 
orbit,  and  P'  and  P  arc  two  consecutive  positions  in  it  for 
which  t/t  has  the  value  zero.  These  two  positions  are  infinitely 
near  to  one  another  and  to  0.  We  shall  call  them  0,-,  and 
Oi+i,  considering  them  as  the  positions  on  our  path  in  which 
-^  is  zero  for  the  ii\\  time  and  for  the  (j+  l)th  time,  from  an 
earlier  initial  epoch  than  first  passage  through  -\/r  =  0  which  we 


;>- 


(8) 
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have  been  hitherto  considering.  It  is  accordingly  convenient 
now  to  modify  our  notation  as  follows  : — 

Here  (f)^,  Xp  ^i  ^^'^  the  generalized  components  of  distance 
from  0,  at  the  ith  transit  through  -^  =  0,  of  the  system 
pursuing  its  path  infinitely  near  to  the  orbit ;  and  f .,  rj.,  ^. 
are  the  corresponding  momentum-components.  With  the 
notation  of  (9),  equations  (8)  become  equations  by  which  the 
values  of  these  components  for  the  e'  +  lth  time  of  transit 
through  •\^  =  0  can  be  found  from  their  values  for  the  /th 
time.  They  are  equations  of  finite  dilferences,  and  are  to  be 
treated  secundum  artem,  as  follows  : — 

29.  Assume 

4>i+i  =  P'f'i,      Xi+i  =  PXp      ^.+1=^^^;)  _     ^     /^Qs 

^i+,=P^P       Vi+x  =  PVi'       Ki+i=pKi     )' 

Substituting  accordingly  in  (8)  modified  by  (9),  and  elimi- 
nating |.,  Vp  ^i,  ^-e  find 

fll  +  ^^  +  4lp  +  u\  +  (l2  +  ^^  4.42p  +  45Jx  +  i  13+  -  +  43f..  +  46J^  =  0 
(21  +  ''^'^  +  olp  +  b-^\  +  (^22+-  +  5'2p  +  oojx.  +  (^'^  +  -  +o3p+56p  =  0  >• 
C31+-+61p  +  (3A  +  (32+-  +  62p  +  G5)x+(33  +  "^  +  63p  +  66)^=0^ 

Remarking  that  41  =  14,  12  =  21,  &c.,  we  see  that  the  deter- 
minant for  the  elimination  of  the  ratios  0|%I-&  is  symmetrical 
with  reference  to  p  and  l\p.     Hence  it  is 

C,{p'  +  p-')  +  G,{r  +  P~'-)  +  C,{p  +  p-^)+2Go,       .     (12) 

where  Cq,  C,,  C2,  C3  are  coefiicieuts  of  which  the  values  in 
terms  of  11,  12,  &c.  are  easily  written  out.  This  determinant 
equated  to  zero  gives  an  equation  of  the  6th  degree  for 
determining  p,  of  which  for  each  root  there  is  another  equal 
to  its  reciprocal.  We  reduce  it  to  an  equation  of  the  third 
degree  by  putting 

p  +  p-'  =  2e (13) 

Let  ei,  e2,  e^  be  the  roots  of  the  equation  thus  found.  The 
corresponding  values  of  p  are 

^i±^/(^i--l)  ;  e,±x/{e,'^^l)  ;  e,±  ,/ {e^' -1) .   .     (14) 
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In  the  case  of  e  having  any  real  value  between  1  and  —1,  it 
is  convenient  to  put 

e  =  cos  a,  -\ 

which  gives  /3  =  cos  a  +  t  sin  «  > (15) 

and  />~^  =  cosa  —  tsina-' 

30.   Suppose   now,  for  the  first  time   of  passing  through 
i/r  =  0,  the  three  coordinates    and   three    corresponding    mo- 
menta, ^1,  xv',  ^u  ?b  ''715  ?ij  ^0  be  all  given  ;  we  find 
0.^ ,  =  Aip,'  +  Ai'pr^  +  A2P2'  +  A/ps"^  +  AsPs''  +  Aa'ps-'-] 

y,m 


?,+  ,=T^lPl^  +  Fi>r'  +  F2p/+F2>2-  +  F3P3^  +  F3>3-' 

where  Ai,  A/,  A,,  A2'  ._  .  .  Fi,  Fi',  _F2,  V^'  are  36  coeffi- 
cients which  are  determined  by  the  six  equations  (16),  with 
/  =  0:  and  the  six  equations  (8),  modified  by  (9);  with  / 
successively  put=l,  2,  3,  4,  5  ;  with  the  given  values  substi- 
tuted for  </>!,  Xn  •^ij  ^15  Vi,  ?i7  in  them  ;  and  with  for  0o,  -^.i,  &c- 
their  values  by  (16). 

31.  Our  result  proves  that  every  path  infinitely  near  to  the 
orbit  is  unstable  unless  every  root  of  the  equation  for  e  has  a 
real  value  between  1  and  —  1.  It  does  not  prove  that  the 
motion  Is  stable  when  this  condition  is  fulfilled.  Stability  or 
instability  for  this  case  cannot  be  tested  without  goino-  to 
higher  orders  of  approximation  in  the  consideration  of  paths 
very  nearly  coincident  with  an  orbit. 

[To  be  continued.] 

Postscript,  Novemhei'  10,  1891. 

The  subject  of  periodic  motion  and  its  stability  has  been 
treated  with  great  power  by  M.  Poincare  in  a  paper,  "  Sur  le 
probleme  des  trois  corps  et  les  equations  de  la  dynamiaue/' 
for  which  the  prize  of  His  Majesty  the  King  of  Sweden  was 
awarded  on  the  21st  of  January,  1889.  This  paper,  which 
has  been  published  in  Mittag-Leffler's  Acta  Mathematica,  13, 
1  and  2  (270  4to  jip.),  Stockholm  1890,  only  became  known 
to  me  twelve  days  ago  through  Prof.  Cayley.  I  am  greatly 
interested  to  find  in  it  nnich  that  bears  upon  the  subject  of  my 
communication  of  last  June  to  tiie  Iloyal  Society  ''  On  some 
test  cases  for  the  Maxwell-Boltzmann  doctrine  regardiu"- 
Distribution  of  Energy  ; "  particularly  in  p.  239,  the  followino- 
paragraph: — "On    pout    demontrer    que    dans    le    voisina<'-e 
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d'une  trajectoire  fermee  representant  une  solution  periodique, 
soit  stable,  soit  instable,  il  passe  une  infinite  d'autres  trajectoires 
fermees.  Cela  ne  siiffit  pas,  en  tonte  rigueiir,  pour  conclure  que 
toute  region  de  I'espace,  si  petite  qu'elle  soit,  est  traversee  par 
une  infinite  des  trajectoires  fermees,  mais  cela  suffit  pour  donner 
a  cette  hypothese  un  haut  caractere  de  vraisemblance.'^* 
This  statement  is  exceedingly  interesting  in  connexion  with 
Maxwell's  fundamental  supposition  quoted  in  §  10  of  my 
paper,  "  that  the  system  if  left  to  itself  in  its  actual  state  of 
motion,  will,  sooner  or  later,  pass  through  every  phase  which 
is  consistent  with  the  equation  of  energy;"!  an  assumption 
which  Maxwell  gives  not  as  a  conclusion,  but  as  a  proposition 
which  "  we  may  with  considerable  confidence  assert, . . .  except 
for  particular  forms  of  the  surface  of  the  fixed  obstacle."  It 
will  be  seen  that  Poincare's  "hypothesis,  having  a  high 
character  of  probability,"  does  not  go  so  far  as  Maxwell's, 
Avhich  asserts  that  every  portion  of  space  is  traversed  in  all 
directions  by  everjj  trajectory.  The  conclusion  which  I  gave 
in  §  13,  as  seeming  to  me  quite  certain  "  that  every  mode 
dift'ers  infinitely  little  from  being  a  fundamental  mode,"  is 
clearly  a  necessary  consequence  of  Maxwell's  fundamental 
supposition  ;  the  truth  of  which  still  seems  to  me  highly 
probable  provided  exceptional  cases  are  properly  dealt  loitli. 

I  also  find  the  following  statement,  pp.  100-101  : — "  II  y 
aura  done  en  general  n  quautites  d^  distinctes.  Nous  les 
appellerons  les  coefficients  de  stahilite  de  la  solution  periodique 
consideree. 

^'  Si  ces  n  coefficients  sont  tons  reels  et  negatifs,  la  solution 
periodique  sera  stable,  car  les  quantites  ^i  et  t;,-,  resteront 
inferieures  a  une  liraite  donnee. 

"  II  ne  faut  pas  toutefois  entendre  ce  mot  de  stabilite  au 
sens  absolu.  En  eff'et,  nous  avons  neglige  les  carres  des  ^  et 
des  7}  et  rien  ne  prouve  qu'en  tenant  compte  de  ces  carres,  le 
resultat  ne  serait  pas  change.  Mais  nous  pouvons  dire  au 
moins  que  les  ^  et  ?;,  s'ils  sont  originairement  tres  petits, 
resteront  tres  petits  pendant  tres  longtemps.  Nous  pouvons 
exprimer  ce  fait  en  disant  que  la  solution  periodique  jouit, 
sinondela  stabilite  sec?</aiV^,du  moins  de  la  stabilite  ^t'^j^^orai?^." 
Here  the  conclusion  of  §  ol  of  my  present  paper  is  perfectly 
anticipated  and  is  expressed  in  a  most  interesting  manner. 
M.  Poincare's  investigation  and  mine  are  as  difierent  as  two 
investigations  of  the  same  subject  could  well  be,  and  it  is  very 
satisfactory  to  find  perfect  agreement  in  conclusions. 

*  The  "trajectoire  fermee"  of  M.  Poincar^  is  what  I  called  a  "  fuuda- 
mental  mode  of  rigorously  periodic  motion,"  or  "  an  (  rbit." 
t  "  Scientific  Papers,''  vol.  ii.  p.  714. 
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A    Course   of  Experiments   in   Physical    Measurement. — Part   TV. 

Appendix  for  the  Use  of  Teachers.    By  Harold  Whitixg,  Ph.D. 

Boston,  U.S.A.  D.  C.  Heath  and  Co.  1891, 
TyiTlI  the  present  vohime  Dr.  "Whiting  s  treatise  on  Practical 
'  '  Physics  is  brought  to  a  conclusion.  He  discusses  in  it  those 
portions  ol:  the  subject  which  are  primarily  of  more  importance  to 
the  teacher  than  to  the  student,  such  as  the  cost  of  providing 
apparatus  for  the  course  described  in  the  three  previous  volumes, 
and  also  the  most  suitable  arrangement  of  tables  in  the  laboratory 
in  order  that  the  teaching  may  be  imparted  with  the  maximum  of 
convenience  both  to  teacher  and  student.  The  author  recommends 
that  the  practical  work  be  preceded  by  a  special  lecture  on  the 
theory  and  practice  of  the  experiment  to  be  performed,  these 
demonstrations  being  quite  distinct  from  the  ordinary  formal 
course  of  lectures  on  Physics.  It  is  an  open  question,  and  one 
which  the  author  does  not  discuss,  whether  the  experimental 
demonstrations  ought  to  precede  or  follow  the  formal  course ;  in 
the  case  of  the  more  mathematical  portions  of  Physics  it  seems  to 
us  advisable  to  interest  the  student  by  means  of  an  experiment, 
before  introducing  him  to  the  complete  theory  of  it  as  given  in  the 
lecture  course.  This  is  especially  the  case  with  Mechanics,  in 
which  subject  the  formal  lectures  ought  to  follow  the  demonstra- 
tions and  experiments  rather  than  precede  them. 

A  great  portion  of  the  volume  is  devoted  to  tables  of  actual 
observations  and  results  obtained  in  each  of  the  experiments  pre- 
viously described.  Then  follow  lists  of  the  experiments,  a  know- 
ledge of  which  is  required  in  the  case  of  candidates  for  admission 
to  Harvard  University  ;  this  section  is  of  course  of  greater  interest 
to  American  teachers.  The  remainder  of  the  volume  is  taken  up 
by  proofs  of  the  mathematical  formula;  used  in  the  earlier  part  of 
the  work. 

In  reviewing  the  treatise  as  a  whole  we  think  the  author  has 
done  well  to  insist  upon  the  necessity  of  always  making  luea^ 
surements,  whatever  their  nature  may  be,  as  exactly  as  possible, 
and  of  eliminating  errors  by  taking  the  mean  of  se\eral  observa- 
tions;  so  that  with  comparatively  rough  apparatus  really  A'aluable 
results  may  be  obtained  by  a  careful  student.  On  the  other  hand, 
the  work  has  one  drawback  which  it  shares  in  common  with  all 
text-books  on  practical  Physics,  namely,  that  the  experiments  de- 
scribed are  supposed  to  be  performed  with  apparatus  of  a  special 
pattern,  which  other  laboratories  do  not  possess.  To  a  large 
extent,  therefore,  the  course  of  experiments  in  each  laboratory  is 
arranged  in  accordance  with  the  form  of  the  apparatus  possessed 
by  it,  and  such  text-books  as  the  present  one  only  serve  as  general 
guides  which  must  be  supplemented  by  printed  or  manuscript 
notes.  '  James  L.  Howard. 

Phil.  Ma<j.  S.  5.  Vol.  32.  No.  lOU.  Dec.  IbDl.        2  P 
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MOLECULAR  THEORY  OF  DIFFUSION  AND  ELECTROLYSIS. 
BY  E.  RIECKE. 

FOR  a  dilute  solution  of  a  body  which  is  not  an  electrolyte,  the 
concentration  of  which  is  constant  in  all  plane  layers  which  are 
at  right  angles  to  an  axis  (r-Axis),  but  is  variable  in  the  direction  of 
this  axis,  tfie  author  finds  that  the  excess  of  the  molecules  moving 
downwards  (that  is,  the  strength  of  the  diffusion-current)  is 


S= 


3   d7 


in  which  I  is  the  mean  path  of  the  dissolved  molecules,  u  the 
molecular  velocity,  IS"  the  number  of  gramme-molecules  in  unit 
volume  of  the  solvent ;  then  S  is  the  number  of  gramme-molecules 
which  move  through  unit  section  in  a  second  in  the  direction  of 
decreasing  concentration.  The  coefficient  of  diffusion  Tc  for  the 
time  of  a  day  is  therefore 

X— 86400.  Zm/3. 
Thus  the  author  calculates  : — 


k. 

1 
Molecular 
weight. 

I'm  cm.  10-8. 

Urea  

0-81 
0-55 
0-38 
0-31 

GO 
165 
182 
342 

0-086 
0094 
0068 
0077 

Chloral  hydrate    ... 

Yov  electrolysis  Prof.  Eiecke  finds  for  the  number  Q^  of  positive 
ions  which  pass  in  a  second  through  unit  section, 


JV    eZ„ 


Z; 


>p  f^pUp 

in  which  N  is  the  number  of  molecules  in  unit  volume,  e  the  quan- 
tity of  positive  electricity  united  to  each  molecule,  I  the  mean  path, 
u  the  molecular  velocity,  n  the  molecular  weight,  r  the  time  between 
two  successive  impacts  of  a  molecule  of  the  ion  against  a  molecule 
of  the  solvent,  and  Z  the  E.M.F.  in  electrostatic  measure.  The  suffix 
p  signifies  that  the  numbers  refer  to  the  positive  ion ;  n  in  like 
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maimer  represents  the  negative  ion.  From  this  may  be  calculated 
the  transfer-number  and  the  conductivity.  If,  further,  A  is  that 
quantity  of  hydrogen  which  is  liberated  in  a  second  by  a  current 
of  unit  strength  in  electromagnetic  measure,  the  molecular  con- 
ductivity, L,  expressed  in  electrochemical  equivalents,  is 

If  II  and  V  are  the  absolute  mobilities  of  the  ions,  then  L=U-1- V, 
and  therefore 

IP  -XT  In 


U  = 


A^p  Up  ' 


V  = 


A/J^Un 


With  the  aid  of  the  values  of  U  and  V  given  by  Prof.  Kohlrausch 
the  author  thus  calculates  : — 


Positive  Ions. 


H. 

Li. 

NH,. 

Na. 

K. 

Ag. 

UIO"  

Uo  

300 
1 

0-82 

22-6 
7 
016 

51 
18 
0-59 

33-5 
23 
0-44 

52 
39 
0-89 

43 

107-7 
1-22 

L  W 

Negative  Ions. 


V  10' 

Hn    .. 

/„  10 


F. 

CN. 

CI. 

CAO,. 

NO3. 

Br. 

CIO3. 

I. 

32-4 

54 

53 

24-8 

496 

57-2 

43 

57-2 

19 

20 

35-4 

59 

62 

79-8 

83-4 

126-5 

0-12 

0-75 

0-86 

0-52 

1-07 

1-39 

1-07 

1-76 

For  the  coefficient  of  diffusion  of  an  electrolyte,  finally,  that  is 
the  number  of  gramme-molecules  which  with  unit  difference  of 
concentration  pass  through  unit  section,  the  author  finds 

^•=40-l(l-l-0-00367<>iUx  10'", 

in  which  n  is  the  transfer-number,  and  U  the  absolute  mobility  of 
the  ion  in  question.  Thus  for  hydrochloric  acid,  n-O-ld  and 
U=300xl0-'^  and  therefore  7.-=2-44.  Observation  gives  2-30. 
This  example  also  proves  the  agreement  between  liiecke's  equation 
and  that  which  Nernst  iirst  gave  for  the  connexion  between  the 
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couductivity  and  diffusion  oF  an  electrolyte, — Zeitsclirift  fur 
2)hyiiiJt'alische  Chemie,  vol.  vi.  p.  504;  Beihllitter  der  Phi/sik,  vol.  xv. 
p.  370. 


METHOD  OF  DETERMINING  THE  SURFACE-TENSION  OF  MERCURY. 
BY  H.  SENTIS. 

A  rectangular  plate  o£  iron  of  the  volume  ahc  and  the  weiglitp 
floats  on  mercury  ;  the  actual  dimensions  were  about  120  x  8  X  2 
c.  millim.  The  depth  h  to  which  it  sinks  is  determined  by  means 
of  a  spherometer.  On  the  one  hand,  we  have  from  the  principle 
of  Archimedes, 

p =ahhl)  +  2(rt  +  5)r  cos  a  ; 

in  which  D  is  the  density  of  mercury,  F  the  surface-tension,  and 
a  the  edge-angle,  and  the  second  term  on  the  right  is  Ihe  weight 
of  the  mercury  which  would  fill  up  the  groove  about  the  plate. 
The  error  which  is  due  to  the  corners  may  be  eliminated  by 
means  of  another  plate  of  volume  cde,  and  weight  jj',  immersed 
to  the  same  extent,  which  gives  exactly  the  same  error.  On  the 
other  hand,  the  well-known  equation 

holds,  and  by  eliminating  the  error  and  the  edge-angle  we  get  the 
formula 

Bh'      lp-p.-(ah-cd)7,J)J 
4    "^      i^d+h-c-dffrJ)     ' 

from  which  observations  give  !F=39"23  mg. — Journal  de  Physique, 
\o\.  ix.  p.  384  (1890). 


ALLOTROPIC  SILVER. 

Mr.  M.  Carey  Lea  requests  us  to  correct  a  typographical  error 
occurring  in  his  paper,  entitled  "  Notes  on  Allotropic  Silver," 
which  appeared  in  our  October  number.  In  this  paper  in  several 
places  appears  "  protochloride  "  where  photochloride  is  the  correct 
reading.  Silver  photochloride  is  the  name  proposed  some  years 
ago  by  Mr.  Lea  for  the  coloured  compounds  resulting  from  the 
union  of  normal  silver  chloride  with  small  quantities  of  subchloride 
in  no  definite  proportion,  but  after  the  mauner  of  lakes  as  specially 
described  by  him. — The  violet  substance  resulting  from  the  expo- 
sure of  silver  chloride  to  light  is  a  photochloride. 
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